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EXERCISE - 1

Single Choice

2. Letslope of required line is m
y-3=m(x—-2)
= mx-y+(3-2m)=0
(0,0)

length of L from origin =3
= 9+4m*-12m=9+9n’ 5 3
= 5m*+12m=0

12
= m=0,— 5
Hence linesarey—3 =0
= y=3

4 M(2,3)

3- 22
y-3=-5(x-2)

= Sy—-15=-12x+24
= 12x+5y=39.

3. 2x-y+1=0istangent

1
slope of line OA =— 3

1
equation of OA, (y—5)=- E(X—Z)
2y—10=—x+2

A2.5) 2x—y+1=0

x+2y=12
intersection with x — 2y =4 will give coordinates of
centre

solving we get (8, 2) distance OA = /(8 —2)* +(2-5)’
= J36+9 =45 =35

4. Distance between both

\/7x+c]

D)

y= \/7XIC7
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HINTS & SOLUTIONS

C1 —C

Nv1+3

lines is diameter of the circle 4 =

lc,—¢c,|=8

Centres are (10, 0) and (— 15, 0)

r,=6; r,=9
d=25
r,+r,<d

= circles are separated

PQ=/= |d’ - (1, +1,)’

=625-225 =20
A(a,b)
at3 b
D22
B (h.k) C
(-3,0) (0,0)| (3,0)
/BAC =90°
b b \_
= a+3 /\la-3
= b’=-a*-9) = a’+b’
NowBG:GD=2:1
2(a+3
=203 s o as3n
b
& 3k=2(5j+1><0 = b=3k

substitute value of a & b in equation (i)
9h?+9k*=9

= x*t+y' =1



CIRCLE

10.

12.

13.

17.

19.

(—g+g)cosB+ (—f +)sinO—k|
Jcos?0+sin 0 |

=g’ +f*—c¢

= g2+f=c+k?

_|
p_
|

Ifthree lines are given such that no two of them are parallel
and they are not concurrent then a definite triangle is
formed by them. There are four circles which touch sides
of a triangle (3-excircles and 1-incircle).

Coordinates of point P will be (acos30°, asin30°) P lies
on the circle,

2 22)° 2q1n220°
= a’cos*30° + a’sin°30 YA p
=2acos30° 2
30° N

= a>=2acos30° 0 -
= a=43

2

33

Area = = Tf

Let the centre of circle be (—g, —f )

Using condition of orthogonality :
2(g1g2 + flfz):C1 + Cz

20g-3f)=9+C .. @)
5
2(—7g+2fj:—2+c ...... (ii)

Subtract (ii) from (i)
9g
2{7—5f}=11 = 9g—10f=11

replacing (—g) by h & (—f ) by k.
—9h+10k=11
= 9x—-10y+11=0

Required diameter is L to given line.
Hencey+1=-2(x-2)

& (X-2)+(y +1)=16

2, -1)

NS

= 2x+y-3=0

x-2y-3=0

27. Let P(x,, y,) be a point on the line 3x + 4y = 12.

Equation of variable chord of contact of P(x , y,) wrt circle
xX*+y?=41is

P(x,y,)

3x+4y=12

chord of contact

xx, tyy,—4=0...(1)
Also 3x, +4y, —12=0

4
X, + 3N 4=0

Comparing (i) & (ii)
L4
x=Ly=3

variable chord of contact always passes

4
through (1, g)

cm [ 2 2
28. cos45°=—_ = ﬂ
cp 2
<]
45°
P m(h,k)

Hence locus x2 +y? =2

33.8,-8,=0 = Tx—8y+16=0
S,~S;=0 — 2x-4y+20=0
S,~S,=0 = 9x-12y+36=0

On solving centre (8, 9)

Length of tangent

= S, =64 +81-16+27-7 = /149

—(x—8)2+(y—9)2 =149
=x2+y2-16x-18y-4=0
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34. Reflection of point (a, b)
on the line .
y=x will be (b, a)
(b +(y—ay = o
x?+y?—2bx—2ay+b*=0.

36. y2—2xy+4x-2y=0
¥(y - 2x) -2y —2x) =0
= y =2 and y = 2x are the normals.

Now point of intersection of normals will give the centre

of the circle i.e. (1, 2)
Radius of circle will be /2
equation of circle : (x — 1)+ (y—2)*=2

37. Common chord of given circle
6x+4y+(p+q)=0
This is diameter of x> +y*—2x +8y—q=0

centre (1,—4)

6-16+(p+q)=0 = ptq=10

38. CIC2 =1+,

2 2 7 2|
= (g -gy+(@-f)y= (\/91 +h i\/92+f2)

— 2gg 2Mf -2 G+ Jai
= gf —gf =0

g _h

3 b
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EXERCISE -2

Part # I : Multiple Choice

2.

12.

b=sin0
n=sin ¢

Consider a=cos 0,
m = cos ¢,
Now, am =+ bn = cos 0 cos ¢ + sin 0 sin ¢
am + bn = cos (0 F ¢)

Sam+bn| < 1

A ABC is right angle

Applying cosine rule in APAB

3241 +r)?—(2+1)?
2.3(1+r)

cosO =

Again applying cosine rule in APAC

C@+r)?+47-@+r  2-r
cos o= 2 4(1+1) T 2(1+71)
o+ 0=90°
a=90°-0 = cos o =sinO

[ 3-r ]2+( 2-r ]2 _
3(r+1) 200 +1))
Let point on line be

(h, 4 — 2h) (chord of contact)
hx +y(4-2h)=1

11
h(x —2y) +4y—1=0Point | —,—
(x—2y) +4y oin (2 4j

Now
(r=372+(-r+6)y=r2
r’—18r+45=0

= r=3,15
Hence circle

(x=3)+(y+3)y=3

X2 +y?—6x+6y+9=0
(x—15)+(y+ 157 =(15)
= x*+y*-30x+30y+225=0




CIRCLE

13.

14.

17.

ol

(rcosH,rsing)

e
<F

2

Were 1 =5/2

Equation of PP : xcos0 + ysin =r
point P will be : (rsecb, 0)

point P, will be : (0, rcosecO)

Area of A PP,P, will be [% xrsecOxrcosec 9] x2

2r?
APPyPp = sin20

Area of APP;P, will be minimum ifsin20=1 or —1.

3n

20=2 2T
2" 2

Tog-3T
4 4

= P:(5v2x+2,0) or (542(—/2),0)

= 0=

(10,0)  or (-10,0)
4C+3C-12
5 =C = C=1,6

Let equation of required circle is
X2 +y*+2gx +2fy+c=0
it passes through (1,-2) & (3,-4)

2¢—4f+c=-5

6g—8f+c=-25
4g—8f+2¢c=-10
6g—8f+c=-25
—2g+c=15

circle touches x-axis g*=c¢
= g?-2g—-15=0

g=5,-3
g=5, c¢=25 =10
= xX+y*+10x+20y+25=0
g=-3, ¢=9, =2

= xX*+y’-6x+4y+9=0

Part # I1 : Assertion & Reason

1. x*+y*+2x+2y-2=0
x+1)P+(y+1)2=4
Director circle of the above circle is -
x+1)2+(y+1)2=38
XX+ +2x+2y-6=0
.. Tangents drawn from any point on the second circle
to the first circle are perpendicular.
Hence, statement-I is true and statement-II explains it.

4. Statement-I There is exactly one circle whose centre is the
radical centre and the radius equal to the length of tangent
drawn from the radical centre to any of the given circles.

Statement-II is True But does not explain Statement-I

(AK) _ _AB
©oA) YT AK
= (AK)*=(AB) (0A)=(AP) (AQ)
[AK? = AP - AQ using power of point A]

Also OA= AP;ZAQ
[AQ—AO=r=AO—AP = 2A0=AQ+QP]
—  (AP)(AQ)-AB [%j

- _ 2(AP) (AQ)
(AP+AQ)
7. Equation of director's circle is (x—3)>+(y +4)?>=200 and
point (13, 6) satisfies the given circle

(x=3)2+(y+4)>=100

8. Centre (—2,-6). Substitutingin L
—2(k+7)+6(k—1)—4(k-5)
=(-2k+6k—4k)—14-6+20=0

Hence every member of L passing through the centre of
the circle = cutsitat 90°.
Hence S-1 is true and S-2 is false.

159



MATHS FOR JEE MAINS & ADVANCED

11. Statement-1 is true and statement-2 is false as radius
1
=5 Jo© +p°

12. IfOA-OC=0B - OD (Power of point) then points are
concylic

D40, d)

B+(0, b)
(a,0)

(c,0)

a-c=bd (true)

13. Using Tolemy's theorem for a cyclic quadrilateral
(z) (AB)=ax +by
z-c=ax+by

but a=b=c
hence x+y=zis true always
= S-1isfalse and S-2 is true
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EXERCISE -3

Part # I : Matrix Match Type

2.(A) S,—S,=0isthe required common chord i.e 2x=a

2
Make homogeneous, we get x*+y*—8.4 — =0
a

As pair of lines substending angle of 90° at origin
coefficient of x*+ coefficient of y*=0
a=+4

B) y=22 \/g (x— 1) passes through centre (1, 0) of circle
(C) Three lines are parallel

D) 2(r1 +r)=4

+r,=2
hTh /3.,/2)
I, +1,

2

5. (A) X2+k32-20kx+90=0

x*(1+k?*)—20kx+90=0
D<0
400K%—4 x 90(1 +k?) <0
10k>-9-9k?<0

K-9<0 = ke[-3,3]

(B) 2(%x5+%ij =—6 = —-5p+p>+6=0

= p’-5p+6=0 = p=20r3 Ans.

©) r2=1-4>0
Ae(-0,-2]U[2,0) ...(1)
1,2 =4)?-8>0
A2-220

Ae (oo, — \/E]u[\/i,oo) ..(2)
()N () is A e (—o0,—2]U[2,0) Ans.

®) 4 Ans. {1,5}
(1,5)A D(1,9)
4
37
(5,5)B C(5,9)




CIRCLE

Part # I : Comprehension

Comprehension-1
1. LetP be (h, k)
PA=nPB
(h+3)*+K=n’[(h-3)+ k]
. locus of P(h, k) is -
x?+6x+9+y*=n? [x?— 6x +9 + ¥’
x*(1-n?)+y*(1-n) +6x(1 +n?)+9(1 —n?)=0

, (1+n?)
xX*+y*+6 1

SX+9=0{ n=l}
—n

Locus is a circle.

2. PA=PB whenn =1
(h+3)2+k*=(h-3)2+Kk
h+6h+9+k*=h’-6h+9+k
locus of P(h, k) is x =0 .. a straight line.

3. ForO<n<1

locus is (1 — n?)(x* + y?) + 6x(1 + n?) +9(1 — n?)=0

putting A (-3, 0) in the above equation
91-n)—-18 (1 +n?)+9(1 —n?)=-36n*<0
A lies inside the circle.

Similarly for B (3, 0)

91 -n»)+18 (1 +n?)+9(1 —n?)=36>0
B lies outside the circle.

4. forn>1, locus is -
-1 x+y)-6x(1+n)+91n*-1)=0
putting A (— 3, 0) we get
Im*—- 1)+ 18(1 +n?) +9(n*>-1)=36n>*>0
& putting B(3, 0) we get
I9m*—1)—18(1 +n?) +9(n*-1)=-36<0
.. A lies out side and B lies inside the circle.

5.  We have seen whenever locus of P is a circle it never
passes through A and B.

Comprehension # 2

1. APQC, and APRC, are similar

Area of APQC, i 9
Area of APRC, 1,° 16

Let mid point m(h, k). Now equation of chord
T=S,

hx +ky +3(x + h)=h?+k?+ 6h

it passes through (1, 0)
h+3(1+h)=h?+k*>+6h

locus x*+y*+2x—-3=0

But clear from Geometry it will be arc of BC

Common chord of S1 & answer of 7
4x+3=0 = x=-3/4

3 2
atx=-3/4 = (_Z+3j +y? =9

i_g 81
- Y77 16
63 37
2= — =4+ —
YT T YT
4 3
0
J7
W7
Hence tan 0 4 7 e tan 6= —
encetanv=-—"—"_—" = —"—— anov = ——
(1+3/4) 7 J7

Comprehension # 3

1.

As lines are perpendicular
a—-2=0
= a=2 (coefficient of x2 + coefficient of y> = 0)
using A=0
= c=-3 (D=abc+2fgh—af?—bg?—ch?)
hence the two lines are
x+2y—-3=0and 2x—y+1=0

x —intercepts X, =3; x,=-1/2

Y1:3/2; y, =1

X, X, Ty, +y,=5 Ans.

y —intercepts
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) CMz_(é_lT+£_£ﬂJZ+£
- OM={375) "5 T oo 25

W /C(1/5,7/5)

(—l/Z,OVA 1\/‘[(5/4’0) (3,0)B\ *
D
© 400 25
4414784 1225 49
400 400 16

7
= CM= Z Ans.

3. Circumcircle of ABC

(x+%)(x—3)+y2 =0

= (2x+1)(x-3)+2y’=0
= 2x*+y?)-5x-3=0
5 3

= x2+y2—5x—520 (D)

given x%>+y?>—4y+k=0 which is orthogonal to (1)
using the condition of orthogonality

3 3
0+0=k-~ = k:E

2
Comprehension # 5

1. Parallelogram PQSR is a rhombus
Let circumcentre of A PQR is (h, k)

we get,

L =2x+y—6=0

which is the middle point of CP

. P becomes (2h, 2k) which satisfies the line
2x+y—-6=0
2 2(2h) +2k-6=0

solocusis2x+y—-3=0
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2. IfP(6, 8) then
Area (A PQR) =Area (A QRS)
3

Area (A PQR) RL
rea = 5 5
R? +12

_ 2.64.6./6 _ 1926

6
R=2,L=4
100 25 R7Z V6

3. IfP(3, 4) then
equation of chord of contact is
3x+4y-4=0
Straight line perpendicular to (1) & passing through
centre of the circle is -
4x-3y=0

12 16
int of int ti f(H&Q)is | —,—
point of intersection of (1) & (2) is [25 25)

which is the middle point of PS

—_51—_68]

*. coordinate of S are ( s
5°25

Comprehension # 6
1. Locus of Sis a part of circle with OP as diameter passing

inside the circle 'C'

2. (PR)(PQ)=PT2=(PN)(PM)=(d—r) (d +1)=d>— 1
=(PS—SR) (PS +SQ) =PS - SQ?
(- SQ=SR)
=PS?—(SQ)(SR)
(PQ) (PR) = (PS)?

3. Using Ptolemy's theorem,

(YD)(XZ)=(XY)(ZD) +(YZ) (XD)

= XZ (ZD +XD)
(" (XY =YZ=ZX)}
= B=y+a = (A)



CIRCLE

Comprehension # 7 EXERCISE - 4
1. refer figure Subjective Type
2. when y=1

x?—4x-5=0 5. LetPbe(x,y,)

(x=5)(x+1)=0

Coordinates of any point on the curve at a distance r from

P are (x, + rcos0, y, + rsin6)
a(x, + rcos0)*+ 2h(x, + rcos0) (y, + rsind)
+ b(y,*+ rsin0)* = 1
= r’(acos?0 + 2hsinOcosd + bsin?0)
+ 2r(ax,cos0 + hx sinf + hy cosO + by, sin0)

x=-1 orx=5 +ax12 +2hx1y1+by12—120
(x+1)2+(y—-1)*+(x-5)*+(y—1>=(QR)*=36 Ans.

. . . . 1 1 ] 1 1!
3. equation of director circle is which is quadratic in 'r

2
X2 +(y—1)2=(3v2) =18 ) B ax? +2hx,y, +byf -1
r =
1?2 acos?0+hsin260+bsin? 0

Area=nr’ -1 | =n[18-9]=9n
ax% + 2hx v, +by% -1
a+(b—a)sin26+hsin26

PQ.PR=

PQ . PR will be independent of 6 if
b-a=0 & h=0
= a=b & h=0

Hence, in this condition curve becomes a circle.

7. Let mid-point be (h, k)
hx + ky =h? + k2
subtend right angle

hx +ky
2=2003) ) =

(h2+k?)x2-2(x+y) (hx +ky)=0

As angle 90°,  Coefficient of x?> + Coefficient of
y2=0

h2+k2-2h -2k=0

Locus x2+y2-2x-2y=0
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13.

14.

AP=2.0Q
bk
Jh—aP +(—bf =2. 7
(h—a) = (k+ by — (k— by’
(h— a)* = 4bk

locus of P(h, k) is (x — a)* = 4by

Equation of any curve passing through the four points
of intersects of S=0and S’ =01is S+ AS' = 0. For this to
be a circle, we must have coefficient of x> = coefficient
of y? & coefficient of xy = 0.

= atAa'=b+Ab’
a-b=-A@-b) . @
and 2h+22h'=0 = A= —% ...... (i)
= from (i) and (ii)
h a-b a'-b
-b= (a -b’) or AR

Th ic form of OP is ——0 = Y0

e parametric form o IS A5o  sind5e

Since, OP = 4\/5

So, the coordinates of P are given by

x—=0 y—0
= =42
cos45° sin45°
So, P(-4,-4)

Let, C(h, k) be the centre of circle and r be its radius,
Now, CP L OP

y=—x
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k+4

= haa=T1

= h+k=-8 .. (i)
also, CP? = (h+4) + (k + 4Y

— (h+ 4P+ (kA= .. (i)

2
In AACM, we have AC? = (3\/5)2 +(Mj

= r=18+32

= r=5v2 . (iii)
also, CP=r
-k
T:V = h-k=+10 ... (iv)
From (i) and (iv), we get
(h=-9,k=1) or (h=1,k=-9)

Thus, the equation of the circles are

? =(5v2)°

and (x —1)% + 5\/_
or xX>+y*+18x-2y+32=0
and xX?+y*—2x+ 18y +32=0

(x+9) +(y—

y+9

Clearly, (—10, 2) lies interior of
xX2+y +18x—2y+32=0

Hence, the required equation of circle is
xX2+yP+18x—2y+32=0

16. Let the equation of the circle be
(x—ap+(y-py=r

P(a+rcos6, B+r sind)

OB

A(0.0)

coordinates of P are

“(a+rcos6,p+rsin0)

Let centroid of A PAB be (h, k)
3h=a+a+rcos® = rcosO=3h-2a
3k=B+B+rsin® = rsin0=3k-2p



CIRCLE

17.

19.

squaring and adding
(Bh—2a)*+ 3k —2B)* =12
.. locus of (h, k) is

X2 +y -2x-8-20y=0=S+AL=0
S:x*+y?-2x-8=0

L:y=0

Points of intersection of S=0 & L =0 are -
(4,0) & (-=2,0)

x+2y+5=0

B(-2,0)

Let P be (h, k)

equation of chord of contact of P wrt given circle is
hx+ky-1(x+h) -AMy+k)—-8=0
(h-1)x+k-A)y—-h-2k-8=0

comparing with the line y = 0.

h-1 k-1 -h-2k-8

0 1 0
h-1=0 = h=1
puttingh=1inthe linex +2y +5=0
1+2k+5=0 = k=-3
—h-Ak-8=0

—1+30L-8=0 = A=3
.. Equation of the required circle is -
Xty —2x—-6y—-8=0

2x2+2y* — (1 + x/ga)x -(1- x/ga)y =0

2 2 1+\/§a 1—\/53 _
— Xty - 2 X — 2 y=0

Since, y + x = 0 bisects two chords of this circle, mid-
points of the chords must be of the form (o, —c)

Equation of the chord having (a, —a) as mid-points is
T =8,

1+x/§a 1—\/§a
= Xxo+y(-a)- 2 (x+a)- n (y—o)

—a? +(—a)2 —[1 +\/§aJa—(1 —ﬁaJ(_a)

2 2

= 4xa—4yo—(1++2a)x - (1 ++2a)a
~(1—2a)y + (1 -2a)a
=4a® +40® — (1 ++/2a).20 + (1 —~/2a).2a
= 4dax-4ay —(1++2a)x —(1 -+2a)y

=802 — (1 ++/2a)a + (1 —v2a)a
But this chord will pass through the point

(1+x/§a l—ﬁaJ

2 2
40{1 +x/§a]_40{1 —\/EaJ
2 2
(L++2a)1 +4/2a) (1 -+2a)1 -2a)
2 2
= 8a? —2+/2aa

= 20l ++2a—1++/2a)] = 8a2 — 2+/2aa

= 4\/§aa—%[2 +2(\/§a)2] =8a? —2\/§aa
[*s (a+b)*+(a—b)*=2a>+2b%

= 8a?-6+2a0+1+2a2=0

But this quadratic equation will have two distinct roots

if (64/22)% —4(8)(1 +2a%) > 0

= 72a’-32(1+2a*)>0

= 72a2-32-64a>>0=8a>-32>0
= a’>4

= a<-2uUa>2

Therefore, a € (-0, —2)U (2, o).
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20. The given circles are
S, =x+y*+4x-6y+9=0
S,=x*+y*-5x+4y+2=0
& variable circle is
S=x*+y*+2gx+2fy+c=0
Now, S & S, are orthogonal
4g—-3f=c+9 ... @)
S & S, are also orthogonal
—Sg+4f=c+2 ... (ii)
() — (i)
9g—-10f=7
locus of (— g, — f) is
-9x+10y=7
9x— 10y =-7
9x—10y+7=0

which is the radial axis of the two given circles.

166

EXERCISE -5

Part#1: AIEEE/JEE-MAIN

Length of tangent
= 32 +(-4) -4(3)-6(-4)+3 = /40
Square of length of tangent = 40

When two circles intersect each other, then

Difference between their radii < Distance between centers
= r-3<5

= r<8 . (i)
Sum of their radii > Distance between centres ... (ii)
= r+3>5 = r>2

Hence by (i) and (ii) 2 <r<8

Centre of circle = Point of intersection of diameters

=(1,-1)

Now area= 154

= n’=154 = r=7

Hence the equation of required circle is
x—1P2+(y+1P=7

= x}+y?-2x+2y=47

Let the variable circle be
X2 +yr+2gx+2fy+c=0 ... (i)
Circle (i) cuts circle x*> + y> — 4 =0 orthogonally
= 2g.0+2f0=c—4=c=4
Since circle (i) passes through (a, b)
a?+b?+2ga+2fb+4=0
Locus of centre (—g, —f) is
2ax +2by—(a’?+b*+4)=0

Equation of circle having AB as diameter is
x-px-a)+(y-q(y-p)=0

A B
(P, a) (o, B)
or X’+y’—(pto)x—(qtBy+tpatgp=0 .. @

as it touches x-axis putting y =0,
weget x>~ (pta)x+pa+gp=0 ... (i)
Since, circle (i) touches x-axis

Discriminant of equation (ii) =0

= (pta)’=4(pa+qp)



CIRCLE

10.

= (p-a)’=4qB
Locus of B(a, B) is (p —x)*=4qy

or (x—p)y=4qy

According to question two diameters of the circle are
2x+3y+1=0 and 3x-y+4=0

Solving, we getx=1,y=-1
Centre of the circle is (1, 1)

Given2mr=10n = r=5
Required circle is (x — 1)*+ (y + 1)?=5?

or x*+y?-2x+2y-23=0

Given, circleis x>+ y*—2x=0
and line is y =x
Putting y=xin (i),
We get 2x*—2x=0 = x=0,1
From (i),y=0, 1 y=x
LetA=(0,0), B=(1,1) A
Equation of required circle is
x=0)(x-D+(y-0)y-1)=0

or xX*+y*—x-y=0

Equation of line PQ (i.e. common chord) is
Sax+(c—d)y+ta+1=0
Also given equation of line PQ is

S5x+by—a=0

Therefore 5_a = c—d = a+l ; As
b -a —a

= a’ta+1=0

Therefore no real value of a exists, (as D <0)
Let centre = (h, k); AsC,C,=r, +r1,, (Given)
= (h=0)*+(k-3)* =k+2|

= h*=52k-1)

Hence locus, x*=5(2y — 1), which is parabola

14.

17.

18.

Let AB be the chord subtending angle 27/3 at the centre
Cof'circle

Now, ZACD=m/3
Let the coordinates of midpoint D be (h, k)

L
D B

A
’ "
C(0, 0)

In AACD, cos ~ = E2
3 CA

_ yh®+k?

1
= 3 3

9
= x*t+y’= e which is the required locus.

. Equation of circle (x —h)*+ (y —k)*=k>

It is passing through (-1, 1) then
(-1-h?+(1 -k)*=k*h?+2h-2k+2=0
D>0 2k—12>0 = k>1/2

Let A, B, C are represented by the point (x, y)

x-1)%+y®> 1

(x +1)?% +y? 2
8x2+ 8y2—-20x+8=0

Which is the circle which passes through the points A,
B, C then circumcentre will be the centre of the circle

Eq™ of line PQ

X+5y+2p-5+p2=0

P,Qand (1, 1) Q

will not lie on a circle of (1, 1)

Lies on the line
X+5y+p2+2p-5=0

= 1+5+p2+2p-5=0
p>+2p+t1=0

= p=-1

Therefore their is a circle passing through P, Q
and (1, 1) for all values of p.

Exceptp=-—1.
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29. Eq.x2+y2—-4x+6y—12=0

/‘\ C,:(2,-3),1,= J4+9+12=5
21. CZZ(_352)

C1C2: \/52+52 :»\/%
then, C,A = /5> +(+/50)* =/75 =53

(+2,-3)

la| =C

22. (1, 0) and (0, 1) will be ends of diameter
So equation of circle

x-DE-0)+y-0)(y-1)
x2+y2-x—-y=0

23. P(2, 3)
C(1.p)
Part # 11 : IIT-JEE ADVANCED
1. Let ZRPS=0
X —
N0 ZXPQ=90-6

Let center of the circle be C(1, )

pP=2-1’+(G-py
= BP=-6p+10+p?

5
: = —
P=3
5 5 ZPQX =0 (. ZPXQ=90°)
=3 s APRS~AQPR  (AAA similarity)
diameter =10 . PR_RS
lameter =—— °
3 QP PR

= PR?=PQ.RS
24. Let equation of circle be (x — 3)2 + (y + 1)2 =12 Q

it passes through (1, -2) = PR=,/PQRS
= r=2 2. The equation 2x>—3xy +y>*=0 represents pair of tangents
= circleis(x -3+ (y+2)2=4 OA and OA".
= (5,-2) Let angle between these to tangents be 20.

Aliter
x=32+y2+Ay=0 ..(1
Putting (1, -2) in (1)
= Ar=4
Required circle is
x2+y2—-6x+4y+9=0
point (5, —2) satisfies the equation the equation
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2
2 (_2—3) -2x1
Then tan26 =
2+1
1' 2_
[Using tanf = 2vh7 —ab ]
a+b
2tan0 71
1-tan?0 3

= tan’0+6tan0—1=0

-6t/
_ 6++36+4 :_3:‘:\/5

2

tand = \/E—S

Now we know that line joining the point through which
tangents are drawn to the centre bisects the angle
between the tangents,

ZAOC=ZA'0C=6

tan®

As 0 is acute

3
I = —
1 AOAC tand = —

one 3 V1043
= AT 10-3 J10+3

0A=3(3+ 10)

Let the centre of circle C be (h, k). Then as this circle

touches axis of x its radius = k]|

Aky

4
O
¥

Also it touches the given circle x* + (y — 1) =1, centre
(0, 1) radius 1, externally

Therefore

The distance between centres = sum of radii

(h=00* +(k-1)> =1+

W +k—-2k+1=1+2k|+k
h? =2k + 2|k
Locus of (h, k) is, x> =2y + 2Jy|

=
= h+k-2k+1=(1+[k|)?
=
=

Now if y > 0, it becomes x* = 4y
and if y <0, it becomes x = 0
Combining the two, the required locus is
{(xy): x* =4y} U {(0,y) : y< 0}
12 C iy’ =4x C,ixX+y —6x+1=0

XX -2x+1=0

7 )
NE,

x-1’=0 = x=1
y=+2

so the curves touches each other at two points
(152) & (1572)

13. Eq. of circle is (x +3)2 + (y - 5)2=4

6
Distance between the given lines = E < radius

So S(I) is false & S(I) is true

14. (i) mPQ:f\/g p
_~{3x+y-6=0
so slope of OD :L /3B 3\
P J3 ) D (%2)
1
tan 0 = E R = Q
343 3
X—— y——
2 2 -+
3oL
2 2

(24/3,2) (not possible) &  (+/3.1)

Hence circle is (x —/3)% + (y—1)% =1

. o x-3 y-1 J3 3]
:—:1 . -
(ii)  ForpointE \/5 l { E( 22 1
Y 5
For point F X_O\/gz%:l [ F(\/g,O)J
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(iiiy  Equation of line RP y=0

Equation of line QR y — %: J3 [x - ﬁ)

y=43x

15. P(1, 8)-

The required circle is a circle described on OP as diameter.

16. (8)

In triangle A A A,

A Ay =AA)
1 22
Let angle A;A|A, =0, cos 0= 3 sin O = T\/_
Apply sine rule in triangle A A, A,
6 _r+1
sin(t —20) B sin O
= r=8
B
T T
17. OA =2cos— 2k
k
OB = 2cosl R 2
2k n
k
T s A
2005—+2¢os—:\/§+1
k 2k
i \/§+1

2coszl—l +cos— =
2k 2k 2

Ltcos7t t
e _——=
2k

170

18.

19.

1
204+t —1— \/§2+ =0
= 4t2+2tf(3+\/§):0 = t_§7_1+2\/§
t:—l—i_\/g (not possible)
2
J3 n m n

t:7:cosf30°:cosg = COSEZCOS—

k=3
Family of circle which touches y-axis at (0,2) is
X+ (-2 +1x=0
Passing through (-1,0)
= 1+4-A=0 = A=5
X+y +5x—4y+4=0
which satisfy the point (—4,0).

y

(0J6) 2x —3y-1=0

(0]

X
1/2,0 6,0
(0,71/3»)/( ) /{6,0)

If the point lies inside the smaller part, then origin
and point should give opposite signs w.r.t. line & point
should lie inside the circle.

for origin : 2 x 0 -3 x0—-1=-1 (=ve)

fi (2§)~2x2 3x 2
or i 4

3
:Z(+VC); point lies inside the circle

for (2,2 :2x 2 _3x 2 _1=Z (4ye) ; pointlies outsid
or 2°a” 2 4 4 VE€) ; point 1€s outside

the circle

F (1 1) 2 L 3( 1] 1 L + int 1i
T | X T — N e 5

or 1 a 1 1 1 (+ve) ; point lies

inside the circle

For (l lj '2><lf3 (1 )l—ﬁ (—ve) ; point lies
8'a) 8 1 2 5 p
inside the circle.

2 points lie inside smaller part.



CIRCLE

20. Let mid point be (h, k),
Then chord of contact :
hx +ky =h"+ kK

Let any point on the line 4x — 5y = 20 be

4x, -20
X1, —

Chord of contact :

Sxx+(4x,-20)y=45 ... (ii)

(i) and (ii) are same
5x; 4%, -20

45

h k

9h

= X =
h? + k?

and x,

h? + k?

_ 45k +20(h* +k*)

4(h? +k?)

9h 45k +20(h® +k?)

= RZ4+k?

4(h? +k?)

= 20(h*+ k%) — 36h + 45k = 0
Locus is 20(x” + y’) — 36x + 45y = 0

_2x3-1x0 _
2-1

21. h 6

‘\

(0,0)

29) W’O)

/#)
2

equation of tangents from (6, 0) :

y—-0=m(x - 6) =

y—mx + 6m =0

use p=r
6
2= =2 = 36m’ = 4 + 4m’
V1+m?
2 2 1
2m=4 = m=18 = m=t—f1+
242

at m=—-—F—

1
242

equation of tangent will be x +2\/§y =6

22.

23.

25, y

Equation of tangent at P will be J3x + y=4

Slope of line L will be =

V3

X
Let equation of L be : Vv = T+C
3

= x—-8y++3c=0

Now this L is tangent to 2" circle

3+\/§c 1
S =+1 c=—F
2 - NE)
or c——i
3
sing ¢ L
us =——
V3
yo L Tu =1
\/g \/g = X y=1.
Hence (A)

As per figure,
R* =3? +(\/7)2

—R=4
". centre = (3,4) I

radius 4

. equation x> +y*—6x — 8y + 9 =0

such a circle can lie in all 4 quadrants as shown in figure.
". equation can be x> + y? + 6x £ 8y + 9 =0

parallel to
RS line AN

1
1—cosO \ /_
*
7\ sin® | / E

R\ /‘ S(1,0)
(-1,0)
\

y=(tanf)x

P(cos0, sin0)

()\l.l ¢0s0

sin® /

E 1-cosO jl—cose ~ E z,tang
sinOtan 6 sin® tan© 2
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0
2tan5 _k ( 2k j Kk
- ==
tan2® b 1-k*) h
2xy =y(1 - y?)

26. y*+2y-3=0
y:13y273

p(v2.-1)
tangent is X2 + y=3

C,(0, o) L distance = 243
=3y
3
o—3==6
o=3,=+6
a=9,-3
(0,9), (0, -3)

LDCT:\/(Czcl)2 —(R+r)2 =4/144-16%x3 :4\/6

1 3
= = x = x —==06+/2
(©) A= JRR,x L form(0, 0) =26 7 V2

oo
(D) Area = — 0 9 1|=62
211

172

B MOCKTEST oy

x2+y?2-5x+2y-5=0

25

52
= 2| 4(y+12-5-=_1=0
(X 2} (y+1D 4

SY ,_
= 5 +(yt1)*= 4
. 5
= So the axes are shifted to > -1

New equation of circle must be x2 + y2 = e

D)

S(x,2) =0 given two identical solutions x = 1.

= line y =2 is a tangent to the circle S(x, y) = 0 at the
point (1,2) and S(1, y) =0 gives two distinct

solutions y =0, 2

= Line x =1 cut the circle S(x, y) = 0 at points (1, 0)
and (1,2)

A(1, 2)
7 v=2

B(1, 0)
X=1

A(1,2) and B(1, 0) are diametrically opposite points.
equation of the circle is (x — 1)*+y (y—2)=0
X2 +y?-2x-2y+1=0

Equation of circum circle of triangle OAB
x2+y2—ax—by=0.

Equation of tangent at origin ax + by = 0.

2| b |

B (0, b

O A(a, 0)

d,+ d,= va’+b* =diameter



CIRCLE

®)

Equation of the family of circles passing through
A(3,7)andB (6, 5)is
x-3)x-6)+(y—7)(y—5)+A2x+3y-27)=0.
Equationof givendrdeisx® +y>—4x—6y-3=0

= Equation of common chordis:-S,~S =0
2A-5)x+(BA—6)y+(56—271)=0
M2x+3y—-27)—(5x+6y—56)=0

L 4 U

This represents family of lines passing through the

point of intersection of

2x+3y-27=0&5x+6y—-56=0

. 23
= fixed point = (2 , ?j

OA
tan 60° = o = NE)

A(3,0) and C(—/3,0)

in6or= S= 2>
$in 60°= 7=~
Let coordinates of any point P on the circle be P =
(r cosO , r sinB)
PA2 = (+/3 —rcos0)’ + (r sin0)?
PB2=(r cos 0)2+ (1 —r sin0)?2
PC2 = (r cosO ++/3 )2 + (r sin)2

30°

B(0, -1)

and PD2=(rcosf)>+(rsin® +1)2
PA2+PB2+PC2+PD2=4r2+8 =11

r=43/2

D)

x- 1)2+(y+2)2: 16
(x—1y+(y+2)*=32
= 0S=4.2

director circle
of give circle

required distance TS=0T—SO =12-4+/2

0 = tan™! 2 tan 0 = 2
=tan™ | 3 = tanb=7
sin 6 2 d cosB
= —— an = —=
NE Vi3
A’ =(0OA cos 6, OA sin 0)
= A'=(3,2)
Similarly B’ = (OB cos 0, OB sin 0) = (6, 4)

Now it can be checked that circles C, and C, touch

each other.

Let the point of contact be C.

Y 4

4

>X

C= (5,2)
3

required radical axis is a line perpendicular to

A'B’ and passing through point C

0_ 3.
Y3 9)
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8. ©
centre lies on line y =x
let centre (h, h)

. ‘h—h\/g‘zl

2

= h=(3+1)

.. equation of required circle is

X2+y2-2x (3+ 1) -2y (3+D)+7+443 =0

9. Let the coordinates of P and Q are (a, 0) and (0, b)

respectively
equation of PQisbx+ay—ab=0....... (i)
a2 +b2=4r2 .....(ii)

OM 1 PQ

equation of OMisax—by=0  ..... (iii)
Let M(h, k)

bh+ak-ab=0 ... (iv)

and ah—bk=0 ....... (v)
On solving equations (iv) and (v), we get

h? +k* h? +k2
a= il and b= ha
k
y/
TQ
b M
O P >X
€<—a—>

put a and b in (ii), we get
(B2 +1C)2 (b2 + K 2) = 4r2
locus of M(h, k) is  (x%2+y2)? (x 2 +y2) = 4r?
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11.

1
:Area:EZrcose.Ecose

3

rl
=r/ cos’0 = 2
S, : Product of x-intercepts = product of y-intercepts
T I Y I N Y
al 32 - bl b2
ie. aa,=bb,
A a
Sy: 1= s 23
2 2 2
area of square inscribed = L
12 6
S, : Length of median = 3a
. length of side = 2./3 a
R 24/3a Ja.2
= =—p==2a
2sin A NG
equation of the circumcircle is x> + y*> = 4a?
A,C,D)

Coordinates of O are (5, 3) and radius =2

Equation of tangent at
A(7,3)is7x+3y-5(x+7)-3(y+3)+30=0

ire. 2x—14=0

ire. x=7

Equation of tangent at
B(5,1)isSx+y—-5(x+5)-3(y+1)+30=0
le. —2y+2=0 ie y=1

coordinate of C are (7, 1)
arca of OACB =4

Equation of AB is x—y =4 (radical axis)

Equation of the smallest circle is

(x—

1e.

NE=5+(y-3)y-D=0
xX2+y?—12x—-4y+38=0



CIRCLE

12.

13.

14. -

15.

Equation of circle passing through (0, 0) and (1, 0) is

x2+y2—-x+2fy=0 .. (i)
x2+y2=9 . (ii)
(i) & (ii) touch each other.
so equation of Radical axisisx=2fy+9 ... (iii)
line (iii) is also tangent to the circle (ii)
*. on solving (ii) & (iii), we get
(1+4f2)y2+36fy+72=0 .. (@iv)
D=0 = f=+.2.
B,0)
x*+y*-8x—-loy+60=0 ... @)
Equation of chord of contact from
(-2,0)is —2x—4(x—-2)—-8y+60=0
3x+4y-34=0 L. (ii)

From (i) and (ii)
2
24 (34;3xj 16 (3443){] 600

16x+ 1156 — 204x + 9x* — 128x- 2176+ 192x+960 =0
5x2-28x—12=0
= (x-6)(5x+2)=0

x:6,f§

points are (6, 4), (_ 2’ ﬁ) .
55

al?—bm?2+2¢d+1=0

and a+b=d> . (ii)
Put a=d?-b in equation (1), we get
(4d+1)2=b(£?+m?)
d+1
= u = (iii)
7 +m’

From (3) we can say that the line /x + my + 1 =0
touches a fixed circle having centre at (d,0) and

radius = \/p

(A,D)

Area of the quadrilateral = \Jc x \/9+25—¢ =15

c=9,25

16.

17.

18.

19.

Centre (—2,—-6). Substitutingin L
—2(k+7)+6(k-1)-4(k-5)
=(-2k+6k—4k)—14-6+20=0

Hence every member of L passing through the centre of
the circle

= cutsitat 90°.

Hence S-1 is true and S-2 is false.

= (AK)*=(AB)(0A)=(AP) (AQ)

[AK? = AP - AQ using power of point A]
_AP+AQ

2

[AQ-AO=r=A0-AP = 2A0=AQ+QP]

AP+AQ]
2

Also OA

— (AP)(AQ)=AB (

o 2AP) (AQ)
(AP+AQ)

(D) Since S; =0 and S,;= 0 has no radical axis

radical centre does not exist

Equation of director's circle is (x —3)? + (y +4)> =200
and point (13, 6) satisfies the given circle
(x=3)2+(y+4)>=100

21.(A) x*+k*x2—20kx+90=0

x*(1+k?*)—20kx+90=0
D<0
400K2—4 x 90(1 +k2) <0
10k>-9-9k?<0

K-9<0 = ke[-3,3]
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(B) 2(§><5 +%xpj =_

= —5p+p*+6=0

= p’-5p+6=0 = p=2or3
(©) r2=22—420

re(=wo,-2]Ul2,0) .. @)

r2=402-8>0

A2-22>0

re(wo,— ]Ul2,0) .. @)
(1) (2) is A€ (=00, 2] U2, %)

4

(1,5)A D(1,9)

D) 4

37

(5.5)B C(5.,9)

22. (A)>(@), [B)>(), ©O—>(),
(A) Since (2,3) liesonax+by—-5=0
2a+3b-5=0

Since line is at greatest distance from centre

A3 (e L
= E) b =—-1 ie a=b

a=1,b=1 la+b|=2

D)= ()

(B) Let P be the point (a, B), then o> + B>+ 20+ 2 =0

o (e B
mid point of OP is )

a
locus of (3, %) is4x>+4y* +4x+4y=0
le. X2+y?+x+y=0

2¢=1,2f=1

g+f=1

(C) Centres ofthe circles are (1, 2), (5,—6)

8
Equation of C,C,isy -2 =~ Z(X_ 1)

ie. 2x+y—4=0

Equation of radical axis is 8x— 16y—56=0
re. x—2y—-7=0

Points of intersection is (3, — 2)

176

D) x*+y?— 63 x—6y+27=0
Equation of the pair of tangents is given by

(=33x =3y +27)? =27 (X +y*— 63x —6y+27)
27x2+9y2 + 272+ 18/3 xy—6 X 273 x—6x 27y
=272+ 27y —6 % 273 x—6x 2Ty + 272

18y’ — 183 xy=0

yy-/3%=0

the tangents are y = 0 y:\/§ X

T
angle between the tangents is 3
23tan 0= 23 x /3 =6

23.
1. Locus of S is a part of circle with OP as diameter passing

inside the circle 'C'

2. (PR) (PQ)=PT2=(PN)(PM)=(d—1) (d +1)=d?> 1
=(PS—SR) (PS + SQ) = PS? - SQ?
(-. SQ=SR)
=PS2—(SQ)(SR)
(PQ) (PR) = (PS)*

3. Using Ptolemy's theorem,
(YD) (X2)=(XY)(ZD)+(YZ) (XD)
=XZ (ZD +XD) {~XY=YZ=ZX) }

= PB=y+ta = (A)

X
Q

Lo

N
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24.
1. (B)
From the figure
Since AOAB is equilateral triangle
Z0AB=60°

2. (O)
Let T be the point of intersection of tangents
Since ZAO C=120°
= Angle between tangents is 60°.

3. (O)
Locus of point of intersection of tangents at A and C

is a circle whose centre is O(0, 0) and radius is

OT = va’+a’cot’30 =2a
So locus is x2 + y? = 4a?
25.
1. for zeroes to be on either side of origin
f(0)<0
a?+a-2<0 = (a+2)(a-1)<0

= -2<ax<l1
= B

= 2integersi.e. {-1,0}

2. Vertex of C, is (2a,a—-2)
henceh=2a and k=a-2

h=2(k+2)

x=2y+4

locus = x—-2y—4=0 Ans.

3. Lety=mx + cis a common tangent to
2

y::%r—3x+10 ...... (i) (fora=3)
XZ
andy=2-— .. (ii)
Where m-= 1’1’11 or 1’1’12 and cC= C1 or 02

solving y=mx + ¢ with (i)
X2
mx+c= T_3X+10

2
or XT—(m-ﬁ-fi)x-i-IO—c:O
D=0 gives
(m+32=10-¢c = c=10—-(m+3)> ... (iii)
2 2
mx+c:2fXT = XT+mx-4—cf2:0

D=0 gives

26.

27.

m’=c-2 = c¢=2+m? ... (iv)
from (iii) and (iv)
10— (m+3)?=2+m? = 2m?+6m+1=0
6
= m1+mz——E:—3

Centre of C, lies over angle bisector of /| & /,
Equations of angle bisectors are

5x+12y—-10 . S5x—12y—-40
13 - 13

= X=5 or y:—Z

Since centre lies in first quadrant

so it should be on x = 5.
So let centre be (5, o)

P

9
a=2,— =

125+120.—10
3= 2

13
From the figurer= /16+9 =5

9
But ao#— = so a=2.

2
So equation of circle C, is
(x—5)2+(y-2)*=52
x2+y?-10x—4y+4=0.
AQ=3+2.2
PQ=3./2+4

Let ‘1’ be required radius

32 +4=3+22 +r+r2
V2 +1=r(1+2) = r=1
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28. Let the equation of required straight line be

y=mx +c.
5 |-2+2m-—c| .
= T =TT ... i
2 1+m’ ®
For APCM E—t 2
or py fanZo.
= PM=5cot2aa ... (i)

5
For APQM 5= PM sin (90 — )

5 5cos2a

= E = sin 2o COS a.

on solving, we get o = 30°

Equation of tangent at P(— 2, —2) is

3x+4y+14=0.
can 60° = |4
T 1 -3m/4
m +3/4 43-3

BT T5GmE = MR

Now on substituting value of 'm' in equation (i),

we get

11+23

T 4433
but ¢ should be (—ve)

39423

4+33

So equation of line y:—4+3\/§ X+ 4433

(43 -3) [—39+2\/§J
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29. Letradius =r

from figure /o2 442 =b+r ... 0]

)

||v| (e, 0)/N

Consider a point P (0, k) on the y-axis
M(a—r1,0)and N (o +1, 0)

Now, slope of MP = , slope of NP =
o—r o+r
If /MPN=0
-k -k
loa-r a+r| 2kr
= tane* | k2 = az_r2+k2
+ 2 2
o —r

According to the given condition, 6 is a constant for
any choice a.

2kr .
——— 5 = constan
a’ -1’ +k°
. r ant
ie. ————— = constan
o —r’ +k?
. o’ +a’-b
ie. 5 = constant
o’ —(\/0(2 +a’ —b) +Kk?
(from equation (i))
o’ +a’-b

1.€. = constant
2bvo +a’ —a> —b” +k>

Vo’ +a’ —b
—5—— . = constant
Jvo©+a® —A

uttin M =\
p g b
which is possible only if A =D

a’+b’ -k’

b =b = k=% /az_bz
PE(O,i‘\/az—bz)



CIRCLE

30. Let ZOA'B'=¢ and ZOAB=6
T
= 0+¢= 5 and ZOBA=¢

length of AB is ‘a’ and length of A'B’ is ‘b’
from the figure
A’ (bcos 9, 0)and A(acos 6, 0)

Y

similarly B(0, asin@) and B’ (0, bsind)
Let c(h, k) be the centre of circle
2h=acosO + bcosd

-0

N

b=
2h =acos6 + bsin® ........ (i)

and 2k = asin® + bsin¢ =

2k = asin® + bcos6  ........ (ii)

. 2ah —2bk
on solving (i) and (ii), we get cos 6 = W
2ak —2bh

a’—b’
sin20 + cos?0 =1
locus of C(h, k) is
(2ax — 2by)* + (2bx — 2ay)? = (a?> — b?)?

and sin 9=
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