CONTINUITY &

DIFFERENTIABILITY

@ Continuity

> Continuity of a Function at a Point
A function is continuous at x = k if the function is
defined at x = k and if the value of the function at x =
k equals the limit of the function at x = k, i.e., a function
f(x) is continuous at im f(x)=1im f(x) = f(k)
x>k x>k
If a function f(x) is not continuous at a point x = k, then
it is said to be discontinuous at that point. The point a
is said to be a point of discontinuity.
» Continuity of a Function in an Interval
1. Continuity on a closed interval: A
function f(x) is said to be continuous
on a closed interval [a, b] if and
only if it is continuous in (a,b), right
continuous at left end point and left
continuous at right end point b.
2. Continuity on an open interval: A
function f(x) is said to be continuous
on an open interval (g, b) if and only
if it is continuous at every point on
the interval (g, b).
» Continuous function
Areal function is said to be continuous
if it is continuous at every point in the
domain of f. A function f(x) is said
to be everywhere continuous if

it is continuous V R.

FORMULAE FOR LIMITS
(@) limcosx=1 (b) lim SImY _q
x—0 x—=0 X
s -1
(©) lim 2% _q (d) lim3 % _q
x—0 X x—0 X
. tanT'x .oat -1
(e) hnol =1 f) hng =log,a,(a>0)
x— X x—
® &=L _1 (h) tim 1280 g
-0 x =0 X
(i) lim*—% =g
=0 x—q

@ Differentiability

Differentiability can be defined as:
1. Ata point f(x) is differentiable at x = c if

HED ) gy HEAFE o1 1) - iy

lim
x—c—h
h—0

x—c+h h
h—=0

2. In an interval

(i) Open interval: If f(x) is differentiable at every point of
(@, b)

(ii) Closed interval: If f(x) is differentiable in (4, b) and
also ata and b.

CHAPTER

* Left Hand Derivative of f(x) at x = m,

Lf'(m) = limM
xom X —1Mm

and,

* Right Hand Derivative of f(x) at x = m,
, S0~ f(m)
R = lim —————
f/(m) = lim S

For a function to be differentiable at a point, LHD and
RHD at that point should be equal.

* Derivative of y w.r.t. x: 4y _ lim Sy
dx 5x—0 8x

Also, for very-very small value
h, f/(x) = w (as 11— 0)

Relation between Continuity and Differentiability:

(i) If a function is differentiable at a point, it is
continuous at that point as well.

(ii) If a function is not differentiable at a point, it may
or may not be continuous at that point.

(iii) If a function is continuous at a point, it may or may
not be differentiable at that point.

(iv) If a function is discontinuous at a point, it is not
differentiable at that point.

SOME STANDARD DIFFERENTIATIONS:

Function Derivatives

Derivative A constant (k) 0

x" nx"1
) 1
ogx
& xlog,a
1
log x -
¢ X
X X
a a‘log,a
e* e*
sin x Cos X
CoSs X —sin x
tan x sec?x
cot x —cosecx
cosec x —cosecx cot x
sec x sec x tan x
) 1
sin~'x = —l<x<1
1-x
1
cos™x - = ,—l<x<l1
1-x
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Function Derivatives
1 L st
sec™lx ,
|x|V1-x°
1 L x>t
cosec™'x - 2
[ x|V1-x*
tan~lx L, xeR
1+x*
cot™lx -——,x€eR
1+ x*

Rules of Differentiation

(@) (f)*g(x) =f(x)£g'(x)

(ii) Product Rule:
d d d
—[f(0)g()] = f(x) - [8(V)]+ g(x) = [f()]
X dx dx
or [f(x)g(x)]' = f(x)g'(x) + g(x)f'(x)

(iii) Quotient Rule:

dvﬁq S L) () g0)

x| g() [T
m(ﬂﬂT:ﬂﬂﬂﬂ—ﬂmgw)
g0 (g’

Derivatives of Implicit Functions

A variable y is said to be an explicit function of another
independent variable x when the value of y is directly
expressed in independent variable x. If y = 5x* + 10x* +
9x + 7, then y is an explicit function of x.

Implicit function

A variable y is said to be an implicit function of another
independent variable x if y can not be expressed in
terms of x. If 3x* + 512 + 2axy + 5 = 0, then the function
is an implicit function because y cannot be expressed in
independent variable x. Derivative of such function is
obtained by differentiating both sides of the equation
term wise and applying.

Derivatives of Inverse Trigonometric Functions

@) A iy — 1 (11) cos o
dx 1-x* 1-x7
-1
iii) —tan"'x = iv —cot’l x=
(i) dx 1+x° () dx 1+x°
1 -1

v) disec’1 x= (v1) cosec x =
x

xxi-1 xvxt =1

Exponential and Logarithmic Functions

Exponential Function:

A function f defined by f(x) = k*, where k is any positive

real number and x is any real number, is called the general
xponential function with base e.
ase is 10, then it is called common exponential function

w1th base e (an irrational number lying between 2 and

3), then the function f(x) = e, x € R is called natural

exponential function.

Properties of Exponential Function:

(i) Domain of the exponential function is R, the set of real
numbers.

(i) Range C of the exponential function is the set of all
positive real numbers.

(ii) The point (0, 1) always lies on the graph of the

exponential function, [for any reala > 1]

MATHEMATICS, Class-XII

(iv) Exponential function is always an increasing function.

(v) The graph of the exponential function approaches
x-axis in the second quadrant but never meets it.

Logarithmic function:

(i) Forreal number b > 1, if if b* =g, then logarithm of a to
the base b is x. Thus, log a=xift*=a.

(ii) Domain of logarithmic function is positive real
numbers. Range is real numbers.

(iii) Logarithmic functions with base 10 are called the
‘Common Logarithms’.

(iv)Logarithmic functions with base e are called the
‘Natural Logarithms’. Often natural logarithm is
also denoted by In.

Properties of logarithmic function:

. log, b .
(i) log,b= lzz‘ (ii) log, xy =log,x +log,y

(iv) log, > =log, x~log, y
(vi) loge=1

(iii) log,x" =nlog, x

(v) € = f2)

Logarithmic Differentiation
If y = f(x)*®, where f(x) and g(x) are functions of x, we

cannot find % directly by any of the rules studied so
dx
far. To find derivative of this type of function, we take

logarithm on both the sides, to get
= logy = g(x)log (f(x))
log y =log f(x))"”

Differentiating with respect to x, we get

i;ﬂ_ (x )mf(x)wtlogf(x) g'(x)
. dy_y{g( )f(x)+g’(x)108f(x)}
dx f(x)

Alternatively, we may write

= y = eSE/®

y=(f()""

Differentiating with respect to x, we get

d log f (x
%_eg(r) g f( {g(x) mf (x)+g¢ (x)logf(x)}

= (f( ))g“)ﬁzx; F/(x)+g'(x)log f(x)}

Derivatives of Functions in Parametric Form
Sometimes the relation between two variables x and y
can be expressed in terms of the third variable say t i.e.,

x = f(t) and y = g(t).
This form of a function is called the parametric form and ¢
is called the parameter.

dy

To obtain T in parametric form, we have by chain rule

dy
= d—y —(d—x # Oj
dx dt
dt
dy _dy dx
dt  dx dt
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C Exercise Questions

N
J

'ED) Exercise - 5.1

Q. 1. Prove that the function f (x) = 5x — 3 is continuous
atx =0,atx =-3and atx = 5.
Sol. [NCERT Ex. 5.1, Q. 1, Page 116]
f(x)=5x-3
lip )= i 501323
h—0

lim f(x)= lim 5(0+h)-3=~
e 0

therefore,lxi_r}é flx)= lirg f(x)=f(0)

Atx =-3:
Wehave, f(-3)=5(-3)-3=-18
lim f(x)= lirlnh[S(—3— h)-3
x—>-3 x—3-
h—0
= 1i131}h[—15— S5h—3]1=-18

h—0

lim f(x)= lim [S(-3+1)-3]
x—>-3" X3+
h—0

= lim ~15+5h-3]=-18
h—0

therefore liI}; f(x)= lilg f)=£(=3)

Hence we can say that f is continuous at x = —3.
Atx=5: f(5)=5(5)-3=22
lim f(x)= lim [S(5—h)=3]= lim 25-5h-3=22
o pch ucy
lim f(x)= lim [5(5+h)-3]= lim 25+ 5h-3=22
x—>-5" x X5+
h

—5+h
0

- h—0

therefore, lir?_ f(x)=1i12 f(x)=£(5)

Hence we can say that f is continuous at x = 5.
Q. 2. Examine the continuity of the function f(x)= 2x*— 1
atx = 3. [NCERT Ex. 5.1, Q. 2, Page 116]
Sol.
f(x)=2x"—1;
RHL= lim f(x)= lim 23+h)’ -1
h—0

= lim 2(9+6h+h*)—1
x—3+h
h—0

= lim (18 +12h+2h*)—1

x—3+h
h—0

= 1ir313h(17+12h+ 2h*) =17
h—0
L.H.L=1im f(x)= lim 2(3 - h)* -1
x—3" x—3-
h-0
= lim 2(9- 6h+h*) -1

x—3-
h—0

= lim (18-12h+2k) -1

h—0

= lir}r}h 20 -12h+17 =17
h—0

therefore, R.H.L. = L.H.L.

Also, f(3)=2(3)" =1=17
therefore, lin; f(x)= liI? f(x)=f@3)

Hence we can say that the given function f(x) = 2x*— 1is
continuous at x = 3.

Q. 3. Examine the following functions for continuity:
[NCERT Ex. 5.1, Q. 3, Page 116]

(@) f(x)=x-5
(b) f(x)=i,x¢5
x-5
x?-25
(©) flx)="——",x%-5
() f(x)=|x-5|

Sol. (@) f(x)=x~5
lim f(x)= lim (a+h)-5=a-5
x—at x—a+h
h—0
Lim f(x)= lim (a—h)-5=a-5
x—a~ x—a-h
h—0
Also, f(a)=a -5 therefore, lim_ f(x)=lim f(x)=f(a)
x—a X—a

Hence we can say that the given function f(x) = (x — 5) is

continuous.
1
(b) f (%) _E

Let a be a real number, then

1
a->5
lim f(x)= lim ! =L

~hg—h— —
ahg—h—5 a-35

lim f(x)= lim
x—a* f( ) ﬁ:g*h a—+ h -5

Also, f(a) :LS therefore, lim f(x)=1lim f(x)=f(a)
a —_ x—a xX—a

Hence we can say that the given function f(x) = 5 is
x —

continuous at all point except at x = 5.



_xP=25 (x+5)(x-=5)
© SO s
lim f(x)= lim (a+h)-5=a-5

h—0

-5

and lim f(x)= lim (a~h)-5=a-5
¥ pe

Also, f(a)=a—5Stherefore lim f(x) = lim f(x)= f(a)

1
x-5

Hence we can say that the given function f(x) = is

continuous at every points of its domain.

(d) f(x)=|x 5]
lim f(x)= lim] ‘a +h —5‘=‘u - 5‘=a -5
o o

lim f(x)= lim [a—h—5|=|a—5|=a-5

X o
Also, f(a)=|a—5|=a-5

therefore lim f(x)=lim f(x)= f(a)

Hence we can say that the given function
f(x) = |x — 5] is continuous.
Q. 4. Prove that the function f(x) = x" is continuous at
x = n, where n is a positive integer
[NCERT Ex. 5.1, Q. 4, Page 116]

Sol. Given, f(x) = x",n e N. So, f(x) is a polynomial function
and domain of fis R.

lim f(x)" =limx"=x"=f(n)
Hence it states that f is continuous at n € N.
Q.5. Is the function f defined by

x, ifx<l1

f(x):{s, ifx>1

continuous atx = 07? Atx = 1? Atx = 2?
[NCERT Ex. 5.1, Q. 5, Page 116]
Sol.
lim f(x)=lmx"=x"=f(n)
x, ifx<1

f(x):{s, ifx>1
(i) Atx=0, lirg f(x)=lim(x)= 0

x—0
lim f(x) = lim (x) =0
x—0" x—0°
Also, f(0)=0
Thus, lim f(x)=lim f(x)= f(0)
x—0" x—0"
Hence we can say that f(x) is continuous at x = 0.
(ii)Atx =1, lim f(x)=1lim (x)=1
x—1" x—1"
lim f(x) =lim5=5
x—1" Tt
therefore, im f(x)#lim (x)
x—1" x—1"
Hence we can say that f is discontinuous atx = 1.
(iii) Atx =2, im f(x)=lm 5=5
x—=27 x—27
lim f(x)=lim5=5
x—2° x—2°
Also, f(2)=5
Thus lim f(x)=lim f(x)= f(2)
x—27 x—2"
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Hence we can say that f(x) is continuous at x = 2.
Direction : For questions (6 - 12), find all points of
discontinuity of function f, where if is defined by

f(x) 2x+3, if x <2
x:
Q6. 2x-3, if x>2

Sol. For x < 2, function f(x)= 2x + 3 is polynomial and
hence, continuous. For x > 2, function f(x) = 2x—3 is
polynomial and hence, continuous.
For continuity at x = 2,

lim f(x)=1lim(2x+3) = lirzn] [2(2—-h)+3]

x—>27 x—27 x—>2-h

h—0

[NCERT Ex. 5.1, Q.6, Page 116]

= lim (4-2h+3)= lim (7-2h)=7
e "

lm, f2)= i (2 ~3)= lim 202+ 1)~2]
=lim (4 +2h—3)= lim (1+2h)=1
x=2% x=>2+h
h—=0 h=0

Thus, lim f(x)# lim f(x)
x=>27 x=2"

Hence we can say that f(x) is not continuous at x = 2.

So, the only point of discontinuity of the given function fis 2.

|x[+3, ifx<-3

Q.7. f(x)=]-2x,

6x +2,

if—-3<x<3
ifx>3

[NCERT Ex.5.1,Q.7, Page 116]

Sol. :
° Atx=3:

lim f(x)= lim \x\+3=lign](|—3—h|+3)
x—=>-3" x—=>-3" x=3—h
h=0
=[-3-0]+3
=3+3=6
. T _ — T Y 3
lim f(x)= lim (~2%) = lim (~2(=3+1")

h=0

=-2(-3+0)=6
f(=3)=|-3[+3
=3+3=6
Thus, im f(x)= lim f(x)=f(=3)
therefore, f is continuous at x = —3.

At x=3:
lim f(x)=lim(—-2x) = lignh(—Z(S —h))
x-=>3" x->3" xX=>3—,
h=0
==2(3-0)=-6
lim f(x)=lLm(6x+2)= lignh(6(3 +h)+2)
X->3+ X*3+ X=>5—,
h-=0
=6(34+0)+2=20
Thus, lim f(x)#lim f(x)
x=>3* x>3*

Hence, we can say that f(x) is discontinuous at x = 3

So, the only point of discontinuity of the given function
fis 3.



CONTINUITY & DIFFERENTIABILITY

ad
—, ifx=0

Q.8. f(¥)=1 x [NCERT Ex.5.1,Q. 8, Page 116]
0, ifx=0

Sol. Atx =0: lim f(x)=lim I ST (-1)=—1
x—0" 2

x—=0" X x>0 X x—0"

Iim f(x)= lim u— lim X = lim =1

x—0" =07 X x=0" X  x—>0°

Thus, lim f(x)= lim f(x)
x—0~ x—0"

Hence we can say that f(x) is discontinuous at x = 0.
So, the only point of discontinuity of f is 0.

x
= 0

Q.9. f(x) ={|x| [NCERT Ex. 5.1, Q. 9, Page 116]
-1, ifx>0

Sol. Atx=0: hm f(x)= 11m X lim

‘x‘ x—>0" —x
=lim(-1)=-

x—=0"

lir{]} f(x)= lir{)l_(—l): -1
Thus, lirgg f(x)= liIE‘E f(x)=£(0)

Hence we can say that f(x) is continuous at x= 0.
So, f(x) has no point of discontinuity.
x+1, ifx>1
.10. f(x)=
Q f) {x2+l, ifx<1
[NCERT Ex. 5.1 ,Q. 10, Page 116]
Sol. We observe that f(x) is continuous at all real numbers
x < landx > 1asitis a polynomial function.
Now, continuity at x = 1:
lim f(x)=lim(x+1)= lirlnh(l +h)+1=2
x—17 x—17 x—1+

lim f(x) = lim(x* +1) = lim (1- hy* +1
x—1" x—>1" x—>1-
= lirll}h(l—2h+h2)+1:2

Also, f(1)=2
2 lim f(x) = lim £(x) = (1)

Hence we can say that, f(x) is continuous at x = 1 and at
all points.
0, f(x) has no point of discontinuity.

0.11. f(x)- { -3, ifx<2

241, ifx>2

[NCERT Ex. 5.1, Q. 11, Page 116]
Sol. We observe that f(x) is continuous at all real numbers
x < 2 and x > 2 as it is polynomial function. Now,
continuity at x = 2:

lim f(x)=lim(x*+1) = lim (2 + h)? +1

x—2" x—2" 1—>
=£in(}(4+4h+h2)+1=5

lim f(x)=lim(x*- 3)= lim (2 - )y -

X2 x—2 h—!

hn} (8- 12 + 6h* = H*)—

Also,f(2) =8-3=5

3=5

therfore, 11151 f(x)= hnz1 f(x)=f(2)

Hence we can say that f(x) is continuous at x = 2 and at all
points. So, f has no point of discontinuity.

x° -1, ifx<1
L12. f(x) = !
Q f) {xz, if x>1

[NCERT Ex. 5.1, Q. 12, Page 116]
Sol. We observe that f(x) is continuous at real numbers x <
1 and x > 1 as it is polynomial function. Now, continuity
atx =1:

LHL.= lim f(x)= lim(xIO -1)
1]=0

R.H.L.:hm f(x)= hm(x )

= lim [(1-h)" -

x—>lfh

= hm (1+h)* =

x4>1+lx
Also, f(1)=1"-1=0
therfore, L.H.L # RH.L = f(1)
Hence we can say that f is discontinuous at x = 1.
So, the only point of discontinuity of f(x) is x = 1.
x+5,
x -5,

if x<1

Q. 13.Is the function defined by flx)= { fr>1

a continuous function? [NCERT Ex. 5.1, Q. 13, Page 116]

Sol. We observe that f(x) is continuous at all real numbers
x > 1 and x < 1 as it is polynomial function. Now
continuity at x = 1:

linl} f(x)= linl}(x -5)

= Jim(1+1-5)
= lim (h—4)=—4

x~>l+/l
lim f(x) = lim(x + 5)
x—-1" x—1"
= lim (1-h+5)

-0

tl%?h(6 h)=6

Thus, lif? f(x)# linlfl f(x)

Hence we can say that f(x) is not continuous at x = 1.
In Questions (14-16) Discuss the continuity of the
function f, where f is defined by

3, 0<x<1
Q.14. f(x)=44, 1<x<3
5, 3<x<10

[NCERT Ex. 5.1, Q. 14, Page 117]

Sol.
Atx=1:

LHL.=lim f(x)=1lim3=3and
x—1" x—1"
RHL. lim f(x)=lim4 =4

x—1* x—1"

therefore, LH.L.#R.H.L. at x =1

Atx=3:

LH.L. lim f(x)=1lim4 =4 and

x—3" x—3"



RH.L. lim f(x) = lim 5 = 5 therefore,
x—3" x—3"
LHL#RHL atx=3

Hence we can say that function is not continuous at x =
land x = 3.

2x, ifx<0
Q.15. f(x)=<0, if0<x<1
4x, ifx>1
[NCERT Ex.5.1, Q.15 Page 117]
Sol.
Atx=0:

LH.L. lim f(x)=1lim 2(0)=0 and
x—>0" x—=0"
RHL. lim f(x)=lim0=0
x—0" x>0
Also, f(0) = 0 therefore, L H.L.= R.H.L. = f(0)

So, f(x)is continuousatx=0.Atx=1:
LHL.= }LI? f(x)= }g{\ 0=0and
RHL.= }131 f(x)= }131 4(1)=4
Also, f(1)=0 therefore, L.H.L. # R H.L.
Hence we can say that f(x) is discontinuous at x = 1.
-2, ifx<-1
Q.16. f(x)=q2x, if-1<x<1
2, ifx>1
[NCERT Ex. 5.1, Q. 16, Page 117]
Sol. At x = -1
R.H.L.=x1ir_r11+ f(x)=XLimHh2(—l+h)=—2

h—0

LHL.= lim f(x)= lim (-2)=—2

et e
Also, f(-1)=-2
therefore,xlirirlli f(x)=x1ir7r11+ f(x)=f(-1)
Hence, f(x) is continuous at x=-1.
Hence we can say that f(x) is continuous at x = -1.
Q. 17. Find the relationship between a and b so that the
function f defined by
ax+1, ifx<3
flx)= {

is continuous at x = 3.
bx+1,

if x>3

[NCERT Ex. 5.1, Q. 17, Page 117]
Sol. At x = 3:

lim f(x)=lim (ax+1)= lim (a(3-h)+1)

x—3" x—3" )c?j“—h

= lirar_lh(3a—ah+l)=3a+l
lim f(x)=lim (bx+3)= lirsnh(b(3+h)+3)
x—3" x—3" x—3+

h—0

= hgn’(3b+bh+3)=3b+3

Also, f(3)=3a+1
Thus, lir;} f(x)=linB1+ f(x)=£(3)

f(x)is given as continuous at x = 3
:>3b+3=3a+1:>2=3(u—b):>a—b=§

Therefore, this is the required relation between a and b.
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Q. 18. For what value of A is the function defined by

Mx®-2x), ifx<3
flx)= ( ) .
4x+1, if x>3

continuous at x = 0?

What about continuity atx = 1?
[NCERT Ex. 5.1, Q. 18, Page 117]

Sol. Since f(x) is continuous at x = 0,
(@) lim f(x) = lim A(x* —2x) =A(0-0) =0
x—=0" x—0"
lim f(x)=lim4x+1=4(0)+1=1
x—0" x—0"
AsLHL.=RHL.
Hence we can say that for no value of A. f(x) is continuous at
x=0
(ii) Atx=1: ljrrllf(x)=IiH114x+1=4x1+1=5and
f1)=4(1)+1=5
Thus, hn} f(x) = f(1)for any value of A.
Hence we can say that f(x) is continuous at x = 1 for any
real value of A.
Q. 19. Show that the function defined by g(x) = x — [x] is

discontinuous at all integral points. Here, [x] denotes the
greatest integer less than or equal to x.

[NCERT Ex. 5.1, Q. 19, Page 117]
Letnel.Then, lim[x]=n-1

x—n

Sol.
and g(n)=n-n=0.["[n] =nbecausen € I]
Now, lim g(x)= Lim (x —[x])
=limx-lim[x]=n-(n-1)=1

and lim g(x) = lim (x —[x])

=limx-lim[x]=n-n=0

x—n* x—n

Thus, lim g(x) # lim g(x).

Hence we can say that g(x) is discontinuous at all integral

points.

Q.20.Is the function defined by f(x)=x*-sinx+5
continuous at x =71? [NCERT Ex. 5.1, Q. 20, Page 117]
Sol. At x =m:

J}Lrg f(x)=xlir3h(n+h)2—sin(n+h)+5

=lim [(n* +h*+2mh)+sin i+5]

=n*45

lim f(x)= lin}](n—h)z—sin(n—h)+5

= lin}h(nz+h2 - 2mh)-sinh+5

=n*+5
Also, f(m)=n’+5
Thus, RH.L. = LHL. = f(n).

Hence we can say that function is continuous at

X =T.
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Q. 21. Discuss the continuity of the following functions:
[NCERT Ex. 5.1, Q. 21, Page 117]

(@) f(x) =sinx + cos x

(b) f(x) = sinx-cosx

(c) f(x) =sinx.cosx

Sol. (a) Let a be an arbitrary real number.

Then, f(a) = sina + cosa

lim f(x)= limh[sin(u +h)+ cos(a+h)

= lim {(sinacosh + cosasinh)
xTnszrh

+(cosacosh —sinasinh)}
=sina(1) + cosa(0) + cosa(1l) — sina(0)
=sina +cosa
lim f(x) = lin}h[sin(u —h)+cos(a—h)]
= lin}h[(sinucosh —cosasinh)
+ (cosacosh + sinasin h)]
=sina(1) — cosa(0) + cosa(1) + sina(0)
=sina + cosa.

+ (cosacosh + sinasi
=sina(1) — cosa(0) + cosa(1) + sina(0)
= sina+ cosa.
therefore, 113} f(x)=f(a)= ]jg} f(x)

Hence we can say that f(x) = sin x + cos x is continuous
everywhere.
(b) Let a be an arbitrary real number.

Then f(a) = sina—cosa

lim f(x)= ,ﬁm’[sin(a+h)—cos(u+h)

= lim {(sinacosh+cosasinh)
x—a+h

=0

—(cosacosh—sinasinh)}
=sina(1)+cosa(0)
—cosa(1)+sina(0)

=sina—cosa

J]ir? f(x)=xlirar_1h[sin(a—h)—cos(u—h)]

h—0
= lim [(sinacosh—cosasin )
et

—(cosacosh+sinasinh)]
=sina(1)—cosa(0)
—cosa(1)+sina(0)

=sina—cosa.

therefore, chlg f(x):f(a):)lcl’i? f(x)

= f(x) is continuous at x=a.

Hence we can say that f(x) = sinx — cosx is continuous
everywhere.
(c) Leta be an arbitrary real number.

Then, f(a) = sina cosa

lim f(x)= limz [sin(a + h)cos(a + 1)
= lim, (sinacosh+ cosasinh)
(cosacosh—sinasinh)]
=(sina(1) + cosa(0))(cosa(l)
—sina(0))
=sinacosa.
lim f(x) = lin}, [sin(a — h)cos(a — h)]
= ‘lin}h(sin acosh— cosasinh)
(cosacosh+ sinasinh)
= (sina(1) — cosa(0))cosa(l) +sina(0)
=sinacosa
therefore, lim f(x)= f(a)=lim f(x).
= f(x) is continuous at x = a.

- f(x) is continuous at x = a.
Hence, we can say that f(x) = sinx.cosx is continuous
everywhere.
Q. 22. Discuss the continuity of the cosine, cosecant,
secant and cotangent functions.
[NCERT Ex. 5.1, Q. 22, Page 117]
Sol. (a) f(x) = cos x. Clearly, domain of f = R
Let a be an arbitrary real number, then f(z) = cos a.
lim f(x)= lim, cos(a—h)

= lhiirl}(cosa cosh + sinasin ) = cosa
}LH.) flx)= Xlirﬂr}h cos(a+h)
= lhig}o(cosa cosh—sinasinh) = cosa
therefore, }Lr? f(x) :)1151 f(x)= f(a)

Hence we can say that f(x) = cos x is continuous at a for
all aeR.

(b) f(x)=cosecx = f(x)= .Land domain of
sinx

f=R-{nn},nel

1
Also, f(a)=——
sina
. 1 1
im —=——
xa sinxy  lim sin(a +h)
2
. 1
= lim — .
xoah sinacosh + cosasinh
_ 1
sinacos0 + cosasin(0)
1 1 1

- sina(1) + cosa(0) Tsina+0  sina
fm fl = lim,
1 1

= lim — — =
xa-h singcosh —cosasinh

therefore, lim f(x) = lim f(x) = f(a)

sina

Hence we can say that cosec x is continuous for all a €
R-{nn}nel

(c) f(x)=secx= f(x)= I Clearly, domain of
cosx



f:R—{(2n+1)g,neI}

Also, f(a) = 1
cosa

lim f(x)

lim ——
xath cos(a + h)
= lim 1
x2ah cosacosh —sinasinh
1
cosacos( —sinasin0
1
cosacos(0 —sinasin(
B 1 1
- cosa(l)—sina(0) ~ cosa

hm x)= lim ———
fo)= wahcos(a—h)
. 1
= lim
x>a-h cosacosh + sinasinh
1
cosa
therefore, lim f(x)=1im f(x) = f(a)

Hence we can say that sec x is continuous for all

aeR—{(2n+1)g,neI}

and domain

(@ fe)=cotx f(x) =
anx
of f=R—{nn,nel}

hm x)= im ———
f® xashtan(a + h)

. 1
x%«?h tana+tanh
1—tanatanh
1 1 1
tana+0  tana
1-tanatanh 1-0

tana

i ) = e =)

. 1 1
lim =
wpuh tana—tanh

1+tanatanh
Therefore, lim f(x)=lim f(x)= f(a)

tana

Hence we can say that cot x is continuous for all
ae R—{nn}tnel
Q. 23. Find all points of discontinuity of f, where

Smx it x<o0

fx)=1 x

x+1, if x>0
[NCERT Ex. 5.1, Q. 23, Page 117]
Sol.
At, x=0,f(0)=1

LHL=lim ()= lim lsm(];h) -1
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RHL.=lim f(x)= lirnnh(h +1)
x—0" x>0+
=0+1=1
therefore, lim f(x)=lim f(x)= f(0)
x>0~ x—0"

Thus, f(x) is continuous at x = 0.
When x < 0, sin x and x both are continuous. Therefore,

sinx

is also continuous.
x

When x > 0, f(x) = x + 1is a polynomial.
Therefore, f(x) is continuous.
Hence we can say that f(x) is not discontinuous at any
point.

x* sinl, if x#0
Q. 24. Determineiffdefinedby f(x)= x

0, if x=0
a continuous function?

[NCERT Ex. 5.1, Q. 24, Page 117]

Sol. We have, f(0) =0

. _1: _ 2.
Xh_f? f(x)—xgr()r}h(o h)”sin

(0-h)
= llronl( h*sin— )
1
hm f(x)— hm (O+h) 0+h)

= lim K? sin1 =0
h

x—0+h
therefore, lim f(x) = lim f(x) = f(0) = f(x)
x—0" x—0"
is continuous at x = 0.

For x T0, f(x) is continuous at every point.

Hence we can say that f(x) is a continuous function.
Q. 25. Examine the continuity of f where f is defined by

)= sinx—cosx, if x #0
x
if x=0
[NCERT Ex. 5.1, Q. 25, Page 118]
Sol. We have

im f(x)= liron, [sin(0 — h) — cos(0 — k)]
x>0~ x—>0-h

= lim (—sinh- cosh)
e

=—(0)-1=-1
im f(x)= lironh[sin(O +h)—cos(0 + h)]
x—0" x>0+
= lhirr[}(sinh —cosh)
=sin0 - cos0
=0-1
=-1
Also, f(0)=-1
therefore, lim f(x) = lim f(x) = f(0)
x>0 x—0*

Hence, f(x) is continuous at x = 0.
At x < 0, f(x) =sin x — cos x is continuous
At x > 0, f(x) =sin x — cos x is also continuous.

Hence we can say that f(x) is continuous at all x eR.
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Find the values of k so that the function f is continuous at
the indicated point in questions 26 to 29.

kcosx b
, if x#— .
Q.26. flx)=1""%* ZatX=E.
3,  ifx=2
2
[NCERT Ex. 5.1, Q. 26, Page 118]
Sol. kcos(g - h]
lim f(x)= im ————~<
S S
h—0 2
. ksinh
= lim —
it ym—m+2h
h~%ﬂ
. ksinh k .. sinh k
= lim =— lim =—
PN Zh 2 PN h 2
7;3(1 IIEU
k cos[g + hj
lim f(x)= im ————=<
O )
h—0 2
. —ksinh
= lim
x—Z4h _2
h- %0
k .. sinh k
=— lim ==
2 x—>Zeh h 2
h—%ﬂ
T
Also, f| — |=3.
1)
For continuity at x = g, we have
. . i
lim f(x) = lim f(x) = f(gj
X‘)T XAT
= k_ 3=>k=6
2
2 3 <
027. f)= T x=20
3, if x>2
[NCERT Ex. 5.1, Q. 27, Page 118]
Sol.

We have, f(2)=4k
lm 1, 3=

lim f(x)= lirznl(z—h)zk=4k
x—2" x—2-h

For continuity at x=2, we have
lim f()=lim f(x)=f(2)
x—2" x—2"

:>4k=3:>k=§
4
kx+1 if x<
Q.28.f(x):{ i T
cosx if x>n
Sol [NCERT Ex. 5.1, Q. 28, Page 118]

lim f(x)= ]jm, f(n+h)

= limh cos(m+h)

X+
-0

= limh— cosh =—cos(0)=-1

lim f(x) = ]jn}' k(mn—h)+1
=kn+1and f(n)=kn+1

Since the given function is continuous at x ==,
therefore, lim f(x) = lim f(x) = f(n)

Skn+l=-1=kn=-1-1

=kn=-2=k=—
T

Q.29. f(x) kx+1, if x<5 ¢ 5
.29. f(x)= at x =
3x-5, if x>5
[NCERT Ex. 5.1, Q. 29, Page 118]
Sol lim f(x)=lim (kx +1)
* x—5" x—5"

= lim (k(5-1)+1)=k(5-0)+1

=5k+1
lim f(x)=lim3x-5)= limh(3(5 +h)-5)
x—5" x—5" x—5+

=3(5+0)-5=10
For continuity at x =5, lim f(x)=1lim f(x) = f(5)
x5 x—5"
=5k+1=10

:>5k=9:>k=%

Q. 30. Find the values of a and b such that the function

5, ifx<2
defined by f(x)=4ax+b, if 2<x<10 is a continuous
21, if x>10

function. [NCERT Ex. 5.1, Q. 30, Page 118]
Sol. Since f is continuous at all x, so f is continuous at
x =2, 10.
Atx =2: lim f(x)=lim (5)=5
x—2" x—2"
lim f(x)= lim (ax+Db)
x—2" x—2"
= lim (a2+h)+b)=a(2+0)+b
x—2+h
h—0
=2a+band f(2)=5

For continuity, Lim f(x)= lim f(x)=£(2)
x—2" x—2"

=5=2a+b=5=2a+b=5 ..(i)
At x = 10:
Iim f(x)= lm (ax+Db)
x—10" x—10"
= 1 10-h)+b)=a(10-0)+b
Jim (@10 -h)+b)=a(10-0)+
h—0
=10a+b
lim f(x)= lim (21)=21
x—10" x—10"
= f(10)=21

For continuity, Lm f(x)= lim f(x)=f(10)
x—10" x—10*

=10a+b=21=10a+b = 21
Subtracting (i) from (ii), we get8a = 16 = a = 2

...(ii)



Putting a = 2in (i), we get2(2) + b =5
=b=5—-4=1Hence,a=2,b=1.
Q. 31. Show that the function defined by f(x) = cos(x?) is
a continuous function.

[NCERT Ex. 5.1, Q. 31, Page 118]
Sol. Let f(x) = cos(x?).
Domain of f = R.
Let a be any arbitrary real number.
Then, lim f(x) = llmhcos(a + h) = cosa?

x—at
h—0

= ]jmi f(x)

= lim cos(a—h)2
x—a x—a-h

h—0
= cosa? and f@a)= cosa®

Thus,  lim f(x)= lLim f(x)= f(a)VaeR.
X—a xX—a
Therefore, f(x)= COS(XZ) is continuous at avVa € R.
Q. 32. Show that the function defined by f(x) =
a continuous function.

[NCERT Ex. 5.1, Q. 32, Page 118]
Sol. We know that cosine function is everywhere continuous
and also modulus function is continuous. Therefore,
| cos x| is everywhere continuous.

|cos x| is

Q. 33. Examine that sin|x| is a continuous function.
[NCERT Ex. 5.1, Q. 33, Page 118]
Sol. Let f(x) = |x| and g(x) = sin x.
Then,  (30f)(x) = glftx)] = g(|x[) = sin |x|
Now, f and g being continuous, it follows that their
composite function (gof) is continuous.
Q. 34. Find all the points of discontinuity of f defined by
foy =1x| =[x +1].
[NCERT Ex. 5.1, Q. 34, Page 118]
Sol.
We have,

—(x)-[-(x+1)], ifx < -1
—(x)—(x+1), if-1<x < 0
(x)—(x+1), if x>0

1, ifx < -1
-2x-1, if-1<x < 0
-1. if x>0
Atx = -1

lim f(x)=

x—-1

hm f (x)=

f-D=
lim f(x)= lim_f(x) = f(-1)
x—>-1" x—>-1"
= f is continuous at x =-1

Atx =0:
lim f(x)=
x—0"

im(2(-1+h)-1) =
——1+h
heO

—2-1)-1=1

Thus,

lim (-2x-1)

x—0

= lim (-2(-h)-1)=-
x—0-h
h—0
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lim = (-)

x—0"
Also, f(0) = —
Thus, lim f(x)= lim f(x)= f(0)

x>0 x—>07"

= f is continuous at x =0.
Also, f being a constant is continuous when x < —1 or
when x > 0. Therefore, fis continuous for all x e R.
Hence we can say that there is no point of discontinuity.

-' Exercise -5.2

Differentiate the functions with respect to x in Questions
1to8.

Q. 1.sin(x* + 5) [NCERT Ex. 5.2, Q. 1, Page 122]

Sol. Let y= sin(x? + 5)

:>d—y d sm(x + 5)—cos(x + 5) (x +5)
dx  dx
= cos(x +5)(2x+0)= Zxcos(x +5)
therefore
B _ A os(x® + 5)(2x + 0) = 2xcos(x> + 5)
dx  dx

Q. 2. cos(sin x)
Sol. Let y = cos(sin x)

[NCERT Ex. 5.2, Q. 2, Page 122]

= ay = 4 cos(sin x) = —sin(sin x)isinx
dx dx dx
= —sin(sin x)cosx
dy

therefore e —sin(sin x)cosx
X

Q. 3.sin(ax + b)
Sol. Let y = sin(ax + b)

= d—y = isin(ax +b) = cos(ax + b)i(ax +b)
dx dx dx

= cos(ax +b)(a+0)

[NCERT Ex. 5.2, Q. 3, Page 122]

therefore 4y =acos(ax +Db)
dx

Q. 4. sec(tan (\/;))

Sol. Let y = sec{(tan(v/x)}

= ay_ isec(tanx/;)
dx dx

[NCERT Ex. 5.2, Q. 4, Page 122]

= sec(tan x/;)tan(tan x/;)ditan Jx
x
= sec(tan\/;) . tan(tan\/;) - seczx/zdi(\/;)
x

1
1
= sec(tanvx)- tan(tan \/;) sec?x - %xz

= sec(tan«/;) . tan(tanx/;) -sec’x L
2x
Therefore,
dy 2 1
—= =seC tanx/; - tan tan\/; -sec \/;7
ax ) tan( ) 2x
sin(ax +b) [NCERT Ex. 5.2, Q. 5, Page 122]

Q5. cos(cx +d)
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Sol. Let y = w Therefore, d_y = #
cos(cx +d) dx (sin x?)?/cot x?
- dy _ d [ sin(ax +b) 2
dx  dx\ cos(cx +d) =
d sian\/ZSian cosx?
= cos(cx + d)—sin(ax + b)
dx _ -2/2x
. d
—sin(ax + b)acos(cx +d) sin x2+/sin 2x2
cosz(cx +d)
acos(cx +d)cos(ax + b) + Q. 8. cos(v/x) [NCERT Ex. 5.2, Q. 8, Page 122]
_ csin(ax +d)sin(cx +d) Sol. Let y = COS(\/;)
- 2
cos”(cx +d) dy d ) d
=acos(ax +b)sec(cx +d) + csin(ax + b).tan(cx + d) i ECOS(\/;) =-sinyx E(\/;)
sec(cx + d) i
p :—sim\/;.l(x)‘l/z= sinx
Therefore, d—y = acos(ax +b)sec(cx +d) 2 2x
X
i . dy —sinvx
+ csin(ax + b) - tan(cx + d) sec(cx + d) Therefore, % = ol
Q. 6. cos x*.sin*(x%) [NCERT Ex. 5.2, Q. 6, Page 122] . .
3 .25 Q. 9. Prove that the function f given by f(x) = |x — 1],
Sol. Let y = cosx” -sin”(x”) x € Ris not differentiable at x = 1.
dy d_ 3 5 [NCERT Ex. 5.2, Q. 9, Page 122]
= dx  dx [cosx™-sin"(x7)] Sol. We have,  f(x) = |x-1]|
= 1)=1]1-1| =0
= cosx?’isinz(xs) + sinz(xs)icosxe’ =1 fa +|h) —f()
dx dx Rf/(1) = lim 2222210
3 4 508 . 5 . 2,5 h—0 h
=cosx” - 2sin(x”)—sin(x”) + sin“(x”) 1+7—1]-0
d = - }zl G h
(—sinxs)—(xs) _)O|h| h
dx = lim "= lim— =1
3 5 s d s s h—0 h  h—0h
=cosx”.2sin(x”)cos(x”)—(x7) +sin“(x”) N
(-sinx®)(3x2) h*°| h_h |
1-h-1]-0
1044 3. (.5 5y 2205y 3 - lim
10x cos;c sin(x”)cos(x”)—3x“sin“(x”)sinx”. o n
Therefor d—y =10x* cosx® sin(xs)cos(xs) = lim ~h| = lim h =1
X Y s X h—0 h  h—0-h
—3x“sin“(x”)sinx Thus, RF(1) % Lf(1)
Q.7.2 'cot(xz) [NCERT Ex. 5.2, Q.7, Page 122] This shows thatf(x) is not differentiable at x = 1.
Q. 10. Prove that the greatest integer function defined by
Sol. Let y = 2y/cot(x?) f) =[x, 0<x<3
dy . d o 1 512 d 5 is not differentiable atx = 1 and x = 2.
= = 2y Veot(x™) =2 S {eot(x7)} T - cot(x) [NCERT Ex. 5.2, Q. 10, Page 122]
1 R Sol. Atx =1:
=————{—cosec”(x”)}—(x7) _
yeot(x?) dx Rf'(1) = lim fA+m-f1)
h—0 h
:%{—cosecz(xz)}(Zx)  lim [1+h]-[1]

\cot(x?) h—0 h

=0 since [I1+h]=1and [1]=1]

_ —2xcosec2(x2)
cot(x?) and  Lf/(1)=lim fa-h-fa)
h—0 -h

o i L0

sin? x2+/cot x* h—0 ~h

ox Thus, Rf(1) = Lf/(1)
e . Hence f(x) = [x] is not differentiable at x = 1.
22 2

(sinx“)*vcotx Aty =2



f(2+ h) f(2)

Rf"(2)=
= lim7[2+h] 2I_
h—0 h
Lf’(Z) = lim f(2 - h) - f(2)
—0 -h
i 22 H1-12]
h—0 -h
_1=2_
= 0 =

Therefore, Rf’(2) # Lf'(2)
Hence we can say that f(x) =
=2

[x] is not differentiable at x

‘ED} Exercise-5.3

Find d—yin the following:
dx

Q.1.2x + 3y = sinx [NCERT Ex. 5.3, Q. 1, Page 125]
Sol. Given that,

2x + 3y =sinx ..(i)
Differentiating (i) on both sides w.r.t. x, we get

2+3dy—cosx:>dy cosx=2
dx dx 3

Q.2.2x + 3y =siny
Sol. Given that,

[NCERT Ex. 5.3, Q. 2, Page 125]

2x + 3y =siny ...(i)
Differentiating (i) on both sides w.r.t. x, we get

2+3dy —cosy—y

dx
y 34 _,

= cosy— -3~
x

dy 2
= - =
dx cosy—3

Q.3.ax + by* = cos y
Sol. Given that,

ax + by?* = cosy @)
Differentiating (i) on both sides w.r.t. x, we get

a+b[2yjy} smyd—y

[NCERT Ex. 5.3, Q. 3, Page 125]

dx

:>u+2by +smyy 0

= —y[Zby +siny]=-a
dx

dy -0
= =T —
dx 2by+siny
Q.4.xy+y*=tanx +y
[NCERT Ex. 5.3 ,Q. 4,Page 125]

Sol. Given that,

x+yr=tanx +y (1)
Differentiating (i) on both sides w.r.t. x, we get

MATHEMATICS, Class-XII

xd—y+y+2y
dx
d—y+2yd—y—d—y:sec2x—y
dx dx dx

dy =sec’x + dy
dx dx

=X

= d—y[x+2y—1]:sec2x—y
dx

2
. dy _sec"x-y
dx x+2y-1

Q.5.x*+ xy + y* = 100 [NCERT Ex. 5.3, Q. 5, Page 125]
Sol. Given that,

2+ xy + y* =100 (i)
Differentiating (i) on both sides w.r.t. x, we get
2x+xdy +y+2y y =0
= l[2+2y] = —(2x+Y)
dx
. dl _ —(2x+y)
dx  (x+2y)

Q.6.¥°+ xy + xy*+ iy =81
[NCERT Ex. 5.3, Q. 6, Page 125]
Sol. We are given that,
¥+ xy + xy?+ =81 @)
Differentiating (i) on both sides w.r.t. x, we get

3x2+x2ﬂ+y(2x)+y2+x(2ydy]+3y2 LA
dx d dx

= Z—y[x2 +2xy +3y%] = -(3x% + 2xy + y?)
X

. dl B —(3x2 +2xy + yz)
dx  x% 4 2xy + 3y°
Q. 7.sin’y + cosxy = k
[NCERT Ex. 5.3, Q. 7, Page 125]
Sol. Given that,
sin*y + cos xy = k (i)
Differentiating (i) on both sides w.r.t. x, we get

Zsiny%(siny) + (—sinxy)%(xy) =0

= ZSinycosyZl+(—sinxy)[XZl+ y} =0
X X

= ZSinycosyZ—y —xsinxyj—y—ysinxy =0
x x

= Z—y[Zsinycosy—xsinxy]=ysinxy
x

- dy _ ysinxy
dx sin2y—xsinxy
Q.8. sin*r + cos’y =1  [NCERT Ex. 5.3, Q. 8, Page 125]
Sol. Given that,
sin*x + cos?y = 1 (i)
Differentiating (i) on both sides w.r.t. x, we get

Zsinxi(sinx) + Zcosyi(cosy) =0
dx dx

= 2sin x cosx +2cos y(—siny)j—yzO
x

= sin2x—sin2yd—y=0
. dl _ sin 2x
dx sin2y
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n
Q.9. y=sin’(—2*_| [NCERTEx.53,Q.9, Page125] = y=—-20
1+x” 2

Sol. y=sin_l( sz)
1+x

Putting x = tan 6, we get

y= sin”! [ZtanOJ = sirfl(sin 20)

[NCERT Ex. 5.3, Q. 10, Page 125]

1+tan0
=20 =2tan ' x
Therefore, dy = 2
dx  14x2
3x—x° 1 1
.10. y =tan™ = <X <——
Q.10.y [1—37(2] V3 V3
3
1| 3x—x
=tan
Sol. Y [1_3)(2]

Putting x = tan 6, we get
-1 3tan6 —tan>0
y=tan"| —————
1-3tan”0
= yztan_l(tan36)
= y=30
= y:3tan_1x
S 3
dx  1+x%

_ 2
Q.11. y =cos™ ze] 0<x<1.
+x

[NCERT Ex. 5.3, Q. 11, Page 125]

2
Sol. y=COS_1[1 sz, where, 0 < x <1
x

1+

Putting x = tan 6, we get

tan2
y= cos! [lmnej =y= cos}(cos20)

1+tan?0
= y=20
= y=2tan_1x
W2
dx  1+x2

a2

Q.12. y:sinl[i xzj,0<x<1.
+X

[NCERT Ex. 5.3, Q. 12, Page 125]

Sol. Putting x = tan6, we get

an2
y= sinl[lmne] =y= sin"!(c0s26)

1+tan?0

= Yy= sin”! {cos(;E - 26)}

= y=—-2tan "x
dy_, 2
dx 1+x2
dy _ 2
dx  1+x%

2
Q.13. y:cos'l(1 xzj,—1<x<1.
+x

[NCERT Ex. 5.3, Q. 13, Page 125]

Sol. Putting x = tan 0, we get
_1[ 2tan®

y=cos | ————

1+tan“0

= y=cos_1 {sin(g—ZOJ}

=y =g—ze

Q. 14. y =sin'(2xyJ1- %7 ),—% <x<t

[NCERT Ex. 5.3, Q. 14, Page 125]

Sol. Putting x = sin 6, we get

y =sin"'[2sinBV1 - sin? 0]

= y = sin ' (sin20)

= y=20

= y:Zsin’lx

L2
dx  \1-x2

1 1
.15. y=sec!| —— |, 0 <x < —.
Q.15 y (sz—lj NG

[NCERT Ex. 5.3, Q. 15, Page 125]

Sol. Putting x = cos8, we get

Y= sec_l(;J
2cos*0-1

= y= cos_l(Zcos2 0-1)
y= cos’l(cosze)
y=20

y= 2cos Lx

L

):>y=cos_1 (sin 20)



‘D) Exercise - 5.4

Differentiate the following w.r.t. x

Q.1. _° [NCERT Ex. 5.4, Q. 1, Page 130]
sinx
Sol. Let y= .e
sinx
Therefore,
dy _d| &
dx dx| sinx
Lood ey o d .
sinx—(e*)—e* —(sinx
sinx g () e i)
sin? x
_sinx-e” —e* -cosx
sin? x
X : _
= e(stcosx)lx #nr,ne’l
sin® x
Q.2. " ¥ [NCERT Ex. 5.4, Q. 2, Page 130]

Sol. Let ¢™ =y

Therefore, dy - i( e ") da
dx dx dx

_ sin”! x

e

(sin™" x)

xe(-1,1)

1
Ji-x2'

Q.3. ¢° [NCERT Ex. 5.4, Q. 3, Page 130]

Sol. Lety = e
Therefore, dy_ i(ex3 ) =e" i(x3)
dx dx dx
=e .3x? =3¢ . x?

Q. 4. sin(tan”e™) [NCERT Ex. 5.4, Q. 4, Page 130]
Sol. Let y = sin(tan”'e™)
Therefore,
% = dix(sin(tan—l(e‘X)))

=cos(tan '™ )i(tanfl(efx ))

dx

= cos(tanle7¥)- % ,ie—x

(1+e™2%) dx

-X -X -1 _—x
1 - —e —e “cos(tan e

= cos(tanle7¥)- = ( 5 )

1+e =¥

(1+e7%%)

Q. 5. log(cos ¢%) [NCERT Ex. 5.4, Q. 5, Page 130]

Sol. Let y = log(cos ¢v)
Therefore,
dy d
—~ = —log(cose”
dx dx 8 )
= - i(cos e’)
cose” dx
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= ! - ~(—sinex)i(ex)
cose dx
=—tane* -¢”

=—¢* tane”,

where, e* # (2n+ l)g,n eN

Q.6. ¢ +¢" +...+¢  [NCERT Ex. 5.4, Q. 6, Page 130]

Sol. Lety = e e o te

Therefore,
d—y:i(ex ST +ex5)
dx dx
d, v d 2 d, 3 d, 4 d S
=— +— +— +— +—
dx(e) dx( ) dx(e ) dx(e ) dx(e )

2 3 4 5
=e* +¢* (2x)+e* (Bx?)+e” (4x7)+e* (5xh)
2 3 4 5
=e* +2xe* +3x%* +4x3* +5xte

Q.7. \/eﬁ,x>0,

[NCERT Ex.5. 4, Q. 7, Page 130]

Sol. Let Y= Vel
Therefore,
dy _ i(de\/; j = i(eﬁ)l/z
dx dx dx
= l(e\&)—l/z .ie\/;
2 dx

_1 vz xd
=@ dx«/Z
R NNV BN PN 1)
=5 @) o)

Jx Jx

e e

_4\/67\/; ) 4 xe

,x>0

Q. 8.1log(log x), x > 1 [NCERT Ex. 5.4, Q. 8, Page 130]

Sol. Let y = log(log x), x > 1
Therefore,
dy d
— = —log(l
Ty 08logx)
1 d
= |
(logx) dx (logx)
11
logx x
= 1 >1
xlogx
9. 9% + 50 [NCERT Ex. 5.4, Q. 9, Page 130]
logx
cosx
Sol. Let y=1—o
logx
Therefore,

dy _ d [ cosx
dx dx\logx

logxi(cosx) - cosxi(log X)
dx dx

(logx)’



CONTINUITY & DIFFERENTIABILITY

1 Now, differentiating (ii) on both sides w.r.t, x, we get
logx(—sinx)—cosx(fj 1 dy
_ x .Y
(logx)? y dx
e ] _1{1+1_1_1_1}
- sinx 0gx+;cosx 2| -1 (x-2) (x-3) (x-4) (x-5)
(logx) therefore,

dyzl\/ (x—1)(x—2)

—(xsinx -logx + cosx)

= *(logx) dx 2\ (x-3)(x—4)(x-5)
1 1 1 1 1
Q. 10. COS(lng-"EX),x >0 X|:(x_1) + (x_z) - (x_3) - (x_4) - (x_5):|
[NCERT Ex. 5.4, Q. 10, Page 130]
Sol. Let y =cos(logx +e*) Q. 3. (logx)“* [NCERT Ex. 5.5, Q. 3, Page 134]
Therefore,
d—yzi{cos(logx+ex)} Sol. Let y = (logx)™" ..(i)
dx dx p By taking log on both sides of (i), we get
=—sin(logx + ex)a(logx +e) log y = cosxlog(log x) (i)
- g1 On differentiating (ii) on both sides w.r.t. x, we get
=—sin(logx +e ){;+e } 1 dy p 4
T Cosxalog(logx) + log(logx)acosx
:—(1+e*jsin(logx+ex),x>0 /
X 1 1 .
. . = cosx»logx;Jrlog(logx)(fsmx)
‘EJ) Exercise-5.5 } cosx
Differentiate the functions given in Questions 1 to - xlogx —sinxlog(logx)
11 w.rt. x d cosx
Q. 1. cosx-cos2x-cos3x = dl = (logx)** {l - sinxlog(logx)}
[NCERT Ex. 5.5, Q. 1, Page 134] x xogx
Sol. Let Y = COSX-COS2X -COS3x Q.4. x* — 2o [NCERT Ex. 5.5, Q. 4, Page 134]
By taking log on both sides, we get _ 4 _gsins
log y = log (cos x. cos 2x.cos 3x) Sol. y=x-
Then, = y=u—-v,whereu =x"
log y = log (cos x) + log (cos 2x) and v =2%n*
+ log (cos 3x) ...(i) Ay du d
On differentiating (i) both sides w.r.t. x, therefore, & _ a4 (1)
we get dx dx dx
14 1 1 Now u=x"
*~£ = @(—Sinx) * osx (—sin2x)(2) By taking log on both sides, we get
y log u = xlog x
+ 1 (—sin3x)(3) Differentiating w.r.t. x, we get
cos3x 1du 1
1dy =-——=x—+logx
= —— =—tanx —2tan2x - 3tan3x udx x

dx
y :—du =x*[1+logx]
dx

therefore,
_ Asinx ..
Zl = —COSX - COS2X - COS3x v=2 ..(ii)
X . . .
(tanx + 2tan 2x + 3tan 3x) By taking log on both sides, we get logv = sinxlog2
Differentiating w.r.t. x, we get
Q.2. (r=1)(x-2) = ldo_ log2(cosx) = do _ 2°"*(cosx - log 2) ...(iii)
(x-3)(x—4)(x-5) v dx dx
[NCERT Ex. 5.5, Q. 2, Page 134]  From (i), (ii) and (iii), we get
d x sin x
Sol. Lety = (r—1)(x-2) (i) ﬁzx [1+logx]—2"""(cosx-log2)
(x=3)(x—4)(x-5)

Q.5. (x +3)*-(x +4)* - (x +5)*
[NCERT Ex. 5.5, Q. 5, Page 134]
..(ii)  Sol. Let Y= (x+3)*-(x+4) - (x +5)*
By taking log on both sides, we get

By taking log on both sides of (i), we get
1 {log(x -1)+log(x - 2) — log(x — 3)}

1
o8y 2 —log(x —4)—log(x -5)



logy = log[(x + 3)2(x + 4)3(x + 5)4}
= logy=2log(x +3)+3log(x +4)

+4log(x +5) (i)
Differentiating (i) on both sides w.r.t. x, we get
ldy _ 1 1 1
=2 +3- +4-
ydx (x+3) (x+4) (x+5)

= W s ey (e 5y
dx

2 2 2
+ +
[x+3 x+4 x+5}

= (x +3)(x +4)*(x + 5)°(9x* + 70x + 133)

Q.6. (x + 1JI + x(“;)
x

[NCERT Ex. 5.5, Q. 6, Page 134]

Sol. Let,
R
y=|x+—| +x =u+v
X
X 1
where, u=[x+l} andvzx( ")
X
= dy_du do (i)
dx dx dx
3]
Now, =lx+—
x
1 ..
= 10gu=x10g(x+f) ..(ii)
x

Differentiating (ii) w.r.t. x, we get
1du d

:>udx xalog(x+1)+log(x+ ](1)

X 1 1
= 1(1——2J+10g(x+7)
x+—" X
du 1] «x 1 1
x+— x—— |+log| x+—||...(>iii)
T )|, .1 x x

X

1
Also, v = x(< "]
Taking log on both the sides, we get
:logv—[x+ jlogx (iv)
Differentiating (iv) on both sides w.r.t. x, we get

1dv 1)\d d 1
——=| x+— |—logx+logx —| x+—
vdx x)dx dx x

:(x+ljl+logx(1—in

x)x x

ﬂ:x["*nﬂxﬂjlﬂogx[l—1ﬂ )
dx x)x x

Substituting the values of (iii) and (v) in (i), we get

i) |l el <)
i E ]l e e +log| x+—
dx X) | iU x X

X
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nr -
+x( Xj (x+1)1+logx(13ﬂ
L x)x x
| x2_1+lo (x+1)
PO R L

+x(x+;) _x+1;og x}

Q.7. (logx)* +x"&* [NCERT Ex. 5.5, Q. 7, Page 134]

Sol. Let y = (logx)" +x"%*

= y=u+o,

where u=(logx)*,v=x"%"

; ty it do @
dx dx dx

Now, u = (logx)*

By taking log on both sides, we get therefore,
logu = xlog(logx)

Differentiating w.r.t. x, we get

1 Z— = x—log(logx) +log(logx)
u
= x-i-7+ log(log x)
logx x
1
=——+log(logx)
log x
therefore, — =(logx)" {1+ log(logx)} .(ii)
0gx
Also, v = x'1°8*

By taking log on both sides, we get

logv =logxlogx = (log x)
Differentiating w.r.t. x, we get
1ldv
=2lo
v dx &Y
therefore, 40 _ s {M} ..(iii)
dx x

From (i) (ii), & (iii), we get
= (logx)" { + log(logx)} + x'8* [Zloi}
ogx x
= (logx)"’1 [1+]1ogx-log(logx)]+2x*** " - log x

Q.8. (sinx)* +sin?vx [NCERT Ex. 5.5, Q. 8, Page 134]

Sol. Let y=(sinx)" +sin"'Vx =u+0o,

where, u=(sinx)*,v= sin 1\x

L "
dx dx dx

Now, u=(sinx)*

By taking log on both sides, we get
logu = xlogsinx

Differentiating w.r.t. x, we get

u d . .
—-— =x—(logsinx) + logsin x
u dx  dx

=x- -cosx +logsinx

sinx



CONTINUITY & DIFFERENTIABILITY
therefore,

Z—u = (sinx)*[xcotx + logsin x] ...(ii)
X

Also,
dv 1 ' 1 (iif)
dx Ji-x 24x 7

From (i), (ii) & (iii), we get

Z)_Sll’llx/_:>

dy = (sinx)*[xcotx + logsin x]
dx

1 1
1-x 2Jx

1
= (sinx)*[xcotx + logsinx] + ———
2Vx — %

il

Q.9. x™™ 4 (sinx)™*

cosx

Sol. Let y = x™ +(sinx)™* =u+wv,

sin x cosx

u=x"""andv = (sinx)

Ly _du o ()
dx dx dx

Now, u=x""*

By taking log on both sides, we get
logu = sinxlog x ..(id)
Differentiating (ii) w.r.t. x, we get
1du d d
—— =sinx—(log x) +log x —(sin x
wdx dx( gx)+log dx( )
=sinx ~1+logxcosx
x
therefore,
du s [smx
2y
dx
Also,

+logxcos x} (i)
x

oS X

v =(sinx)

By taking log on both sides, we get
logv = cosxlog(sinx)

...(iv)

Differentiating (iv) w.r.t. x, we get

1dv d d
—— =cosx—logsinx + log sin x —cos x
v dx dx dx
1 . .
= cosx——cosx + log sin x(—sin x)
sin x
= cosxcotx —sinxlogsinx
therefore,

Z—z = (sinx)“**[cosx cot x — sin xlog sin x] (V)

Substituting the values of (iii) & (v) in (i), we get

d iny| SINX .
GY _ yoimx| BOX log xcosx |+ (sin x)“**
dx x

[cosxcotx —sinxlogsinx]

Q.10. x*o x27+1 [NCERT Ex. 5.5, Q. 10, Page 134]
X

[NCERT Ex. 5.5, Q. 9, Page 134]

2
Sol. Let y = x™** +x27+1 =Uu+v
x -1
where
2
u=x"" andv:x2+1:d—yzﬁ+@ ..(1)
x*=1 dx dx dx
NOW, U= x‘ccosx

By taking log on both sides, we get
logu =xcosx-logx .(ii)
Differentiating (ii) w.r.t. x, we get
1du d d
—— =xcosx—(logx) + xlog x —cos x
dx dx

udx

+ cosxlogxi(x)
dx

1du 1
—— =XCOSX- 7+xlogx( sin x)

u dx
+Cosxlogx
=cosx —xsinxlogx + cosxlogx
therefore,
du _ x"**[cosx —xsinxlogx
dx
+cosxlogx] ...(iii)
2
Also, 0= iz j (V)

Differentiating (iv) w.r.t x, we get

o (xz—1)%(x2+1)—(x2+1)%(x2—1)

dx (x* -1y
_ (P =1(2x) - (x* +1)(2x)
(x*-1)°
2x[x* -1-x" -1 —4x
_ 24 o 1_ = (V)
(x"-1) (x*-1)
Substituting the values of (iii) & (v) in (i), we get
dy 4x
g _ VCOSV 1 + 1
- [cosx — xsinxlog x + cosxlog x] - 1)
=x"**[cosx(1+logx)—xsinxlogx] - dx
g g (xz _1)2

Q.11. (xcosx)* +(xsin x)l/ * [NCERT Ex.5.5, Q.11, Page 134]

Sol. Let Yy =(xcosx)" +(x sinx)* =u+v
where, u=(xcosx)*,v=(xsinx)"*
4y _du + do (1)
dx dx dx

Now, u=(xcosx)".

By taking log on both sides, we get
log u = x log(x cos x) ...(ii)
Differentiating (ii) on both sides w.r.t. x, we get

Lu_ xi[log(x cosx)] +log(xcosx)
udx  dx

:x[ L xi(xcosx)}rlog(xcosx)
xcosx dx

= secx(—xsinx + cosx) + log(x cosx)
=—xtanx +1+log(xcosx)



...(iif)

%:(x cosx)*[1-x tan x+log(x cos x)]
X

Now, v=(xsin x)"*

By taking log on both sides, we get

log v:1 log(xsinx)
x

(iv)
Differentiating (iv) w.r.t. x, we get

ldv 1d
vdx xdx

—1- ! i(xsmx)+log(xs1nx)( 1]
x xsinx dx x

—log(xsin x)+log(xsin x)i(lj
dx\ x

1 ., . .
= x—(sinx)+sinx
x“sinx| dx
_cotx 1 log(xsinx)

X xz X2

_ xcotx+1-log(xsinx)

x2

}_log(x sin x)
xZ

therefore,

%: (xsinx)l/‘[xCOtx+ 1—Zlog(xs1nx)} )

x
Substituting the values of (iii) and (v) in (i), we get

Z—y = (xcosx)*[1—-xtanx+ log(xcosx)]
x

2

+ (rsinx)™ [xcotx+ 1-log(x smx)}
x

Find Z—y of the functions given in questions 12 to 15.
X

Q.12.¢ +y* = [NCERT Ex. 5.5, Q. 12, Page 134]
Sol. ¥+y =1 ..(i)
Differentiating (i) w.r.t. x, we get
d, .. d "
- +—((y)=0 11
) ) (i)

Let u = x¥therefore, log u = ylog x
Differentiating w.r.t. x, we get
N ldu 1 dy

SN [z+logxd—y} ..(iii)

dx X dx
Let v=y" = logv=xlogy

Differentiating w.r.t. x, we get

1do_ =x-— ! dy+10
v dx y dx &Y
therefore, @:y fxd—y-#logy (iv)
dx y dx

Substituting the values of (iii) and (iv) in (ii), we get
xy[y+logxdy]+y [ dy+logy]=
x y dx

= (xy logx +xy™' )% = 7(]/" logy + yxy’l)

= dy __[ylogy+yx
dx x'logx +xy*™'
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Q.13. y*=n¥
Sol. We are given that,

[NCERT Ex. 5.5, Q. 13, Page 134]
y" = xY
By taking log on both sides, we get

xlog y = ylog x ()
Differentiating (i) on both sides w.r.t. x, we get
d d dy
2 logy+logy-1=y-logx +logx Y
xdx ogy+logy ydx ogx ngdx
2x‘l-dl+logy:1+logx.dl
dx X dx
dy logx — —logy }/ dl:w
T y = x(ylogx —x)

Q. 14. (cos x)¥ = (cos y)* [NCERT Ex. 5.5, Q. 14, Page 134]
Sol. We have,
By taking log on both sides, we get

ylog(cosx) = xlog(cosy) ..(3)
Differentiating (i) on both sides w.r.t. x, we get

(cos x)V = (cos y)*

yilog(cos x)+ log(cosx)d—y
dx dx

=x di (log(cosy)) + log(cosy)
X

=y ! (sinx)+log(cosx)d—y
cosx dx

= (sm y) + log(cosy)

Zy [log(cosx) + xtany] = log(cosy) + ytanx

dy _ log(cosy) + ytanx
dx log(cosx)+xtany
Q.15.xy = et~
Sol. We have, xy = e*™¥

[NCERT Ex. 5.5, Q. 15, Page 134]

By taking log on both sides, we get

log(xy) =
Differentiating (i) on both sides w.r.t. x, we get

1,1dy_ (1—‘1}’) (Lt
x ydx dx) dx\y x
dy_y(1)
dx x(y+1)

logetYorlogx + logy=x—y @)

Q. 16. Find the derivative of the function given by f(x) =
1+ x)(1 + x*)(1 + x*)(1 + x%) and hence find f'(1).
[NCERT Ex. 5.5, Q. 16, Page 134]

Sol.Let f(x) =
= y=1+x)1+x)1+xHA+x°)
By taking log on both sides, we get

logy = 1og[(1 +x)(L+x2)(1+ x4 (1 + xs)}

= logy =log(1 +x) + log(1+ x?)
+log(1+x*) +log(1+x%)
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Differentiating w.r.t. x, we get
1dy_ 1, 1

1
= 2 4x°
ydx (1+x) (1+x2)( x)+(1+x4)( *)
1
8 7
e )
dy 1 2x 4x° 8x
=>-“=y + ~+ —+ -
dx I+x 1+x® (1+x) (1+x°)

therefore,
Fl)=1+x)A+x*) + (T +x*)+(1+x%)

1 2x 4x* 8x”
X + 5+
I+x 1+x

14—x“+1+x8
= fl)=1+)A+DHA+1)(A+1)
[L+@+ﬂ+&}
1+1 1+1 1+1 1+1
1 2 4 8}

= f '(x)=<2>(2>(2)(2>[5+5+E+E

=f1)= 16{%}
= %(15) =8(15) =120

Q. 17. Differentiate (x* — 5x + 8)(x* + 7x + 9) in three
ways mentioned below:
(i) by using product rule
(ii) by expanding the product to obtain a single
polynomial,
(iii) by logarithmic differentiation.
Do they all give the same answer.
[NCERT Ex. 5.5, Q. 17, Page 134]
Sol. (i) By using product rule,
Let f(x) = (x> — bx+8)(x*+7x+9)

f/(x)=(x* —5x + 8)di(x3 +7x+9)
X
+ (x3 +7x+ 9)i(x2 -5x+8)
dx

= f/(x)=(x? -5x +8)(3x2 +7)
+(x% +7x+9)(2x - 5)
= f/(x)=3x* —15x3 + 24x% + 7x* - 35x + 56
+2x% +14x% +18x - 5x° —35x - 45
= f/(x)=5x* —20x> + 45x% - 52x + 11
(ii)By expanding the product to obtain a single polynomial,
f(x)=(x*—5x+8)(x> +7x+9)

= f(x)=x"+7x* +9x* - 5x* - 35x°
—45x + 8x” + 56x + 72
= f(x)=x" = 5x* +15x° — 26x* + 11x + 72

therefore, f'(x) = 5x* —20x> + 45x* - 52x + 11

(iii)By logarithmic differentiation,
Let f(x)=y=y=(x"-5x+8)(x’ +7x+9)
Taking log on both the sides, we get

logy = log{(x* — 5x +8)(x* + 7x +9)}
logy = log(x* — 5x +8) + log(x* + 7x +9)

Differentiating w.r.t. x, we get

1d—yz2;(ZJC—S)+3;(3JCZ+7)
ydx (x"—-5x+8) (x"+7x+9)

dy 2x-5 3% +7
v AR t3

dx x"-5x+8 x’+7x+9

:le(xz—5x+8)(x3+7x+9)
X

2x -5
5 +
x"—5x+8

=(2x=5)(x* +7x+9)+(3x* +7)(x* = 5x + 8)

3x*+7
¥ +7x+9

therefore, Z—y =5x* —20x° + 45x% - 52x + 11
x

Yes, the answer is same in all the three cases.

Q. 18.If u, v and w are functions of x, then show that

d du dv dw
—W-vw)=—v-w+u-— -w+u-v— in two ways—
dx dx dx dx
first by repeated application of product rule, second by
logarithmic differentiation.

[NCERT Ex. 5.5, Q. 18, Page 134]
Sol.(i) Let y=u-v-w=u-(vw) ..()
Differentiating (i) on both sides w.r.t. x, we get
dy d d
o2 =
dx  dx (oe0) dx (o)
=u’ - (vw) + u[v'w + vw’]
=u-v-w+uv'w+uvw'

(i) y=u-v-w

By taking log on both sides, we get

logy =logu +logv +logw ....(ii)

Differentiating (ii) on both sides w.r.t. x, we get

ldy ldu 1dv ldw
—_— =

y dx

dy (1du 1dv 1de

==yl —+—+—

dx

udx vdx wdx

udx vdx wdx

ldu 1dv 1ldw
=UOW| — + — + ——
udx vdx wdx

du do dw
=— v wWHU-— WHU-V—.
dx dx dx

‘ED’ Exercise-5.6

If x and y are connected parametrically by the equations
given in questions 1 to 10, without eliminating the

dy
find —.
parameter, find iy

Q.1. x=2at’,y =at* [NCERT Ex. 5.6, Q. 1, Page 137]
Sol. Here, x = 2at? ..(4)



and y = at* ...(ii)

Differentiating (i) & (ii) w.r.t. t, we get

dx_ 2a(2t) = 4at and W _ 4o
dt dt
dy dy/dt 4at? _p2

therefore, -~ = =
dx dx/dt 4at

Q.2. x=acos6,y =bcosd

[NCERT Ex. 5.6, Q. 2, Page 137]
()
...(ii)

Sol. Here, x = acos 6
and y = bcos 6
Differentiating (i) & (ii) w.r.t. 6, we get

ax =a(—-sinB) =—asin®

a0
dy . .

and —~ = p(—sin0) = —bsin0
do

therefore, dy _dy /d6 _ —bsin® _ b

dx dx/d0 —asin® a
Q.3.x =sint, y = cos 2t

[NCERT Ex. 5.6, Q. 3, Page 137]
...(d)
...(i1)

Sol. Here, x=sint
y = cos 2t
Differentiating (i) & (ii) w.r.t. t, we get

d—x =cost and
dt

dl:_sinzt-Z:—2sin2t
dt

dy dy/dt
dx  d/dt
_ —2sin2t
~ cost

—2-2si .
:ﬂ:_%mt
cost

therefore,

Q.4. x=4t,y= % [NCERT Ex. 5.6, Q. 4, Page 137]

Sol. Here, «x =4t ..(i)
4
and y= n ..(ii)
Differentiating (i) & (ii) w.r.t. ¢, we get
d—x =4 and d—y = _—?
dt ar ¢
therefore, d—y = dy dt = 4.1 = -1
dx dx/dt t* 4

Q.5. x=c0s0—c0s260,y = sin0 — sin20

[NCERT Ex. 5.6, Q. 5, Page 137]
..(4)
...(ii)

Sol. Here, x = cos 0 — cos 20

and y = sin 6 —sin 20

Differentiating (i) & (ii) w.r.t. t, 8, we get
d—x =—sinf —(—sin20)-2
de

dl:cos@—cosZ@-Z
do
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=cosf —2cos260
dy dy/de
dx  dx/do
_ cosfO —2cos20
" 2sin26 —sin6
Q.6. x=a(0 —sinf),y =a(1+ cosh)
[NCERT Ex.5.6, Q.6, Page 137]
..(i)
...(ii)

therefore,

Sol. Here, x = a(6 — sin 0)

andy = a(1 + cos 0)

Differentiating (i) & (ii) w.r.t. 6, we get
dx

— =q[l-cos0] and
dae

&y =qa[-sinB] = —asin®
ae

therefore, d—y = dy/do
dx  dx/de
—asin® —sin®

- a(1—cosB) " 1-cos6

—2sin 9 cos9
2 2

2sin’ 9
2

0
=—cot—

Q.7 x= sin®¢ Y- cos’ t
o Jcos2t ’ Jcos2t
[NCERT Ex. 5.6, Q. 7, Page 137]

\cos2t (1)

..(ii)
Differentiating (i) & (ii) w.r.t. t, we get

i Jcos2t %(Sim3 t)—sin® t%(x/ cos2t)

ar

cos2t

.(=sin2t).2

1
=Jcos2t3sin®tcost — sin® ¢ 2+/cos2t

cos2t
Jcos2t3sin® tcost + w

\Jcos 2t

cos2t
_ 3cos2tsin®tcost +sin’ tsin 2t
(cos2t)*?

dy Jcos2t %(cos3 t)—cos’ t%(\/cos 2t)

dt cos2t
.(—sin2t).2

1
—c08° t————
Jeos2t 3cos? H(—sint) 2/cos2t

cos2t
cos’ tsin 2t

v cos2t

—3cos*t-sint-vcos2t +

cos2t
cos’ tsin2t — 3cos t - sint cos 2t
(cos2t)¥?
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therefore, d—y = dy)dt

dx  dx/dt

B cos’ tsin 2t —3cos® t - sint cos 2t B

—cot3t

" 3cos2tsin®tcost +sin® tsin 2t

Q.8. x= a(cost +10gtan§], y =asint

[NCERT Ex. 5.6, Q. 8, Page 137]

Sol. Here, x = a(cost + logtan%) (i)

y=asint

Differentiating (i) & (ii) w.r.t. ¢, we get

dx . 1 d t
— =a| —sint + P tan—
dt tan - dt 2
L 2
1
=a|—-sint+ seczi-f
tan— 22
L 2
_ acos?t
sint
d—y:acost
dt
therefore, d—y = M
dx  dx/dt
_ acostszmt —tant
acos”t

Q.9. x=asecO,y =btan0
[NCERT Ex. 5.6, Q. 9, Page 137]

Sol. Here, x=asecH (i)

y=btan® ...(i)

and

Differentiating (i) & (ii) w.r.t. 6, we get
dx =asecOtan®
ae

dy

and —Z =}psec’0
a0

therefore, d—y = dy 0
dx dx/d®

bsec*0

" asecOtan®

bsec® b
= = —cosec
atan® a

Q.10.x = a(cos 6 + 0 sin 0), y = a (sin 0 - O cos 0)
[NCERT Ex. 5.6, Q. 10, Page 137]

Sol. Here,
x = a(cosB + 0sind) (i)
and y = a(sin® — 6cosb) .(ii)

Differentiating (i) & (ii) w.r.t. 6, we get

(i)

d—x =qa[-sin6+6-cosb +sin 0]
dae

=a0cosO
% =a[cosB — (0(—sin0) + cos0)]

=a[cos0+0sin0 — cosO] = absin O
dy _dy/dd _ absin® _t
dx dx/d® abcosB

— 1 d
Q.11.If x=Va*™ ' and y=Va** ’ , show that 722_%

an0

[NCERT Ex. 5.6, Q. 11, Page 137]
Sol. Given: x=va™ ‘ and y= Va

Differentiating x and y w.r.t. t, we get
1 1 d,
at 2 (gt dt

1
. W
an 1

Jloga
2 & V1-#

cos't

sin 't

L d

sin” t -1

a Jdoga.—sin" t
& dt

N | =

1 d
—a
cos ™t dt

dy _
dt p

1-#

8

N[—= N

:

-1
A< floga

cos Tt

cos 't

J1-#

Jy

log a

&

dy_ﬁ

dx o dx

dt

o log a -1
2 " 1i-#

sin”! ¢

2

Q

S

Jog a.

1
NI
_ lucos’]l B ;y
B [asin’lt B X

‘E3) Exercise-5.7 }

Find the second order derivatives of the functions
given in questions 1 to 10.

Q.1.x2+3x+2 [NCERT Ex. 5.7, Q. 1, Page 139]

Sol. Let y=x*+3x+2
= d—y =2x+3

dx

2
therefore, —z =2

dx

Q.2.x% [NCERT Ex. 5.7, Q. 2, Page 139]
Sol. Let y=x



d—y=20x19
dx
dZ
therefore, —]{:20 x 19x#=380x"
dx
Q. 3.x.cos x [NCERT Ex. 5.7, Q. 3, Page 139]
Sol. Let y = xcos x
= g—y = x.(—sin x) + cos x = —x sin x + cos x
X
2
N - —[xcos x + sin x] — sin x
dx?

= —(xcos x + 2sin x)

Q.4.logx [NCERT Ex. 5.7, Q. 4, Page 139]
Sol. Let y = log x

dy 1
= ===

dx x

2
therefore, d—z = —iz

X x
Q. 5. x*log x [NCERT Ex. 5.7, Q. 5, Page 139]
Sol. Let y = x’log x

:>d—y:x3.1+log x.3x’=x"+3x*logx
x o x

=4 ‘12/=2x+3[x2.1+10g x.Zx}
X X

=2x + 3[x + 2xlog x] = 2x + 3x + 6xlog x

=bx + 6xlogx = x(5 + 6 log x)
Q. 6. ¢* sin 5x [NCERT Ex. 5.7, Q. 6, Page 139]
Sol. Let y = é*sin 5x

= d—y = ¢%.cos 5x.5 + sin 5x.e*
dx = ¢*[5c0s 5x + sin 5x]
therefore,

dzy :
Z 7 = e[5(—sin 5x).5 + cos 5x.5]
dx* + [5 cos 5x + sin 5x] ¢
= ¢[—25sin 5x + 5cos bx + 5cos 5x + sin 5x]
= ¢[10cos 5x — 24sin 5x]
= 2¢*[5cos 5x — 12sin 5x]
Q.7. e* cos 3x [NCERT Ex. 5.7, Q. 7, Page 139]

Sol. Let y = €% cos 3x
= dy _ e¥(—sin 3x).3 + cos 3x.e*.6
dx = gesicos 3x — 3esin 3x
2
d% = 6[e®(—sin 3x).3 + cos 3x.e*.6]

dx — 3[e**cos 3x.3 + (sin 3x)e®.6]
= —18¢%sin 3x + 36¢*cos 3x
— 9¢%cos 3x — 18¢%sin 3x
= 27e%cos 3x — 36e%sin 3x
= 9¢*(3cos 3x — 4sin 3x)

Q.8.tan"'x [NCERT Ex. 5.7, Q. 8, Page 139]
Sol. Let y =tan'x
= dy 1
dx  (1+x%)
therefore 'y _(14x9)0-1(2x)
’ dx? 1+ %)
o T2x
(1427
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Q. 9. log(log x) [NCERT Ex. 5.7, Q. 9, Page 139]

Sol. Let y = log(log x)

= dy_ 11
dx logx x
2

therefore, d—‘Z: 1 (—lz}ldx 1
dx” logx\ x*) x |logx

1
1 1|log x.O—l.;

(logx)®

s logx x

1

a1
= 4=
x*logx x| (logx)’

T
x*logx x*(logx)

-1 {1 1 }_—(1+logx)

= + =
x’logx| logx| (xlogx)’

Q. 10. sin(log x)
Sol. Let

[NCERT Ex. 5.7, Q. 10, Page 139]
y = sin (log x)
dy

= — = cos(logx)1
dx b4
2

therefore, d—y = cos(log x).( - iz)
dx X

7=

+1.{—sin(logx)}.1
x x

_ —cos(logx) sin(logx)
N x* R
1 .
= ——[cos(log x) + sin(log x)]
x

2

d’y

W+y:0.

Q.11.1f y = 5cos x — 3sin x, then prove that
[NCERT Ex. 5.7, Q. 11, Page 140]
Sol. We have, y = 5cos x — 3sin x

= Z—y = 5(—sin x) — 3(cos x) —5sin x — 3cos x
x

2
= Y = _5c0s x — 3(—sin x)

dx? .
= —5cos x + 3sin x
2
= d% = —(5cos x + 3sin x)
dx
4%y
dx?

Hence proved.

2
Q.12.If y = cos™, find d% in terms of y alone.
dx
[NCERT Ex. 5.7, Q. 12, Page 140]
Sol. y=cos'x=x=cosy ()

Differentiating (i) w.r.t. x, we get
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. dy
1=- -
siny -
= dy _ —cosec i (i)
dx

Differentiating (ii) w.r.t. x, we get

dzy dy
ZJ_ ty—L

xz cosecy co ydx
dy

—Z=—cosec” y coty
dx

Q.13.If y = 3cos (log x) + 4sin (log x), then show that
Xy, +xy, ty=0

[NCERT Ex. 5.7, Q. 13, Page 140]
Sol. We have, y = 3cos (log x) + 4sin (log x), ..(i)
Differentiating (i) w.r.t. x, we get

4y = ?;[—sin(logx)]l + 4[Cos(logx)]1 ...(i1)
dx X X

Differentiating (ii) w.r.t. x, we get

d*y =3 |:(—sin(log x) (_xlz)}'-)lc (—cos(log x)):|

dx*
+4{cos(logx)( ) —{- sm(logx)}x}

1 | 3sin(logx)-3cos(logx)
—4cos(log x)—4sin(log x)

) @= 3sin(log x)—4cos(log x)
—{3cos(logx)+4sin(log x)

dy__ dy
28y 4y
g dx? g dx y
Ay dy
?—2x—2+y=0

* dx? * dx y
= ¥y, +xy,+y=0 Hence proved.
Q. 14. If y = Ae™ + Be™, then show that

Z ‘Z (m+n)—+mny 0.

[NCERT Ex. 5.7, Q. 14, Page 140]

Sol. Let y = Ae™ + Be™ ..(i)

Differentiating (i) w.r.t. x,we get

Z—Z = Ae™ . .m+ Be™ .n = Ame™ + Bne™ ..(i)
Differentiating (ii) w.r.t. x, we get
% = Ame"™ m + Bne" n = Am’e™ + Bn’e™ ..(if)
Now,
? (m+ n) + mny = Am’e™ + Bn’e™

—[(m + n)(Ame’"‘ + Bne"‘)} + mn(Ae"” + Be”‘)

[from (i), (ii) and (iii)]
= Am?%"™ + Bn?%"™ — Am%"™ — Bmne™
— Amne™ — Bn?e™ + Amne™ + Bmne™ = 0
Hence proved.

Q. 15.If y = 500e™ + 600e

d2
dx{ - 49y.

[NCERT Ex. 5.7, Q. 15, Page 140]

Sol. Let y = 500 ™ + 600 e~ ™ ..(i)
Differentiating (i) w.r.t. x, we get

W _ 500077 + 600.e7*.(=7)
dx

=3500¢”* — 4200e 7 ..(i)
Differentiating (ii) w.r.t. x, we get
d’y _
—3 = 3500.7.¢" — 4200.(~7)e"*

X" — 24500 ¢7 + 29400 ¢
= 49(500 ¢’ + 600 ¢7) = 49 y

2
therefore, d y = 49y

x* \dx
[NCERT Ex. 5.7, Q. 16, Page 139]

Sol. xe+ev =1 ...(d)
Differentiating (i) w.r.t. x, we get

x dy (dyY
Q. 16.If e’(x + 1) = 1, then show that 7 Y- (—yj .

xeyg—y+ey+eyg—y=0

X X
= dy _ -1 ...(ii)
. dx x+1
From (ii),
G-t
dx x+1)  (x+1) -(iii)
Differentiating (ii) w.r.t. x, we get
o (iv)
F 2 (v
From (iii) an‘?:[v(iv),(x)fv-g 1g)et
dy (dy 2 Hence proved.
dx® \dx
Q.17.If y = (tan"'x)?, show that
(o + 1)y, + 2x(x* + 1)y, = 2.
[NCERT Ex. 5.7, Q. 17, Page 140]
Sol. Let = (tan™lx)? ..(3)
Differentiating (i) w.r.t. x, we get
4y _ 2tan™ x.%
dx (1T+x%)

Differentiating (ii) w.r.t. x, we get

d*y ({1+x2}.0—2x)l 1 1
dx? 1222 (1+2%) (1+2)

:
4

Now, (x? +1)

—2=2| tan

—2xtan'x 1
127 (1+x%)

—2xtan' x+1
(1+x2)2

+2x(x +)-2 y

—2x tan x+1 }

=(x"+1) .2{ ()

+2x(x*+1).2tan " x ———
(1+x7)
= —4dxtan"x + 2 + dxtan"x = 2

Hence proved.
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( Miscellaneous Exercise }
Direction: Differentiate w.r.t x the function in questions 3 x
) 3
1to11. 2\1-x
Q.1. (3x*— 9x + 5)° [NCERT Misc., Q. 1, Page 144] cos™ (gj
—_— -2 2. i
Sol. Let y= (3x2 — 9y + 5)9 (1) Q.5. \/m s <x< [NCERT MISC., Q.S, Page 144]

Differentiating (i) w.r.t. x, we get

d
Y 9@x2— 9x + 5).(6x — 9)
dx
= 27(3x — 9x + 5)%.(2x — 3)
Q. 2. sin®x + cos’x [NCERT Misc., Q.2, Page 144]
Sol. Let y = sin’x + cos®x ...(i)

Differentiating (i) w.r.t. x, we get

;LZ = 3sin%*xcos x + 6cos’x(—sin x)
= 3sin x cos x(sin x — 2cosx)
Q.3. (5x)o [NCERT Misc., Q. 3, Page 144]
Sol. Let y = (5x)3os

By taking log on both sides, we get

log y = 3cos2xlog(5x) = 3cos2x[log 5 + log x]
logy = 3cos2xlog5+ 3cos2xlogx (i)

Differentiating (i) w.r.t. x, we get

3cos2x

ldy 3log5(—sin2x)-2+
y dx

—3logx-(2-sin2x)
3cos2x

= —6log5sin2x + ——— — 6log x sin 2x
x
therefore,
dy = (5x) o [3 COS2X _ (llog5 + log x]sin 2x:|
= (5x)** [SCOSZX 6log5xsin Zx}

Q.4. sin’l(xx/;),o <x<1
[NCERT Misc., Q. 4, Page 144]

Sol. Let Yy =sin" (x\/—> ..(i)
Differentiating (i) ;v.r.t. X, we get
o N Ex g
= 1 d
HEXB/Z
=_3 n

2W1-x3

Sol. Let y= (Cos’l gJ(Zx +7)" (i)

Differentiating (i) w.r.t. x, we get

A oxy 7)*1/2}
2| dx

+Qx+7)" (dicos" %)
X

x[ -1
=cos' S| —Qx+7)¥*(2
272( ) ()}

+Qx+7) | — |x=

dy

=

dx

Q. 6. cot™ {

Sol. Let y = cot™! {

=y =cos”

:>y=cot

=—cos™' §(2x +7)?

1
— 7+7
Ja—x2x+7 Qx+7)"

-1

2
2% 1—(’“)
4

ax

2

+Qx+7)"

COos

J1+sinx ++/1-sinx i
O<x<—
J1+sinx —+/1-sinx

[NCERT Misc., Q.6, Page 144]

J1+sinx +v1-sinx T
,0 <=
J1+sinx —+/1-sinx

)X L, X . X X
cos” —+sin” — + 2sin—cos—
2 2 2 2

)X L, X X x
+,/cos” —+sin” = —2sin—cos—
2 2 2

. X X
\/c — +sin —+251n—cosf
2 2 2

X x
\/cos = +sin? 7+ 2sin— 5 COSE

X X . X :
cos—+sin— | + COS——SIn—
\/ 2 j \/( 2 2)

|
|
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X X X .x
COS— +8In— +Cos— —sin —
2 2 2 2

= y=cot’
X . X X . x
COS = +s8in=—cos=+sin—
L 2 2 2 2
2cos—
= y=cot’
2sin—

[ x
= y=cot’ cotg}

= —E
Y 2
:dl:l
dx 2

Q.7. (logx)"**,x>1
Sol. Let y = (logx)'°8*
By taking log on both sides, we get

log y =log xlog(log x) ()
Differentiating (i) on both sides w.r.t. x, we get

1dy _ logx~L~1+Iog(logx)1
ydx logx x x

[NCERT Misc., Q.7, Page 144]

= 1 -[1+1og(logx)]
X

therefore, Z—y = (log x)'°8* L [1+log(logx)].
x x

Q. 8. cos (a cos x + bsin x), for some constant a and b.
[NCERT Misc., Q. 8, Page 144]

Sol. Let y = cos (acos x + bsin x) ..(i)

Differentiating (i) on both sides w.r.t. x, we get

dy

=—sin(acosx + bsin x)[a(—sin x) + bcos x]

=—sin(acosx + bsin x)[—asin x + bcos x]
=(asinx —bcosx)sin(acosx + bsin x)

. inx T 3n
Q.9. (sinx — cos x)*"* CM)'Z <xX<TE

[NCERT Misc., Q. 9, Page 144]

Sol. Let y= (sin x— Cosx)(Sinx—cosx)

By taking log on both sides, we get
logy = (sinx — cosx)log(sin x — cosx) ..()
Differentiating (i) on both sides w.r.t. x, we get
= ldy =(sinx — Cosx)i(c.osx * sinx)
y dx (sinx — cosx)
+log(sinx — cosx)- (cosx + sin x)

= 1d—y = (cosx + sinx) + log(sin x — cosx)
y dx
-(cosx +sinx)
= Z—y = y(cosx + sinx)[1 + log(sin x — cos x)]
X
therefore,

dy

o (sin x — cos x){Sn¥=c0sX) [(

cosx + sinx)

(1+1log(sinx — cosx))], sinx > cosx

Q.10.x* + x* + a* + a°, for some fixed a > 0 and x > 0.
[NCERT Misc., Q. 10, Page 144]

Sol. Let us assume that: A = x* ..(I)
B=x (I
C=w ...(III)
D =g (IV)

I. Let
A=x"=logA=logx* = logA =xlogx .....(i)

Differentiating (i) on both sides w.r.t. x, we get

Xa:x(%j-}-log){ﬁ%:A[lﬂ—logﬁc] (i)

ﬁd—A=xx(1+logx) (i)
dx
Il. Let
B =x" = logB =logx" = logB =alogx ....(iii)

Differentiating (iii) on both sides w.r.t. x, we get
148 1 dB [ a j
=—-—=a—=>—=B|—

Bdx x X
dj _all)_ a 1_ a1 :
= I =X (x]—x a-x" =ax"" ..(iv) A (iv)
ll. Let
C=4a*=1logC=loga* = logC =xloga (V)
Differentiating (v) on both sides w.r.t. x, we get
= ldy loga(l)= ay_ Cloga=a"loga ...(vi)
Cdx dx

IV. Let D =1=a"=logD=loga"=logD=aloga
Differentiating (vii) on both sides w.r.t. x, we get
:ld—yzu(O):»d—Dzo
D dx dx

therefore, Z—y =x*(1+logx)+ax"~
x

...(viii)

L+ a*loga

[from (i), (iv), (vi)and (viii)]

Q.11. x* 7 +(x—3)", forx >3.
[NCERT Misc., Q. 11, Page 145]

Sol. Let
x?-3 x2
X +(x-3)" =u+o,
where u=x*"3,
and v=(x- E’v)xZ
Let u=x* 2
On taking log on both sides, we get
log u = (x*-3) log x (i)
Differentiating (i) w.r.t. x on both sides, we get
2 —
Ldu = (x"-3) +log x(2x)
u dx x
2 p—
therefore, du _ X3 [H +2xlog x} (i)
dx X
2
and v = (x - 3)*
By taking log on both sides, we get
log v = x*log (x—3) ...(iii)

Differentiating (iii) w.r.t. x, we get



ldo_ 2
v dx

+ log(x —3)-(2x)

2
therefore = —(x 3)* {3+2xlog(x 3):] .(iv)

s, M o
dx dx dx

2
=x* _S{X -3 +2x10gx:|
x

2
+(x-3)* { 3+2xlog(x 3):|
[from (ii) & (iv)]
Q. 12. Find

dy ,1fy 12(1-cost), x =10(t —sint), — 7<t<E

[NCERT Misc., Q.12, Page 145]
Sol. Here, y =12(1—cost) ..(i)
x =10(t —sint) ...(ii)
Differentiating (i), (ii) w.r.t. t, we get

4y =12[—(-sint)] =12sint

dt
and i—x =10(1 - cost)
dy _dy/dt _ 12sint
dx dx/dt  10(1-cost)
_ bsint
- 5(1 - cost)
_ 6] 2sin(t/2)cos(t/2)
5/ 2sin®(t/2)
6
= —cot(t/2
£ (t/2)

Q. 13.Find Z—y,ify:sin’lx+sin’1\/1—x2, -1<x<1.
X

[NCERT Misc., Q. 13, Page 145]

Sol. Here,
y:sin_1x+sin_1\/1—x2 =uU+v
Let u=sin"lx
and v =sin"1y1-x?
du 1 - \/—2
N —= andforv=sin" V1-x
dx  (1-x?

Putting x =cosf, we get

v =sin"! V1-cos?8 = sin! Vsin?6

= sin‘l(sine) =6 =cos 'x

therefore 2 -1
Cdx V1-x2
So, dl = du @ 1 + -1 =0
dx  dx dx 1—x2 1—y2
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Q.14.If x\1+y +yv1+x =0, for -1<x<1,
prove that d—y: __1 >
dx  (1+x)

[NCERT Misc., Q. 14, Page 144]

Sol. We have,
xJl+y +yvl+x =0

= xfl+y = —yJl+x =21+ y) =y’ (1 +x)

S -ty -y =0y = ——

x+1
therefore,
dy _ (x+DED - (=00
dx (x +1)?
_—x-1+x -1
T+l (x4

Q.15.If, (x —a)* + (y — b)* =% for some ¢ > 0, prove that

dx
is a constant independent of a and b.
[NCERT Misc., Q. 15, Page 145]
Sol. (x—a)*+ (y-by*=¢ (i)

Differentiate w.r.t. x

= 2(x—a)+2(y—b)d—y:0
= x-a)+@y-b)—==0 -..(11)
dx
Squaring both side
2 2
- (dl] | [x=a
dx y-b
Adding 1 to both side
dy ’
= e a2
dx y-b
2 2 2
_ 1{@/] _(-bP+(-a)
dx (y-b)

- ) sl
e s -

&y dy d
ey-n T B

diff. eq. (ii) w.r.t. x

dx " dx
{1+(ZZJ }
dy _
i b .(iv)

dividing eq. (iii) with (iv)

a’y
dx?

(y —b)*

(y-b)



CONTINUITY & DIFFERENTIABILITY

CS

__(y=by
ool
(y-b)

=—
Q. 16.If cosy = xcos(a +y), with cosa = 1,
cos’(a+y)

prove that dy _ -
dx sina

[NCERT Misc., Q. 16, Page 145]
Sol. We have,

cosy =xcos(a+y)

cosy
= X=——
cos(a+y)
Differentiating both sides with respect to y
- dx _ cos(a+y)(=siny) - cosy(-sin(a +y))

dy cos*(a+y)
_ cosysin(a +y)—sinycos(a +y)

cosZ(u +v)
_ sin(a+y-vy) _ sina
COSZ(LI +Y) COSZ(LI +Y)

therefore,
dl B cos? (a+y)
dx sina

Q.17.If x =a(cost +tsint)andy = a(sint —t cost),

2
find LY.
dx
[NCERT Misc., Q. 17, Page 145]
Sol. Here,
dx =a(—sint +tcost + sint)
dt
therefore,

d—x = atcost
dt

ay _ afcost —{t(—sint) + cost(1)}]

dt
dy . .
= E—a(cost+ts1nt—cost)=atsmt
therefore,
d—y=d—yx£=atsint>< =tant
dx dt dx atcost
2
d
= d—g =sec?t- a
dx dx
d? 1 2t
= LY et — =€
dx? atcost atcost
3
s gyl
at 2

Q.18.If f(x)=|x[’, show that f’(x) exists for all real x
and find it [NCERT Misc., Q. 18, Page 145]
Sol. Case . When x>0. Here, f(x)=x[’=x’

Therefore, f'(x)=3x" and f"(x)=6x
Case II. When x < 0. Here, f(x)= (—x)3 =53
Therefore, f'(x)=-3x> and f'"(x)=—6x
Hence, we can study that f''(x) exist for all real x.
Q. 19. Using the fact that sin(A + B) = sinAcosB +
cosAsinB and the differentiation, obtain the sum
formula for cosines.
[NCERT Misc., Q. 19, Page 145]

Sol. Sin(A+B)=sinAcosB+cosAsinB ..(1)

Consider A and B as function of t and differentiating both
sides of (i) w.r.t. t, we get
dA dB)

cos(A+B)(dt+dt

=sin A(-sin B)dB+COSB|:COSAdA:|
dt dt

+cosAcos Bd—B+ sin B(—sin A)d—A
dt dt

= cos(A+B)(dA + dBj = —sinAsinB(dB + dAJ
dt  dt dt  dt
+ cosAcosB(dA + dBj
dt  dt
:>cos(A+B)[dA+dB)
dt dt
=(cos A cos B—sin A sin B) (dA+dB)
dt dt

=c0s(A+B) = cos AcosB—sin Asin B

Q. 20. Does there exist a function which is continuous
everywhere but not differentiable at exactly two points?

Justify your answer. [NCERT Misc., Q. 20, Page 145]

Sol. Let the function be
fe)y=|x—-1| + [x-2[.

We redefine f(x) as:

—(x-1)—(x-2); ifx<l
f)=3((x-1)—(x-2);, ifl<x<2
(x-D+(x-2);, ifx>2
2x+3; ifx<l1
= f(x)=11, ifl<x<2

(2x-3); if x>2
f(x) is clearly continuous at all x exceptatx = 1,2. Atx = 1:
lim f(x)= lim (-2(1-H)+3)
—243-1
lim f(x) = lim (1) = 1.
f=1

Thus, linl} f(x)= ]jrg f(x)=f(1)

Also,

Hence, f(x) is continuous at x = 1.



Atx =2, Iimf(x = lim1=1
lim f(x)= hm(Zx 3)

x—2¢ x—2"

hrznl (2(2+h)-3)

=2(2)-3=1
Also, fa)=1
Thus, lim £(x) = lim £(x) = £(2)

Hence, f(x) is continuous at x = 2.
Hence, f(x) is continuous at x € R.
Differentiability at x = 1:

L 0= iy L= 1D

—lim —2(1 h)+3 1
h—0 -h
= hmz—h =lim(-2)=
=0 —f  h—>0
Thus, Lf'(1) # Rf’ = fis not derivable at x = 1
Derivability at x = 2:

@ - i L2=1=1C)

- 1im7(1) Voo
h—0 _h

=lim

h—0

2(2+h)-3-1
h

= limz—h =lim2=2
-0 J h—0
Thus, Lf’ (2) # Rf'(2) = fis not derivable at x= 2.
Hence f(x) = |x — 1| + |x — 2| is continuous everywhere
and differentiable at all x except at 1 and 2.
f(x) g(x) h(x)

Q.21.Ify=| I m n |, prove that

a b c
P fi(x) g'(x) H(x)
d—y: ) m n
x a b c

[NCERT Misc., Q. 21, Page 145]
f(x) g(x) h(x)
Sol. We have, y=| I m n
a b c

MATHEMATICS, Class-XII

d d d
;x(f(x)) E(g(x)) E(h(x))
Ly |7

. m n
dx

a b c

fx) g k| |f0) g(x) hx)
+ 0 0 0 |+| 1 m n
a b c 0 0 0
f0 g() 1)
=1 m n
a b c

Hence proved.

Q.22.If y=e" ", _1<x<1

dy dy

show that (1-x*)—2-x—Z—a’y=0.
x

[NCERT Misc., Q. 22, Page 145]

acos ' x

Sol. We have, ¥ =¢ ..(3)
Differentiating (i) on both sides w.r.t. x, we get
d}/ acos”' x d
Y £

o . (acos™ x)

_ acos'x —a _ —ﬂy .
=€ ( l—l—xzj_ I (i)
Differentiating (ii) on both sides w.r.t. x, we get
&y \/l—ng—y—ydixll—xz
a X X
dx’ (1-x%)

_\/1—x2dl-7
d’y dx 21— ¥?

dx’ (1-x%)

(=2x)

2y

e dvegty

z(l—xz)fg:—a{—ay+x ( ﬂ

dy
dx

=0-x

[From: (ii)]

:>(1—x2)Z =d'y+x—=

d’y dy
-2 —xL—g?y=0
=( x)dx2 xdx ay

ao



