CHAPTER

CONTINUITY

Chapter Objectives

This chapter will help you understand :

»  Continuity and differentiability : Continuity of a function at a point; Continuity in an interval; Geometrical meaning of conti-
nuity; Discontinuity and Continuity of composite function; Differentiability and Differentiability in interval.

» Derivatives : Algebra of derivatives; Derivatives of composite function,; Derivatives of implicit function; Derivatives of trigo-
nometric function; Derivatives of inverse trigonometric function; Exponential function; Derivatives of exponential function;
Loguarithmic function; Logarithmic rules and its differentiation; Derivative of function in parametric forms and Second order
of derivative.

> Rolle’s theorem and MVT : Rolle’s theorem and Mean value theorem.

TOPIC-1 TOPIC - 1

. . . . ore Continuity and Differentiability P el
Continuity and Differentiability | ;opc.>

Derivatives P71
H H TOPIC -3
Qu ICk ReVIew Rolle’s Theorem and MVT P 84

% Continuity of a function at a point : Let f be a real
function on a subset of the real numbers and let ¢ *
be a point in the domain of f. Then f is continuous TIPS... @

at ¢ if lim f(x)=f(c). In other words, if the left-

% The constant function f(x)=k is continuous for all
hand limit, right-hand limit and the value of the real values of x.
function at x = ¢ exist and are equal to each other,

‘ . . . — . .
lim f(x)= lim f(x) = f(c) then f is said to be ' The identity function f(x)=x is continuous for all

real values of x.
continuous at x = c.

®,
X4

*a The modulus function f(x)=|x| is continuous for

Continuity i int l:
OntnULy h an ttetva all real values of x.

* The function fis said to be continuous in an open

*

*u The polynomial function f(x) = a x" + a™' + a,,
X2+ ax + axt + ayx® is continuous for all
real values of x.

interval (g, D) if it is continuous at every point in
this interval.
* The function f is said to be continuous in closed

interval [a, b] if f is continuous in open interval ‘“ The greatest integer function f ( x) = [x] is continu-
(a,b), th? f(x)=f(a), PBJ f(x)=f(v). ous for all real values of x except at integral values
% Geometrical meaning of continuity : The geometrical of %
meaning of a continuous at c of a function f is that
there is no break in the graph of the function at the
point [¢,£(c)] TRICKS... /*
“ Discontinuity : The function f will be discontinuous at | \.. Aj trigonometrical functions are continuous in
x = a in any of the following cases : their respective domains.
. thl f(x)= )hf) f(x) . Exponential and Logarithmic Functions are con-
o lim f(x) = lim f(x)# f(a) tinuous for all real values of x.

. f(a) is not defined.

Continuity of composite function : Let f and g be real valued functions such that (fog) is defined at a. If g is
continuous at 2 and f is continuous at g (1), then (fog) is continuous at a.

®,
o
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Differentiability : If a function f is differentiable at a point ¢ in its domain if both LHD (left-hand derivative) and

RHD (right-hand derivative) are finite and equal, it means : LHD = lim fle=1)-f(c) =lim fle+ hz ~f(0) =RHD.

h—0" —h h—0"

% Differentiability in an interval : The function y = f(x) is said to be differentiable in an open interval (g, b) if it is

differentiable at every point of (g, b). And, the function y = f(x) is said to be differentiable in the closed interval [a,

b] if LHD and RHD exist and f(x) exists for every point of (4, b). Every differentiable function is continuous, but

the converse is not true.

||

Multiple Choice Questions

(1 mark each)

2
Q.1. If f(x)=2xand g(x):x?+1 then which of the

following can be a discontinuous function?

@) flx) +glx) (b) flx) - g(x)

g(x)
(0) fix)gx) (d) f(x)
[NCERT Exemp. Ex. 5.3, Q. 83, Page 113]
Ans. Correct option : (d)

Explanation : Since f(x)=2xand g(x)= %2 +]are

continuous functions, then by using the algebra
of continuous functions , the functions f(x) + g(x),
f(x) - g(x), f(x).g(x) are also continuous functions but

8(x)
f(x)

Q. 2. The function f(x)= 4oy
o 4x-x°

(a) discontinuous at only one point

is discontinuous function at x = 0.

(b) discontinuous at exactly two points
(c) discontinuous at exactly three points
(d) none of these
[NCERT Exemp. Ex. 5.3, Q. 84, Page 113]
Ans. Correct option : (c)

Explanation : Given that,
4-x° L .
f(x)= L then it is discontinuous if
x—x

= 4x-x*=0

= x(2+x)(2-x)=0
= x=0,-2,2
Thus, the given function is discontinuous at exactly
three points.
Q. 3. The set of points where the function f given by
f(x)=|2x —1]|sin xis differentiable is
(@) R

1
(b) R- {E}
(¢) (0,)
(d) none of these

[NCERT Exemp. Ex. 5.3, Q. 85, Page 113]
Ans. Correct option : (c)

Explanation : Given that,
f(x)=l2x—1]sinx
The function sin x is differentiable.

The function | 2x — 1| is differentiable, except
2x-1=0

Sx=rt
Thus, the given function is differentiable R — {%}
Q. 4. The function f(x) = cotx is discontinuous on the set
(@ {x=nz;necZz}

(b) {(x=2nm neZ}

(c) {x:(2n+1)%; neZ}

(d) {x:”{;nez}

[NCERT Exemp. Ex. 5.3, Q. 86, Page 114]

Ans. Correct option : (a)

Explanation : Given that,

—cotx =
f(x)=cotx S

It is discontinuous at

COSXx

sinx =0

S>x=nr,ne’

Thus, the given function is discontinuous at
{x=nz:neZ}

Q. 5. The function f(x) = e s
(a) continuous everywhere but not differentiable atx =0
(b) continuous and differentiable everywhere
(c) not continuous atx =0
(d) none of these
[NCERT Exemp. Ex. 5.3, Q. 87, Page 114]
Ans. Correct option : (a)
Explanation : Given that,

fla)=er

The functionse® and | x |are continuous functions
for all real value of x.

Since ¢” is differentiable everywhere but | x | is non-
differentiable at x = 0.
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Q.6.

(@)
(©

Ans.

(@
(©)

Ans.

Q.8.

Thus, the given functions f(x)=e¢" is continuous

everywhere but not differentiable at x = 0.

If f(x)=x2sin1, where x # 0, then the value
x

of the function f at x = 0, so that the function is

continuous atx = 0, is

0 (b) -1

1 (d) none of these
[NCERT Exemp. Ex. 5.3, Q. 88, Page 114]

Correct option : (a)

Explanation : Given that,

1
x)=x"sin—
f(x)=x'sin
Thus,
o s . 1
f(0)= klir(}(x sm;]
an oscillating value
between —1and 1

:>f(0):0x[
= f(0)=0

. T
mx+1if x <=

. If f(x): , is continuous at
sinx +n, ifx>%
x =~ then
2 nr
m=1,n=0 (b) m:?+1
n="7 (d) m=n==
2 2

[NCERT Exemp. Ex. 5.3, Q. 89, Page 114]
Correct option : (c)
Explanation : Given that,

mx+1if x<Z
f(x)=

. . T
sinx +mn, 1fx>5

is continuous function at

x=2= , then
2
LHL = RHL
lim f(x) = lim f(x)

x> x>
2 2

. T . T
(54 -me(5 )

= limm(g—hj-#l: lim sin(£+hj+n
h—0 2 h—0 2

=

=

= limm(f—hjﬂz lim cosh+n
h—0 2 h—0

= m(£j+1:1+n
2
mr
= =—
2

Let f(x)=|sin x|, then

(a) fis everywhere differentiable
(b) fis everywhere continuous but not differentiable

atx =nn,n e Z.

(c) fis everywhere continuous but not differentiable

(d)

Ans.

Q.9.

Ans.

Q. 10.

Ans.

Q.11.

Ans.

Q.12.

Ans.

Q.13.

Ans.

atx=(2n+1)£,neZ.

none of these

[NCERT Exemp. Ex. 5.3, Q. 90, Page 114]
Correct option : (b)
Explanation : Given that,

f(x)=[sinx]|
The functions | x| and sin x are continuous function
for all real value of x.

Thus, the function f (x) =| sin x | is continuous function
everywhere.
Now, |x| is non-differentiable function at x = 0.

Since f(x)=|sinx|is non-differentiable function at

sinx =0
Thus, f is everywhere continuous but not
differentiable at x = nm, n € Z.
Fill in the blanks :
An example of a function which is continuous
everywhere but fails to be differentiable exactly at
two points is

[NCERT Exemp. Ex. 5.3, Q. 97, Page 116]

f(x)=[x*-4]
Explanation : The function f(x)=|x* - 4]is
continuous everywhere but it is non-differentiable
atx’ —4=0
= x=12
State True or False for the statement :
If f is continuous on its domain D, then |f| is also
continuous on D.
[NCERT Exemp. Ex. 5.3, Q. 103, Page 116]
True
Explanation : Let a function f(x) = x which is
continuous in its domain R, then the function
|f(x)| = | x| isalso a continuous function in its domain.
State True or False for the statement :
The composition of two continuous functions is a
continuous function.
[NCERT Exemp. Ex. 5.3, Q. 104, Page 116]
True
Explanation : The composition of two continuous
functions is a continuous function.
State True or False for the statement :
Trigonometric and inverse-trigonometric functions
are differentiable in their respective domain.
[NCERT Exemp. Ex. 5.3, Q. 105, Page 116]
True
Explanation : Trigonometric and inverse-
trigonometric functions are differentiable in their
respective domain.
State True or False for the statement :
If fg is continuous at x = a4, then f and g are
separately continuous at x = a.
[NCERT Exemp. Ex. 5.3, Q. 106, Page 116]
False
Explanation : Let f(x)=sinx and g(x)=cotx.
Thus,

f(x)xg(x)=sinx><cotx:sinx>< cosx _

sinx
It is continuous function at x = 0 but g(x) = cotx is
not continuous function at x = 0.
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Very Short Answer Type Question

(1 or 2 mark)
1 .
Q.1. Given the function f(x)= Y Find the points of ~ Ans. Given, that,
x
discontinuity of the composite function y = f(f(x)). f(t)= 1
[NCERT Exemp. Ex. 5.3, Q. 17, Page 108] £ t—2
Ans. Since the given function is not defined at x = -2,
the function is discontinuous function at x = -2. Put t= 1 , we have
1 e
N x))=
| (e
{ERE T
1 —| -2
[ j +2 x—-1 x-1
x +22 _ (x— 1)2 -
:2"+ : (2x-1)(2-x)
X+
[ .
Thus, the function f ( f (x)) _ 2x+ 25 is discontinuous Since it is not defined at 2x - 1)(2-x) = 0x = 2, 5
X+

atx =-2and —% . [1]
Find all points of discontinuity of the function

1 1
t)=———, where t=—+-—.
f(®) 2+t-2 x-1

[NCERT Exemp. Ex. 5.3, Q. 18, Page 109]

Short Answer Type Questions

then
The given function is discontinuous function at x =

2 and 1
2

(3 or 4 marks each)

Q.1. Examine the continuity of the function f(x) = x° +
2’ -1latx =1.
[NCERT Exemp. Ex. 5.3, Q. 1, Page 107]
Given function is f(x) = x> + 2x* - 1.
LHL (at x=1) = llglf(x)
=lim f(1-h)

h—0

Ans.

. 3 2
=lim(1-h) +2(1-h) -1
=1+2-1
=2 1
RHL (at x =1)=Lim f(x)
x—1"
=lim f(1+h)
. 3 2
=lhlir&(l+h) +2(1+h) -1
=1+2-1
=2 [1]
And, f(1)=1+2-1=2
Since LHL = RHL = f(1) =2, then the given function
is continuous at x = 1. [1]
3x+5,ifx>2

) . continuous
x5, if x<2

Q. 2. Is the function f(x):{

or discontinuous at x = 2?
[NCERT Exemp. Ex. 5.3, Q. 2, Page 107]

3x+5, if x>2

Ans. Given function is f( x) - {
x*,  if x<2

LHL (at x = 2) = lim f(x)
=1higrgf(2—hz)
= lhlir(}(Z—h)

=4 (1]
RHL (at x =2) = lirgf(x)
=lim f(2+h)
=lim3(2+h)+5
h—0
=11 [1%]

Since LHL # RHL, then the given function is
discontinuous at x = 2.

1-cos2x
Q. 3. Is the function f(x)= x>
5, if x=0
continuous or discontinuous atx = 0?
[NCERT Exemp. Ex. 5.3, Q. 3, Page 107]
1—cos2x

Ans. Given functionis f(x)= x? .
5, if x=0

LHL (at x=0)= hr?f(x)
=lim f(0-h)
~ lim f(~h)

h—0

_ lim[l - COSZ(h)‘|
Gy

,ifx#0

,ifx#0
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Q. 4. Is the function f(x)=12(¥-4)

Ans.

=lim
h—0

=lim
h—0

=lim
h—0

=2
RHL (at x =0) = lim
x—0"

[1-cos2h
hZ
[ 2sin*h
hz

(2] ]

f(x)

=lim f(0+h)

h—0

h—0

And, f(0)=5

Since  LHL=RHL = f(0)=5, then the given

i £(1)

l—cos2(h)]

L ()
[1-cos2h
hZ
[ 2sin’h

hZ

(]

function is discontinuous at x = 0.

|x—4]

0,

,ifx#4

if x=4

continuous or discontinuous at x = 4?

[NCERT Exemp. Ex. 5.3, Q. 5, Page 107]

|x—4]

Given function is f(x)= 2(x—4)

O/

LHL (at x=4)= lim f(x)

=lim
h—0

=lim
h—0

=lim
h—0

=lim

h—0

=lim
h—0

f(4=h)

[ |4-h-4]
2(4-h-4)

=)

RHL (at x =4) = Xh_)r? f(x)

=lim f(4+h)

h—0

h—0

{|4+h—4|

2(4+h-4)

|

|

,ifx#4

if x=4

=lim
h—0

_ILI}
| 2h
_i}
| 2k
=lim l}
h—0 L 2
2 [

Since LHL # RHL, then the given function is
discontinuous at x = 4. [1]

=lim

h—0

[17]

1.
| x| cos—,ifx =0
= x

Q. 5. Is the function f(x) continuous

0, if x=0
or discontinuous at x = 0?
[NCERT Exemp. Ex. 5.3, Q. 6, Page 107]
1
—, ifx#0
Ans. Given function is f(x)= || cos x s

0, if x=0

LHL (at x=0)= hr? f(x)

=lim f(0—h)

h—0

=lim f(-h)

h—0

. 1

=lim [h COSl:|
h—0 h
_ox [An oscillating number }

[17]

between —1and 1
=0

RHL (at x=0) = lir? (x)
x—>0"
=lim f(0+h)

h—0

=lim f(h)

h—0

1]

1

=lim| |h{cos—

i os 1
= lim[h cosl}

h—0 h
—0x An oscillating number
B between —1and 1
=0

And, f(0)=0

Since LHL=RHL=£(0)=0, then the given function
is continuous at x = 0. [1]

1]

.1
|x—a|sin—, if x#a
= x

Q. 6. Is the function f(x)
0, if x=a
continuous or discontinuous at x = a?

1
[ [NCERT Exemp. Ex. 5.3, Q. 7, Page 107]

_Jlx—alsin ,ifx#a

Ans. Given function is f(x)

0, if x=a
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LHL (at x =a) = lim f(x)

=lim f(a—h)

h—0

=lim||a—h—a|sin
h—0

&=

Lo
= Llir(} ‘—h‘ sm(_h):i

=lim| —hsin l}
h

h—0

—ox {An oscillating number }
between —1and 1
=0
RHL (at x =a) = lim f(x)

=1hi£r(}f(u+h)

=lim ‘a+h—a‘sin
h—0

o

:%gl(} _hsin(}ll)}

=lim| hsin l}
h

h—0

0 {An oscillating number }
=UX

RHL (at x =0) = lim f(x)
x—0"
= kiir(}f(0+h)

= limf(h)

h—0

=lim
h—0

=lim
h—0

1] -
1+0
= [1]
And, f(0)=0
Since LHL # RHL = f(0) = 0, then the given function
is discontinuous at x = 0. [1]
x2

—, if0<x<1
Q. 8. Is the function f(x)= 2

2x2—3x+%, if 1<x<2

continuous or discontinuous at x = 1?
[NCERT Exemp. Ex. 5.3, Q. 9, Page 107]

between —1and 1 =, if 0<x<1
-0 Ans. Given functionis f (x) =12 .
1] 2x2—3x+E if l<x<2
And, f(a)=0 X <
Since LHL = RHL = f(O) =0, then the given function LHL (at x= 1) — lim f(x)
is continuous at x = a. [1] x>l
: -t (1-1)
& ifx=0 2
Q.7. Is the function f(x)= 4 continuous -k (1-h)
1+e* =i 2
0, if x=0
or discontinuous at x = 0? = 1
[NCERT Exemp. Ex. 5.3, Q. 8, Page 107] 2 [
e% ) RHL (at le):llg}f(x)
Ans. Given function is f(x)= T ifx#0 ) = l}1rr(}f(1 +h)
1+e* "
0, if x=0 :ﬁm{2(1+h)2—3(1+h)+§}
h—0 2
LHL (at x=0)=lim f(x
( )—I?Of(o)h —2(1Y -3(1)+2
= hlir(}f( —h) 1 2
= limf(—h) =_
h—0 1 2 [1]
o 1
— lim| —— And, f(1)=-
h—0 = 2
I+e™* . 1 . .
Since LHL = RHL = f (1) =—, then the given function
e” 2
= [1 e } is continuous at x = 1. [1]
0 Q.9. Is the function f(x)=|x|+|x-1| continuous or
= o discontinuous at x = 1?
+

[NCERT Exemp. Ex. 5.3, Q. 10, Page 107]
11 Ans. Given function is fx)=lx]+]x~1].
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Q. 10.

Ans.

Q.11.

Ans.

LHL (at x = l) =1lim f(x)
x>0
=lim f(1-h)
=lim[ [l ~h[+[1-h 1]

—timf 1+ -4

=1+0

=1 [1]
RHL (at x =1) :}131)‘(3{)

~lm Qi+ h)

:lhigr(}[\l+h\+\l+h—lu

=lim[[1-+ 1] + i

=1+0

= [1]
And, f(1)=1
Since LHL = RHL = f(1) =1, then the given function
is continuous at x = 1. [1]
Find th i (ki _|3x-8,ifx<5
ind the value of k in f(x)= ok, ifx>5°°

that the function f is continuous at x = 5?
[NCERT Exemp. Ex. 5.3, Q. 11, Page 108]
{3;( -8, if x<5

Given function is f(x)= o

ifx>5

LHL (at x=5)=lim f(x)

lim
=lim f(5—h)
=1lim[3(5-h)-8]
=3(5)-8
=7

RHL (at x=5)= }Lr?f(x)
=lim f(5+1)
~lim{[2¢]

=2k

And, f(5)=7
Since the given function is continuous at x = 5,
then LHL =RHL = f(5)=7.

1]

1]

LHL=RHL
=7=2k
:>k=Z
2 [1]
22 _16 .
Find the value of k in f(x): 4*—16 ifxz2 S0
k, if x=2

that the function f is continuous at x = 2?
[NCERT Exemp. Ex. 5.3, Q. 12, Page 108]

Given function is
x+2 _
2 16 ,ifx#2
f(x)=1 4 -16

k, if x=2

Q.12.

Ans.

4x2°-16
4" -16
k, if x=2

,ifx#2

Since the given function is continuous at x = 2,
then LHL = RHL = f(2) =k. [1]
k=1lim f(x)

x—2

. (2”2—16]
=lim
=2 4 —16
4(2°-4)

=l (2 +4)

4 1

“414 2
Prove that the function f defined by

[2]

—— if 0
f(x)= |x|+2xz'1 x

k, ifx=0
remains discontinuous at x = 0, regardless the

choice of k.
[NCERT Exemp. Ex. 5.3, Q. 15, Page 108]

h—0

. o — L ifx=0
Given function is f(x)=14|x[+2x .
k, if x=0
LHL (at x=0)= }1—13)1 f(x)
=lim f(0- 1)
~lim f(~h)

=lim

__ch
01 |~k |+2(~h)’

. -h
=lim| ——
h—0 _h + 2]/12
=lim m
0| 1+ 2h
=-1 [1%]
RHL (at x =0) = lim f(x)
x—0"
=i f(0+h)
- lim (1)
. h
=lim| ——
"0 1] +2(h)
i
h=0| h+2h
=lim !
h-0| 1+2h
=1 [1%]

Since LHL # RHL, then the given function is
discontinuous at x = 0 regardless the choice of k.
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Q.13.

Ans.

Q.14.

Ans.

Find the values of 4 and b such that the function f
—~ ta,ifx<4
|x—4]
defined by f(x)={a+b, if x =4 is a continuous
=, b,if x >4
|x—4 I

function atx = 4.
[NCERT Exemp. Ex. 5.3, Q. 16, Page 108]

X —

4 +a, if x<4
|x—4]

Given that f(x)=4a+b, if x =4\
x -

|x —4]

+b if x>4

LHL (at x =4)= lim f(x)

x—47!

=lim f(4-h)

h—0

. [ 4-h-4
=lim| ———+a
i)
<t
=lim|—+a
h—0 h
=[a-1]
RHL (at x = 4)—11r£1f()
=lhl£1’01f(4+h)
. | 4+h-4
=lim|———+
hﬁ0{|4+h—4| }
:lim[ﬁ+b}
0| h
=[b+1]

[17]

And, f(4)=a+b
Since the given function is continuous at x = 4,
then LHL:RHsz(4)=a+b.

Thus,a—1=b+1l=a+b=a=land b=-1.

Show that the function f(x) =
continuous atx = .

[NCERT Exemp Ex. 5.3, Q. 19, Page 109]

Given function is f

[17]

|sin x + cos x| is

) =|sinx + cosx]-
LHL (at x= 7)= lim f(x)
= limf(ﬁ ~h)
= lrgrol[‘sm (7 —h)+cos(7 - h)H
= Llirg[‘sinh - coshu
=[0-1|
=1
RHL (at x = 7)= lim f(x)

[17]

=lim f(7 +h)

h—0

Q.15.

Ans.

Q. 16.

Ans.

= 1imDsin (7 +h)+cos(7 + h)u

h—0

= lhiir(}[‘—sinh - coshu
=|-0-1|
=1

And, f(7)=]-1]=1
Since LHL=RHL= f(7)=1, then the given function
is continuous at x = m. [1%%]
A function f : R — R satisfies the equation f(x +

= f(x) f(y) for all x, y € R, f(x) # 0. Suppose that
the function is differentiable at x = 0 and f'(0) =
Prove that f'(x) = 2f(x).

[NCERT Exemp. Ex. 5.3, Q. 24, Page 109]

Since the given function is differentiable at x = 0, then

f(x+h)-f(x)

f'(x)ZIhiH(} X+h-x
e S0 ()
h—0 h

- o) 201

[1%]
Since
f(0+0)=£(0)£(0)
= [f )] -(0)=0
(O)Lf(0)-1]=0
= f(0)=1
and f'(0) = 2, then
h)-f(0
f'(X)=f(X){%}§(}f B)=1 )}
f'(x)=f(x)f'(0)
- F()=21(2) "

Find the values of p and g so that
2 .
f(x)= X +3x+p,ifx<1 is differentiable atx = 1.
qx+2, if x>1
[NCERT Exemp. Ex. 5.3, Q. 79, Page 112]

Giventhat f(x)= {

atx =1.

Thus, it is also a continuous function at x = 1.

= LHL:RHL:f(l)

= 14+3+p=g+2=14+3+p

= —g=-2 .
P=a ()

[17]
is differentiable at x = 1.

X" +3x+p,if x<1
. 1s differentiable
gx+2, if x>1

2x+3,if x <1

Sﬁmef(x)z{

q, if x>1
Thus,
= LHL =RHL
= 2+43=q
= q=35

From equation (i), p = 3

Thus,p =3and g = 5. [1'7]
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o .
&2 Long Answer Type Questions (5 or 6 marks each)
2x% —3x—2 . Ans. Given function is
Q.1. Is the function f(x): x—2 i x =2 N1+ kx —+/1-kx i 1<x<0
5, if x=2 f(x)= x ’ N
continuous or discontinuous at x = 2? 2x+1 F0<x<l
[NCERT Exemp. Ex. 5.3, Q. 4, Page 107] x-1 . [1]
2% —3x—-2 . LHL(atx =0)= lim f(x)
. L. ——  —ifx#2 10
Ans. Given functionis f(x)=1 x-2 . =lim f(0-h)
. h—0
5, if x=2 =I}in3f(—h)
LHL(atx:Z):}ijrz}f(x) —Iim_m_m}
_ lhll’l’(}f(z—h) JH(): —h
i 2 “1 N1+ kh—1—kh  \Jl+kh+1-kh
=lim 2(27}1) 73(2ih)72 e h X,/1+kh+,/1—kh
h—0 (2—h)—2 =
= lim | == - o= } =0 RV K+ 1K)
:2h2—5h ][ —
- lim =0 h(\/1+kh +\/1—kh)
h—0 _h -
_ [n(2n-s5 ST R —
_]hlilg (—h):| 10 (M+M)
=Lim[5-2h] _2k
h—0 2
=5 2] =k [2]
RHL(atx:Z):th}f(x) ML(atx:O):?ﬂf(x)
:1}1123{‘(2+h) :lhiilgf(0+h)
2
2(2 -3(2 -2 =1
2y 3@ im £ (1)
h—0 (2+h)_2 241
= ) =lim
. [8+2n +8h—6—3h—2} 0| T—1
=lim
h—>0 h =1
S -
i 2 +5h} And, f(0)=-1
faal h Since the given function is continuous at x = 0,
h(2h+5 = = =
iy | (2R £5) then LHL =RHL = f(0)=-1.
] LHL = RHL
=lhiir(}[5+2h] = k=-1 1]
=5 [21  Q.3. Find the value of k in
And, f(2)=5 1-coskx ifx 20
Since LHL = RHL = f(2) = 5, then the given function f(x)= xsinx
is continuous at x = 2. [1] 1 ifx=0
Q. 2. Find the value of k in 2’
Aidr -1 kx . so that the function f is continuous atx = 0?
£ EvE— if -1<x<0 [NCERT Exemp. Ex. 5.3, Q. 14, Page 108]
x)=
2041 ifo<x<1 1=coskx e x0
x-1 Ans. Given function is f(x)= lx Sin.x .
so that the function f is continuous at x = 0? X if x=0

[NCERT Exemp. Ex. 5.3, Q. 13, Page 108]
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LHL (at x =0) = lim f(x)

x—>0"

—lim (0~ )

=lim f(-h)
[1- cosk(—h)}
1=0| (—ht)sin ()

[1-coskh
0| hsinh

2sin’ (%)
=lim| ——%

h=0 hsinh

sin—kh 2 ( )2
kh

2
2 i X 4

=lim 2
h—>0 hsinh

5

=lim

h—0 [ sin h]
h

= 3]

1
And, f (()) = 2
Since the given function is continuous at x = 0,

then LHL = RHL = £(0) :%

LHL = f(0)
E_1L
2 2
= k=+1 [2]
Q. 4. Examine the differentiability of f, where fis defined
by
x|x|, if0<x<2
f(x)= [*] . atx = 2.
(x—1)x,if 2<x<3

[NCERT Exemp. Ex. 5.3, Q. 20, Page 109]
x[x], if0<x<2

Ans. Given function is f(x)_{(x—l)x 2<r<3

- 2]
RHD (at x =2) = ling%
S -f(2)
ho0 24 h—2
i J (2 -f(2)
3

h—0

:lim(2+h—1)(2+h)—2

h—0
h* +3h
im
h—>0 h
- [2]
Since LHD # RHD, then the given function is not

differentiable at x = 2. [1]
Q. 5. Examine the differentiability of f, where f is defined
by
xzsin1 ifx#0
f(x)= x’
0, ifx=0

atx = 0. [NCERT Exemp. Ex. 5.3, Q. 21, Page 109]

x* sinl, if x=0
Ans. Given function is f (x) = x
0, if x=0

LHD (at x =0) = hmw
12 x-0

=lim

=lim [h sin lj
h—0 h

0 An oscillating number
=UX
between —1and 1

=0 2]
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RHD (at x= 0)— lim M _ limw
x>0 x—0 h—0 h
:limf(0+h)_f(0) :limS—(2+h)—3
h—0 0+h h—0
_lim? (h> ) _nm[ij
h—0 -0\ h
(—h)2 sinL =-1 [2]
—lim (_h) Since LHD #RHD, then the given function is
h—>0 -h differentiable at x = 2. [1]
L 1 Q. 7. Show that f(x) = |x — 5| is continuous but not
- lhlg} [h s ] differentiable atx = 5.
An oscillating number [NCERT Exemp. Ex. 5.3, Q. 23, Page 109]
= between —1 and 1 Ans. We know that the modulus function is continuous
function for all real values. Thus, the given function
=0 [2] f(x) = |x — 5] is continuous at x = 5. [1]
Since LHD =RHD), then the given function is =5 ifx>5
differentiable at x = 0. [1] Now, f(x)=|x-3|= { ’ y
Q. 6. Examine the differentiability of f, where fis defined —x dx<S
—f(5
by , LHD (at x =5)= lim f()=16)
(x): 1+x, if x<2 s x—=5
f 5-x, if x>2 _limf(S—h)—f(S)
atx = 2. [NCERT Exemp. Ex. 5.3, Q. 22, Page 109] S0 5-)—5
l+x, ifx<2 ) f(S—h)—f(S)
. . _ -1
Ans. Given function is f(x) {5 x ifx>2 lim —h
LHD (at x =2)= lim —~———= f(x) f(2) = limﬂ
x—>2 h—0 —h
_hmf(z—h)—f@) - tim[ )
50 2—h-2 -0\ —h
2—-h)-f(2 =—1
i ED10) .
—f(5
i 1+(2-h)-1-2 RHD (at x = 5)—11mf(x) f( )
= S el
(- f(5+h) f(S)
= lhlg(} Th zHo 5+h-5
_ o f (5 + h) f (5)
: 2] =lim =
- f(2
RHD(atx 2) lim —~—~ f(x) f( ) :]im5+h 5
x—2° x—2 h—0 h
h—0 2¢h-2 =0\ }

[2]
Since LHD #RHD, then the given function is
differentiable at x = 5.

TOPIC-2

Derivatives

@ Quick Review

% Algebra of derivatives : If u and v are the function of x, then

d d, . d
S(uEv)=——(u)£——(0)
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d d d :
R =1 — 4+ 79— b3
dx(uv) udx(v)_vdx(u) TRICKS... /
d d N The differentiation of a function f(x) = x" with re-
d[uj—vdx(u)_udx(v) spect to x is i(x")=nx"‘1
dx\v) v’ P dx '

N The differentiation of a constant function f(x) = c

®,
X4

Derivatives of composite function : Let f be a real

D

. . d
valued function which is a composite of two with respect to x is E(C) =0.
functions u and v; i.e., f = v o u. Suppose t = u(x) and
if both ﬁ and @ exist, then ﬁ:dlﬁ

dx dt dx  dtdx

¢ Derivatives of implicit function : When a relationship between x and y is expressed in a way that it is easy to solve for y
and write i = f(x), we say that y is given as an explicit function of x. When a relationship between x and y is expressed in
a way that it is not necessary that functions are always expressed in this form. It does not seem that there is an easy way
to solve for y. There is no doubt about the dependence of y on x in either of the cases. In that case, differentiate the given

function of x and y with respect to x and find the value of Z—y . Hence, we get the derivative of implicit function.
x

¢ Derivatives of trigonometric function : Following are some of the standard derivatives (in appropriate domains) :

%(sinx)zcosx, :—x(cosx):—sinx, %(tanx):seﬁx ,
d , d d
—(cotx) =—cosec’x, —(secx) =secxtanx, — (cosecx) = —cosecx cot x
dx dx dx
* Derivatives of inverse trigonometric function : Following are some of the standard derivatives (in appropriate
domains) :
i in! — 1 i -1 — _# d -1 1
dx(sm ¥)= 1—x*’ dx(cos ) 1—x E(tan x):1+x2'
d 1 d 1
d - —(sec'x) = ———, —(cosec™'x )= —————
aeleot'x) =15 e A S

o

Exponential function : The exponential function with positive base b > 1 is the function y = f(x) = b*. Its domain
is R, the set of all real numbers and range is the set of all positive real numbers. Exponential function with base 10

)
*

is called the common exponential function and with base e is called the natural exponential function.

0
o

Derivatives of exponential function : The derivative of ¥ = f (x ) =¢" with respect to x is Z—y =e*.
X

X3

4

Logarithmic function : Let b > 1 be a real number. Then we say logarithm of a to base b is x if b* = a, Logarithm of
a to the base b is denoted by log, a. If the base b = 10, we say it is common logarithm and if b = e, then we say it
is natural logarithms. f(x)=1logx denotes the logarithm function to base e. The domain of logarithm function is
R™, the set of all positive real numbers and the range is the set of all real numbers.

®,
X4

Logarithmic rules : The properties of logarithmic function to any base b > 1 are as below.

D

log, (xy) =log, (x)+log, (), log, [;J =log, (x)-log,(v), log, (x” ) = nlog, (x) ’
log, (x 1
log, (x)= fog ((b; , log, (x)= o5, (1) log () andlog,(1)=0,

% Derivatives of logarithmic function : The derivative of y = f(x)=logx with respect to x is 2—]/ 1 .
x x
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X3

¢

Derivative of function in parametric forms : If a relation expressed between two variables x and y in the form x

= f(t), y = g(t) is said to be parametric form with ¢ as a parameter. In order to find derivative of function in such

dy
form, we use d—y:ﬁ: dy x at .
de dx \dt) \dx

dt

dx\ dx

% Second order of derivative : If a function y = f(x)is differentiate with respect to x, then Zl =f'(x) and if it is
X

2
again differentiate with respect to x, then i(dlj = di[ f(x)]= % = f"(x). It is known as second order of
x X

derivative of f(x).

Multiple Choice Questions

(1 mark each)

1-x° dy .
=1 ,then =2 1t
Q1IfY 0g(1+x2J en T is equal to
4x° —4x
@ b) —
1 —4x3
© 0 (d 1_"4

[NCERT Exemp. Ex. 5.3, Q. 91, Page 114-115]
Ans. Correct option : (b)

Explanation : Given that,

I 1-x*
y="08 1+x?

:>y=10g(1—x2)—log(l+x2)

Differentiate with respect to x, we have

W _ 4 iog(1-x)] -2 [1og(1+7)]

dx dx dx
—2x 2x

12 1+x

4x
1-x*

Q.2. If y=/sinx +y, then Z—yis equal to
X

oS x b oS x
sin x d sin x
© 12y @ 5,1

[NCERT Exemp. Ex. 5.3, Q. 92, Page 115]
Ans. Correct option : (a)

Explanation : Given that,

y=4/sinx+y

=y’ =sinx+y

Differentiate with respect to x, we have

= 2yg—y=cosx+d—y

x dx
= (2y- I)Z—Z = COoSX

dy cosx
= — =
dx 2y-1

Q. 3. The derivative of cos™ (sz - 1) w.r.t. cos 'x is
(b) ———
2J1-x*
(d) 1-x?
[NCERT Exemp. Ex. 5.3, Q. 93, Page 115]

(a) 2
(© 2
X

Ans. Correct option : (a)

Explanation : Let

1=cos™ (2x2 - 1)

du 4x
=> e
dx 1-(2x* -1)
du 4x
=S
dx  1-4x* +4x* -1
. - S
dx  -4x* +4x?
du 2
- 4u__
dx 1-x7
And, v=cos'x
@__ 1
= dx ll_xz
Thus,d—u=2
do
dy .
Q.4. Ifx=t2andy=t3thenﬁls
x
3 3
a) — b)
(a) ) (b) m
3 3
c) — d) =
(o) ar (d) 1

[NCERT Exemp. Ex. 5.3, Q. 94, Page 115]
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Ans. Correct option : (b)
Explanation : Given that,
x=tandy=1#

Then, o _ 2t and % =34

Thus,
dy 3t _3t
dx 2t 2
2
_dy_3
dx* 2

Q. 5. Fill in the blanks :
Derivative of x* with respect to x° is
[NCERT Exemp. Ex. 5.3, Q. 98, Page 116]

Ans. i
3x p J
Sinceu:xz:>—u:2xandv:x3:>—v:3xz,then
dx dx
du_2_2
dv 3x> 3x

Q. 6. Fill in the blanks :
If f (x)=| cos x | then f‘(%j:
[NCERT Exemp. Ex. 5.3, Q. 99, Page 116]

1
Ans. —

2
f(x)=]cosx|=cosx for O<x<%
Thus,
f'(x)= i(cosx): —sinx
dx

Very Short Answer Type Questions

Q. 7. Fill in the blanks :
If f(x)=| cosx —sin x | then f[%j =
[NCERT Exemp. Ex. 5.3, Q. 100, Page 116]

\/§+1

2

Ans.

f(x) =| cosx —sinx |= —(cosx —sinx) for % <x <%

Thus,
f'(x) =cosx +sinx

(7 T .7

f'| = |=cos—+sin—

3 3 3
NEES

2
Q. 8. Fill in the blanks :

For the curve x/;+\/37 =1, % at (%,%) is

[NCERT Exemp. Ex. 5.3, Q. 101, Page 116]

Ans. -1
Given that,

\/E + \/? =1
Differentiable with respect to x, we have
\/; + \/? =1
1 1 dy 0

> —+—2=
2x 2y dx

ay__
dx

|
|

(1 or 2 marks each)

Q. 1. Differentiate the function 2% wirt. x.
[NCERT Exemp. Ex. 5.3, Q. 25, Page 109]

Ans. Given that y = 2"
Taking log both sides, we have
logy = cos® xlog2
=log2cos’ x (1]
Differentiating both sides, we have

%(log y)=log 2%(&52 x)

1 dy .
Y _log2(-2
S dv 0g2(—2cosxsinx)
d]/ cos’ x [ 1
—= = -2 *(sin 2x)log 2
dx [

x

Q. 2. Differentiate the function Ll w.rt. x.
x

8

[NCERT Exemp. Ex. 5.3, Q. 26, Page 109]

Ans. Given thaty = i—;
Taking log both sides, we have
logy =log8" —logx®
=xlog8—-8logx 1]

Differentiating both sides, we have

;—x(logy) = %(xlog8 —8logx)
Ly _ log8 8
ydx x

dy_ y(log8—§j
dx X

= 8—:(log8 - §j
X X [1]

Q. 3. Differentiate the function log(x +Vx% + a) w.rt x.
[NCERT Exemp. Ex. 5.3, Q. 27, Page 109]
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Ans. Given thaty = log(x A+ a)

Differentiating both sides, we have

ay :i[log(x +m)}

dx dx
1

ey
1 x+\/m
:(x+\/x2+u)x[ Jxi+a ]

1

2

X" +a [2]
Q. 4. Differentiate the function log[log(log)c5 )J w.r.t. x.
[NCERT Exemp. Ex. 5.3, Q. 28, Page 109]
Ans. Given that,
= log [log (log x°)}]

Differentiating both sides, we have

ZZ ; [log{log(logx )}J
1 1 1 4

B log (log x° ) *
_ 5
x(logxs)log(logxs) 2]

Q. 5. Differentiate the function siny/x + cos’v/x w.rt. x.
[NCERT Exemp. Ex. 5.3, Q. 29, Page 109]
Ans. Given that,

y =sin/x +cos’/x
2
=sin+/x + (cos\/;)
Differentiating both sides, we have

dl d [sm X +(COS\/—) :|

dx dx
—(sin\/;) + %[(COS\/;)Z}

COS\/— siny/x
2\/_ |:2CO \/—[ \/; H

=— cos\/; - sin2x/;
] | 2

Q. 6. Differentiate the function sin” (ux2 +bx + c) w.rt. x.

[NCERT Exemp. Ex. 5.3, Q. 30, Page 109]
Ans. Given that,

y=sin" (ax2 +bx+ c)

Differentiating both sides, we have

Z—Z = %[sin(ax2 +hx+ C)T

= n[sim(ax2 +bx + C)TJ CoS(ﬂxz +bx + c)(Zax + b)
= n(2ax + b)cos(ax’ + bx + C)[Si“(axz +bx+ c)iiH

[2]
Q. 7. Differentiate the function cos(tanx/ x+ 1) w.r.t. x.

[NCERT Exemp. Ex. 5.3, Q. 31, Page 109]

Ans. Given thaty = Cos(lian x+1
Differentiating both sides, we have

Zz dx[cos(tanx/ﬁ)}

- [-sin(tan 1) (sec J_l)(zlﬁi

1
=——— sin(tanvx+1)sec? Vx +1
2\/x+1 ( ) [2]

Q. 8. Differentiate the function sin x> + sin’x + sin? gxz
wrt.x. [NCERT Exemp. Ex. 5.3, Q. 32, Page 109

Ans. Given that y =sinx’ +sin’ x + sin’ (xz)
Differentiating both sides, we have

Z—Z = %[sin x? +sin® x + sin® (xz )J

= %(sinx2 ) + ;—x(sinz x) + %[sin2 (x2 )]
=2xcosx’ +2sinxcosx + 2sin(x2)cos(xz)>< (2x)
=2xcosx’ +sin2x + 2xsin(2x2)

[2]
1
Lt x.
x/x+1j W

[NCERT Exemp. Ex. 5.3, Q. 33, Page 109]
Ans. Given that y=sin™

1 ] . o
—— | Differentiating both
sides, we have [V x+1

dy _d sin™ !
dx  dx Vx+1

Q. 9. Differentiate the function sinl(

1
2lx(x+)

Differentiate the function sin”xcos"x w.r.t. x.
[NCERT Exemp. Ex. 5.3, Q. 35, Page 109]

[2]
Q. 10.

Ans. Given that y =sin” xcos" x
Differentiating both sides, we have
d .
4 _ —(sm"‘ xcos” x)
dx dx
. d d .
=sin" x—(cos“ x) +cos” x—(sm”’ x)
dx dx
=sin” x(—n cos" ' xsin x) +cos” x(m sin™™! xcosx)
=sin" xcos" x(mcotx —ntanx)
[2]
. . . _ 1-cosx
Q. 11. Differentiate the function tan™ 4/7 ,
1+cosx

v 4 V.4
——<x<zw.r.t.x.

[NCERT Exemp. Ex. 5.3, Q. 38, Page 110]
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Ans. Given that, = x=20
y=tan 1= cosx = d—x:2
1+ cosx do
Putt=tanéin tany = 2t , we have
—#?
tany = 2tan @
Y ane
=tany =tan20
= y=26
= 4y =2
do 1]
[1] Thus, dl =1
Differentiating both sides, we have dx
ay_1 Q. 14. Find dy when x and y are connected by the
dx 2 [1] dx
. 1.2 2) _
Q. 12. Find 4y of the function expressed in parametric relation tan (x Y ) -
dx [NCERT Exemp. Ex. 5.3, Q. 56, Page 111]
1 1 Ans. Given that,
formx:t+¥,y:t—;. tan"(x2+y2):u
[NCERT Exemp. Ex. 5.3, Q. 44, Page 110] = x>+ yz —tana
Ans. Given thatx=t+ 1, y=t 1 Differentiating with respect to x, we have
x=t+} : : i(xﬂ—yz):i(tana)
t dx dx
dx d 1 1 dy
fatdpl S S D = 2x+2y—==0
dt dt( tj # Y ix
1 - dy__x
y=t-7 dx y
t [2]
dy _ d 1 _ 1 d
A dt t_; =1+ e ] Q. 15. Find ITZ when x and y are connected by the
Thus, relation (xz + yz)z = xy.
. dy [NCERT Exemp. Ex. 5.3, Q. 57, Page 111]
% = % Ans. Given that (xz + yz)z =xy
m Differentiating with respect to x, we have
d > d
1 —(x*+y?) =—(x
e () =—(w)
= d
1_12 :2(x2+y2)(2x+2y£j
t
_ tz +1 — xdl + y
t;—l [1] o 4dx L dy
Q. 13. Find %Y of the function expressed in parametric = x(x Yy )+ y(x Yy )E
form gﬁx—i tan . —xd—y+
e YT e dx_y
[NCERT Exemp. Ex. 5.3, Q. 47, Page 110] d
_ . i P ot & 3[4y(x2+y2)—x]—y
Ans. Given thatsiny =——, tany =—— dx
1+t 1-t =_1/—4X(x2+]/2)
o 2t
Putt =tan@ in sinx = ——, we have 5 s dy
1+t :>(4x y+4y —x)—
siny = 2tané dx \ ,
I+tan’ @ :y—4x3—4xy2
= sinx =sin260 [ . dy _y—4x —4xy
B dx  4x’y+4y’ —x 2]
Short Answer Type Questions (3 or 4 marks each)
Q.1. Differentiate the function (sin x)cos* w.r.t. x. log y = log(sin x)**
Ans. Given that y= (Sin x)w” = COS x(log sin x) [1]

Taking log both sides, we have
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Differentiating both sides, we have

dd (logy)= f[cosx(log sinx)
ll = cosx—[(log sin x)}+ log Sinxi(cosx)
dx dx

% = y{cosx % {(log sin x)} +logsinx % (COSX)j|

. x cosx . .
=(sin x)“** [cosxx - —smxlogsmxj

smx

= (sinx)“** (cosx cot x — sin x log sin x ) [2]

w.r.t. x.
[NCERT Exemp. Ex. 5.3, Q. 36, Page 109]

Ans. Given that y=(x+1) (x+2)'(x+3)’
Taking log both sides, we have
logy = log[(x + 1)2 (x + 2)3 (x + 3)4}

= log[(x + 1)2} + log[(x + 2)3} + log[(x + 3)4}

=2log(x +1)+3log(x +2)+4log(x+3)

1]
Differentiating both sides, we have
2log(x+1)+3log(x+2
L (togy) =L 2108t + 1) Slopl+2)
dx dx | +4log(x +3)
ldy 2 3 4
_ = 4
ydx x+1 x+2 x+3
dy [ 2 3 4 ]
=y —+ +
dx x+1 x+2 x+3
(x+1) (x+2) (x +3)°
= [ 2 3 4 j
—+ +
x+1 x+2 x+3
=(x+1)(x+2) (x+3)’(9x” +34x+29) 2

Q. 3. Differentiate the function

[ sinx + cos x v 4 T
s | —=—— ,—*<x<zw.r.t.x.

J2 4
[NCERT Exemp. Ex. 5.3, Q. 37, Page 110]
Ans. Given that,

O sinx +Cosx
y=cos | ————

Jom ()

=C0Ss~ [Sll’l X Sll’l + COSXCOSZJ

=Cos~ [sm X

—COS COS *—X ]

[2]

Differentiating both sides, we have

dy
=_1 1
dx t

Differentiate the function (x+ 1)2 (x+ 2)3 (x+ 3)4

Q. 4. Differentiate the function

tan' (secx +tan x), —% <x< % W.L.t. x.

[NCERT Exemp. Ex. 5.3, Q. 39, Page 110]
Ans. Given that,

y=tan"'(secx +tanx)

Differentiating both sides, we have

dy _

ol [tan (secx+tanx)}
X dx

:—x(secxtanx +sec x)
+(secx +tanx)

= 5 5 x secx(tanx +secx)
l1+sec” x+tan” x +2secxtanx

=— . xsecx(tanx +secx)
sec’x +sec’x+ secxtanx

= x secx(tanx +secx)
2sec x 2secxtanx

1
B 2secx(secx + tanx)
1

xsecx(tanx +secx)

2
[3]

Q. 5. Differentiate the function
tan"! (wj x

,——<x<zandgtanx>—1
2 2 b

w.r.t. x. [NCERT Exemp. Ex. 5.3, Q. 40, Page 110]
Given that,

y=tan" acosx —bsinx
bcosx +asinx

bcosx+asinx

Ans.

acosx bsinx
—tan"'| bcosx bcosx
bcosx asinx
bcosx bcosx
a
——tanx
—tan’'| L —
a
1+—tanx
b
L a 4
=tan E—tan (tanx)

—tan"'Z_x
[2]
Differentiating both sides, we have
dy
- 1
i [1]
Q. 6. Differentiate the function

a 1
sec m 0<x< \/_ w.r.t. x.
[NCERT Exemp. Ex. 5.3, Q. 41, Page 110]
Ans. Given that,

1 1
y:sec“[f], O<x<—
4x” —3x \/5

Put x = cosf = 6 =cos”' x, then



MATHEMATICS, Class-XII

1
:S€C71 -
Y [4c0530—3c050j

1 [ 1 j
=sec
cos36

=sec' (sec36)
=30
=3cos'x 2]

Differentiating both sides, we have

dy _ 3i(cos’1 x)
dx  dx
3

V12 [

Q. 7. Differentiate the function

L(3ax-x° 1 x 1
tan | 7 ,—$<;<ﬁ w.rt. x.

[NCERT Exemp. Ex. 5.3, Q. 42, Page 110]
Ans. Given that,

=tan™ Mxox Lex L
Y @’ -3ax* )

£

PutX=tan0 = 6 =tan"' E, then

y=tan”

1]

a a
. [3tan@—tan’@
y=tan™ | ————
1-3tan” @
=tan"'(tan36)
=36
=3tan’ [Ej
¢ [

Differentiating both sides, we have

dy _ 3i tan™' (Ej
dx  dx a

3a
a’ +x’ [1]
Q. 8. Differentiate the function
tan-" N1+x% +41-%2
N1+x* —N1-%"
[NCERT Exemp. Ex. 5.3, Q. 43, Page 110]
Ans. Given that,

y=tan-t| VX N2
VI+x? =+1-x?

1
Put x* =cos20 = 6 = Eo:os’1 x?, then

],—1<x<1,x¢0w.r.t.x.

J,—1<x<l,x¢0

y =tan

Sl VT x V1= 22
R N

J1+c0s20 ++/1-cos20

1+ c0s20 —/1-cos20

\2cos® @ ++/2sin? QJ

J2cos* 0 —~[2sin* 0

—tan”! (COS@ + sinej
cosf —sin 6

_ tan"(“ tan@J
1-tané@
=tan”' tan(E + 9]
4

=20
4

=tan™

=tan”'

r 1 1.2
=—+—CoS X

4 2 2]
Differentiating both sides, we have

ay _ i(ﬁ +Leost xzj
dx dx

1-x [1]

Q. 9. Find L of the function expressed in parametric

Ans.

dx

form x = 3cosd —2cos’d, y = 3sind — 2sin’0.
[NCERT Exemp. Ex. 5.3, Q. 46, Page 110]
Given that,

x=3cosf—2cos’ 0, y=3sinf —2sin’ 4,
x =3cos6 —2cos’ 6
Differentiating both sides, we have

dx _ i(3c056—2cos3 9)
do do

=-3sin 8+ 6cos’ @sin [1]
And,

y=3sinf-2sin’ 0
Differentiating both sides, we have

dl:i(35in9—251n30)

de deo
=3cosf —6sin” fcosh 1]
Thus,
dy
ay _| do
dx dx
a0
_ 3cosf—6sin’ Ocosd
 —3sin@+ 6cos’ Osin @

- 3cos(1-2sin’ 0)
B 35in9(—1 +2cos? 9)
cos26

cos26
=cotd 1]

=coté x
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Q. 10.

Ans.

Q.11.

Ans.

. d 1
If x = ¢“** and y = ¢, prove that 4y _ Yo8X¥
dx «xlogy
[NCERT Exemp. Ex. 5.3, Q. 49, Page 110]
Given that x =¢*** and y =¢™*
Since
x = ecosZt
log x = cos2t
(logx)’ = cos® 2t
y — esinZI
logy =sin2t
(logy)’ =sin2t [1]
Then
(logx)” +(logy)” =sin® 2t + cos* 2t
=1 1]
Thus,
2(1 2(1
_ 2(logx)  2(logy)dy _,
x y dx
- dl __ ylogx
dx  xlogy 1]
If x=3sint-sin3f and y =3cost —cos3t, find
LN
dx

3

[NCERT Exemp. Ex. 5.3, Q. 51, Page 110]
Given that,

x =3sint —sin3t and y =3cost — cos3t

x =3sint —sin 3t

Differentiating both sides, we have
d—x =3cost —3cos3t

dt

And,

y =3cost —cos3t
Differentiating both sides, we have

dy

—~ =-3sint + 3sin 3t
dt

1]

Thus,
dy
dy _ dt
dx dx
dt
—3sint + 3sin 3t

3cost —3cos3t
—sint + sin 3t

cost —cos3t 1]
Therefore, d—y att=2"is
dx 3

. T .
—SIn—+Ssmnm
(iyj 3
dx T T
3

COSE —Cosm

NG

-—+0
2

l+1

AR

1]

Q.12

Ans.

Q.13.

Ans.

. . X . .
Differentiate —— with respect to sin x.
sin x

[NCERT Exemp. Ex. 5.3, Q. 52, Page 111]
X

Lety=——and v=sinx.
sinx
Then,

X
u=

sin x
Differentiating both sides, we have

du_d( x
dx dx\sinx

sinxdi(x) - xi(sinx)

b dx
sin® x
sinx —xcosx
sin’ x 1]
And,
v=sinx

Differentiating both sides, we have

dv d , .
— =—(sinx)
dx dx
=COsXx [1]
Thus,
sinx — xcosx
du _ sin’x
dv CcosXx
_ sinx —xcosx
sin’ xcosx
_tanx-x
sin® x

1]
A 2 p—
Differentiate tanl[mJ with respect to
x

tan'x when x = 0.
[NCERT Exemp. Ex. 5.3, Q. 53, Page 111]

S NI+ -1
Letu=tan™'| ———— |and v =tan"' x.
x
N1+ -1
Put x =tané in u:tan"[x],wehave
x
Ll V1+tan®6 -1
y=tan| —M——
tané

tan-! secé — lj
tané
—tan” 1—cos@
sin @
2sin’ 9
=tan™
Zsingcosf
2
=tan™ (tangj
2
_9
2
= ltem’1 x
2 [2]
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Q.14.

Ans.

Ans.

. Find dy

2
(1+x ) 1]
Find Z—y when x and y are connected by the

x
relation sin (xy )+ Xoxoy.
Y

[NCERT Exemp. Ex. 5.3, Q. 54, Page 111]
Given that sin (xy) + Yoo y.
Y

Differentiating with respect to x, we have
d| . x d,,

—_— + J— [—jp— —

o {sm(xy) y} o (x y)

= %[sin(xy) +dic(;] :%(xz)_%(y)

d

y_xdx

3cos(xy)[x%+y]+ — o

= cos(xy)(xyzd—y+y3)+ y—xd—y =2xy’ -

dy ,
dx dx y

dx

= xy’ Cos(xy)j—z+ v cos(xy)+y —x% =2xy’ -y’ Z—Z
= xy’ COS(X]/)%—
= Z—Z[xyz cos(xy)—x + yz} =2xy* -y’ cos(xy) -y

- dy 2xy® -y’ cos(xy) -y
dx  xy*cos(xy)-x+y’

x%+y2% =2xy* -y’ cos(xy) -y

[3]
Tc when x and y are connected by the
x

relation sec(x +y) = xy.

[NCERT Exemp. Ex. 5.3, Q. 55, Page 111]
Given that, sec(x +y) = xy.
Differentiating with respect to x, we have

=x—2+y

d d
E[sec(x + y)] = E(xy)
dy
dxj
dx p
Y

= sec(x + y)tan(x + y) +sec(x + y)tan(x + y)d—
x
L,

dx
dy _ dy
t - _x2L

= sec(x+y)tan(x +y) x

=y—sec(x+y)tan(x+y)
dy
t _x |=L
:>[sec(x y)tan(x+y) x]

= sec(x+y)tan(x + y)(l +
dy

=y—sec(x+y)tan(x+y)

= [sec(x + y)tan(x-ry)—x]i—y
x

=y—sec(x+y)tan(x+y)
dy _y—sec(x+y)tan(x+y)
dx  sec(x+y)tan(x+y)—x

[3]

Q.16. If ax®+2hxy+by* +2gx+2fy+c=0, then show
that L X dx =1.
dx dy
[NCERT Exemp. Ex. 5.3, Q. 58, Page 111]

Ans. Given that, ax® + 2hxy + by> +2¢x + 2 fy + ¢ =0.
Differentiating with respect to x, we have

2ax+2h[xd—y+yj+2byd—y+2g+2fd—y+0:O
dx dx dx

:2ax+2hxdy+2hy+2byd—y+2g+2fdl:0
dx dx

dx
:>(2hx+2by+2f)%=—(2ax+2hy+2g)
dy _ 2ax+2hy+2¢  ax+hy+g
dx  2hx+2by+2f  hx+by+f

dx  hx+by+f

@__ax-t-hy-kg [2]
Thus,
:>dyxdx_[_ux+hy+gj[_hx+by+fj_l

dx dy hx+by+f )\ ax+hy+g [

X

Q.17. If x= e;, then prove that dy =XV
dx xlogx

[NCERT Exemp. Ex. 5.3, Q. 59, Page 111]

Ans. Given that, x =¢”.
Differentiating with respect to x, we have

d af:
foril)

[3]
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1+logy)
Q.18. If y* =¢”™", then prove that dy _ w.
dx  logy

[NCERT Exemp. Ex. 5.3, Q. 60, Page 111]
Ans. Given that, y* =¢'™"
Taking log both sides, we have
xlogy=y-x
x(1 +logy) =y
Y= ¥
1+logy

Differentiating w.r.t. y both sides, we have

(1+10gy)%(y)—y%(l+logy)

dx (1+1log y)z
1
(1+logy)—y.—
y

(1+logy)?

dy logy
dx  (1+logy)’

dy _ (1+logy)?

2
i logy [2]

)(cos x)(m”J

Q.19. Ify = (COS x , then show that

dy  ytanx
dx ylogcosx—1
[NCERT Exemp. Ex. 5.3, Q. 61, Page 111]
Ans. Given that,

y= (cosx)(m”)(m“) B

Sy= (cosx)y
Taking log both sides, we have
logy = ylogcosx 1]

Differentiating with respect to x, we have

i(logy) = ;—x(ylogcosx)

dx
;%:y%(logcosx)ﬂogcosx%
(1—logcostdy—y[_smxj
y dx Ccosx
[l—ylogcwqdy__ytanx
y dx
dy ___ y'tanx
dx  1-ylogcosx
__ytanx
ylogcosx -1 [2]
Q.20. If xsin(a+y)+sinacos(a+y)=0, then prove
s 2
that ¥ _sin* (2 +y)
dx sina

[NCERT Exemp. Ex. 5.3, Q. 62, Page 111]
Ans. Given that,

xsin(a+y)+sinacos(a+y)=0
_ —sinacos(a+y)
sin(a+y)
=—sinacot(a+y) [1]

Differentiating with respect to y, we have

Z—; = —sina%[cot(a +y)]
= —sinaz[—cosec2 (a+ y)}
dx  sina

dy sin’ (a+y)

_dy _sin’(a+y)
“dx sina [2]
2
Q.21. If y = tan 'x, then % in terms of y alone.
x
[NCERT Exemp. Ex. 5.3, Q. 64, Page 111]
Ans. Given that, y=tan™' x = x =tany

Differentiating with respect to x, we have

d d
—(x)=—"At
dx () dx (tany)
dy
= l=sec’y—<
secy
W os? y
dx [1%]
Again, differentiating with respect to x, we have
dy d, ,
E = E(COS y)
. \dy
=2 - e
cosy(—siny) o

=2cosy(-siny)cos’y

=—sin2ycos’ y [1%]

2
Q.22. Ifx"y" =(x+y)""", then prove that Z Y_o.
x

=
[NCERT Exemp. Ex. 5.3, Q. 80, Page 113]

m_.n

Ans. Given that, x"y" = (x+y)"""
Taking log both sides, we have
log(x"’y") =log(x+y)""
= mlogx +nlogy = (m+n)log(x+y) 1]

Differentiating with respect to x, we have

d d
= a(mlogx+ nlogy) :E[(m+n)log(x+y)]

= mxl+nxld—y:(m+n)xLx[l+d—yJ
x y dx xX+y dx
my—nx _my—nx dy
= — 7
x(x+y) y(x+y)dx
- dy_y
dx x 1]

Again, differentiating with respect to x, we have

i(iy _i[zJ
dx\dx) dx\x
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Differentiating with respect to x, we have

y
dzy XX ; -y d d
i =0 [1] :E(mlogxntnlogy):E[(m+n)log(x+y)]
m,.n m+n d
Q.23. Ifx"y" =(x+y) ,thenprovethat—y:l. = mxl_mxldl:(m_m)XLx[Hdl)
dx «x x y dx x+y dx
[NCERT Exemp. Ex. 5.3, Q. 80(i), Page 113] N my—nx _ my—nx dy
Ans. Given that, x"y" =(x+y) x(x+y) y(x+y)dx
Taking log both sides, we have dy y
log(xmyn)zlog(x+y)m+n = E:; [2]
= mlogx +nlogy = (m+n)log(x+y) ]
o= .
&2 Long Answer Type Questions (5 or 6 marks each)
Q.1. Find dy of the function expressed in parametric Q. 2. Find dy of the function expressed in parametric
form xx— e”[9+1j y—e’o[ﬁ—lJ *
0 ) 0 formx:1+l:)gt, :3+210gt.
[NCERT Exemp. Ex. 5.3, Q. 45, Page 110] t t
Ans. Given that, [NCERT Exemp. Ex. 5.3, Q. 48, Page 110]
g 1 _ o[ 1 Ans. Given that,
x=e [6’+9),y—e (9 gj x_1+logt _3+2logt
, [0 1 j £ t
x=e"| 0+—
1+logt
0 x=— &
dx d| , 1 . .. . .
—=—|e’l 0+— Differentiating both sides with respect
ao do 0
to t, we have
o d 1 1\d,, , d d (.
_{e %(9+5]+(9+5j%(e )} di:t E(l+logt)—(l+logt)ﬁ(t )
| 1 dt t*
—efl1- L —|(e?
=¢ (1 92j+[9+9j(3 ) tzx%—Zt(Hlogt)
1 1 - o
=e’|1-— -
¢ ( 02+9+9] _t=2t(1+logt)
0 +0+0-1 ot
_66[+92+] _1-2(1+logt)
[2] £
And, _—1-2logt
a 1 - F [2]
y=69[6’—5j And,
_ 3+2logt
-4l i
a0 do 0 Differentiating both sides with respect to t, we
_{eg d(e 1j+(9 ljd(eg)} have . ;
R TIN) 0)do t—(3+2logt)— (3+2logt)—(t
do\" o 0)do dy 3+ 2logt)—(3+2logi) (1)

1 1Y, - e 2
1+?j_[6_5](6 9) t 2 t

tx?—(3+210gt)

:e’a(l-ri—e-réj - 72

2-3-2logt
» —93+92+9+1J =7
¢’ 2] _ —1-2logt
L
Thus, t [2]
dy -0 +60°+0+1 Thus,
Y _ 20| UG A0+
dx & +0°+0+1 —1-2logt
[1] dy 2

dx  —1-2logt =t
t3
[1]
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Q.3. If x=asin2t(1+cos2t)and y = b cos2t(1—cos2t),

show that (d—yj = B
ax )y,.x= a

4
[NCERT Exemp. Ex. 5.3, Q. 50, Page 110]

Ans. Given that,
x =asin2t(1+cos2t) and y = bcos2t(1 - cos2t)

x =asin2t(1+cos2t)
Differentiating both sides with respect to ¢,
we have

% = u{sinZt%(l +cos2t)+(1+ coszt)%(sin%)}

= a[ sin 2t(~2sin 2t) + (1+ cos2t)(2cos 2t) |

= a[—2 sin® 2t + 2 cos 2t + 2 cos’ 2t]

=-2asin” 2t + 2acos2t + 2acos’ 2t [2]
And,

dy _,d _
o —bdt[cos2t(l cos2t)]

= b[cosZt%(l —cos2t)+(1- cos2t)%(c052t)}

= b[Zsin 2tcos2t —2sin2t(1- cos2t)]

=2bsin 2t cos 2t — 2bsin 2t (1 - cos 2t) 1]

Thus,
dy _ 2bsin2tcos2t—2bsin 2t (1-cos2t)

dx  —2asin®2t+2acos2t +2acos’ 2t
b[ sin4t - 2sin 2t (1~ cos2t) |
ey [sin2 2t — cos 2t — cos® 2t]

1]

Therefore,

o) :b[smw—zsi“@(l‘C‘”(Zm
et (2 {2 o3

_b[0-2(1-0)]

—2a[1-0-0]
b
a

1]
Q.4.If VJ1-x*+,1-y*=a(x-y), then prove that

de N1-x*"
[NCERT Exemp. Ex. 5.3, Q. 63, Page 111]
Ans. Given that,v1-x* + H =a(x-y)
Put x =sina and y =sin #, we have
JI-sin’a + \/1— sin’ B =a(sina —sin f)
:m-k\/m:u(sina —sin j)

= cosa +cos B =a(sina —sin j)

sin

+p4 a-p a+pf
2 2

a
= ZCOSTCOS =2acos

a-p
2

= COs =asin

a-p a-p
2 2

= cot

=a

a-p
2

2P _ota

=a-f=2cota

=sin"x-sin"'y=2cot™'a 3]

Differentiating with respect to x, we have

= %(sin"x—sin"y)z%(hot"a)

:%(sin" x) - %(sin'1 y) = %(kot" a)

= ! - ! dl_o
1-x* Jl-y*dx
dy _ 1=y’
dx 1—x2 [2]

Q. 5. If x = sin t and y = sin pt, prove that

a? d
(l—xz)dxz—xﬁ-#pzyzﬂ.

[NCERT Exemp. Ex. 5.3, Q. 81, Page 113]
Ans. Given that,
x =sint and y =sinpt.
Thus,
x =sint
= ax i(sint) = cost

dt dt

And,
y =sinpt
dy

d, .
>—= E(smpt) = pcospt

Therefore,
dy
dy g pcospt
dx dx ~ cost
dt

dy _

= Ccost—==
dx

1]

1]

pcospt
d 2
= cos’ t(d—yj =p’ cos’ pt
x
d 2
= (1 —sin’ t)[d—yj =p’ (1 —sin’ pt)
x

.2 dlz_z 2
(1 x)[dx) —p(1-v) -

Differentiating with respect to x, we have
d|(dyY | (dyY d
-z 2] (2] a0
d
= E[pz (1 - yz )J
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2 dy\(d>y) (dy du _ [tanx+1 5 }
:>(1—x )xz[a i s (—2x) o TU| T tlogxsec’x
[ 2y =y taﬂ+logxseczx 2]
p yd x
Now,
2
:%(l—xz)—xj—y:—pzy . x+1
x x \
2
dy (1 _ xz) _ xgl +ply=0 Differentiating both sides, we have
x

dx’®

[1%] dv d[ xm}
> Lt
Q.6. Find % if = yorr 4 [ 11 dx x|\ 2
dx 2
[NCERT Exemp. Ex. 5.3, Q. 82, Page 113] - *
2
tan x x2+1 z(x +1) 1
Ans. Letu=x""*andv= 1]
Now, 2 Thus,
U= xtar\x dl _@-'»@
= logu =tanxlogx dx dx - dx
(1] tanx| fAN X 2 X
Differentiating both sides, we have =x""| ——+logxsec’ x |+ ———
d d x 2(x* +1) ]
—(logu)=—(tanxlogx
——(logu) =——(tanxlogx)
ldu tanx )
——= +logxsec” x
u dx x
TOPIC-3 R
TIPS... @

Rolle’s Theorem and MVT

*n Rolle’s theorem as the slope of the tangent at any

point on the graph of y = f(x) is nothing but the
derivative of f(x) at that point.

Quick Review

Rolle’s Theorem : For a function f(x) to be applicable Rolle’s Theorem, there are three conditions which is to be
satisfied :

(xxxvi) f(x) should be continuous on [a, b]

(xxxvii) f(x) should be differentiable on (g, b)

(xxxviii) f(a) = f(b), where a and b are some real numbers.
If all the above conditions are satisfied, then there exists some c in (g, b) such that f'(c) = 0. Geometrically Rolle’s
theorem ensures that there is at least one point on the curve y = f(x) at which tangent is parallel to x-axis [abscissa
of the point lying in (g, b)].

Y

3
”Q

X3

4

.

>
s

d

MVT (Mean Valued Theorem)
Letf: [a, b] R be a continuous function on [a, b] and differentiable on (4, b). Then there exists at least one point c in

K3
¢

(a, b) such that f '(c) = M Geometrically, Mean Value Theorem states that there exists at least one point ¢
-a

in (g, b) such that the tangent at the point (c, f(c)) is parallel to the secant joining the points (g, f(z) and (b, f(1)).

b, f (b))

(e, f ()

X" ] > X

=)
2
[
S
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ll

Multiple Choice Questions

(1 mark each)

0.1

(

)
~

Ans.

Q.2.

(a)
(©

Short Answer Type Questions

The value of ¢ in the Rolle’s Theorem for the
function f(x)=x° - 3x in the interval [O,x/g J is

1 (b) -1

3 1

= d) =

2 @ 3

[NCERT Exemp. Ex. 5.3, Q. 95, Page 115]
Correct option : (a)

Explanation Given that f(x)=x’-3x. It is
continuous and differentiable. And, f(0) = f (\/5 ) =0.

Thus, by Rolle’s Theorem, there exists ¢ for which

f(c)=0
=3¢’ -3=0
= c?=1
= c=+1
= c=le[0,x/§}

For the function f(x)=x+ 1, x €[1,3], the value
x

of c for the mean value theorem is

1 (b) \/3

2 (d) None of these
[NCERT Exemp. Ex. 5.3, Q. 96, Page 116]

Ans.

Ans.

Correct option : (b)

1
Explanation : Given that f(x) =x+—,x€ [1,3]. It is
continuous and differentiable. X

Thus, by mean value theorem, there exists ¢ for which

b)—
fg- 010
10
Ll 37t
2 31
= =3
= c=3¢(1,3)

. State True or False for the statements :

Rolle’s theorem is applicable for the function f(x)
= |x-1] in[o0, 2].

[NCERT Exemp. Ex. 5.3, Q. 102, Page 116]
False
Explanation : Since the given function f(x) = |x-1]|
is continuous function but not differentiable at x =
1in [0, 2], then the Rolle’s theorem is not applicable
to the given function.

(3 or 4 marks each)

Q.1.

Ans.

Q.2

Ans.

Verify the Rolle’s theorem for the function
f(x)=x(x- 1)2 in [0, 1]

[NCERT Exemp. Ex. 5.3, Q. 65, Page 112]
Given that f(x)=x(x~1)" in [0, 1]
It is continuous and differentiable in [0, 1].
And, f(0)=f(1)=0 [1]
Thus, Rolle’s theorem is applicable to the given
function.

Then, there exists a value c such that
f(c)=0

3¢t —4c+1=0

= (3c-1)(c-1)=0

=

= c:%e(o,l)

[2]
Therefore, the Rolle’s theorem is verified for the
given function.

Verify the Rolle’s theorem for the function

f(x)= log(x2 + 2) —log3in[-1,1]

[NCERT Exemp. Ex. 5.3, Q. 67, Page 112]
Given that f(x)= log(x2 + 2) —log3in [-1,1]
It is continuous in [-1, 1] and differentiable in
L ). 1]
And, f(-1)=f(1)=0 [1]

Ans.

Thus, Rolle’s theorem is applicable to the given
function.
Then, there exists a value c such that

f(c)=0
2c
42
= c=0e(-11)

[1]
Therefore, the Rolle’s theorem is verified for the
given function.

. Verify the Rolle’s theorem for the function

f(x)=x(x+3)e * in[-3,0]
[NCERT Exemp. Ex. 5.3, Q. 68, Page 112]

Given that f(x)=x(x+3)e 2 in[-3, 0]

It is continuous in [-3, 0] and differentiable in
(=3, 0). [1]
And, f(-3)=£(0)=0 [1]
Thus, Rolle’s theorem is applicable to the given
function.

Then, there exists a value ¢ such that

f'(c)=0
:(2c+3)ei§ —%c(c +3)€7% =0

c

= —%eig(cz—c—6):0
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Ans.

Ans.

Ans.

= _%e’i(mz)(c_s):o

c=-2¢(-3,0) [1]

Therefore, the Rolle’s theorem is verified for the
given function.

=

. Verify the Rolle’s theorem for the function

f(x)=v4-x%in[-2,2]

[NCERT Exemp. Ex. 5.3, Q. 69, Page 112]
Given that f(x)=v4-x" in[-2,2]
It is continuous in [-2, 2] and differentiable in
(-2, 2). 1]

And, f(-2)=f(2)=0 [
Thus, Rolle’s theorem is applicable to the given
function.

Then, there exists a value c such that

f'(c)=0
3_7%:0
Wa-c
= c=0e(-2,2)

[1]
Therefore, the Rolle’s theorem is verified for the
given function.

. Find the points on the curve y = (cos x — 1) in [0,

27], where the tangent is parallel to x-axis.

[NCERT Exemp. Ex. 5.3, Q. 71, Page 112]
Since the tangent of the given curve is parallel to
x-axis, then

g

dx
= —sinx-0=0
= sinx =0 [1]
Thus,
= x=m € (0, 2n) [1]
Put x = 7 in y = cosx —1, we have
y=cosr—1=-1-1=-2
Thus, the required point is (7,-2). [1]

. Using Rolle’s theorem, find the point on the curve

y = x (x—4),x € [0, 4], where the tangent is parallel
to x-axis. [NCERT Exemp. Ex. 5.3, Q. 72, Page 112]
Since the tangent of the given curve is parallel to
x-axis, then

dy

dx
:;—x[xz—4xJ:0
2x-4=0

x=2

=

1]

=
Thus,

= x=2¢€(0,4) [1]
Putx = 2in y = x(x —4), we have

y=2(2-4)=—4

Thus, the required point is (2,—4). [1]

Q. 7. Verify mean value theorem for the function

Ans.

f(x)=v25-x"in[1, 5],
[NCERT Exemp. Ex. 5.3, Q. 76, Page 112]
_Jos_+2

Given that f(x)=v25-x"inl, 5]
It is continuous in[1, 5].
_ —2x

n25-x
in (1,5) and hence it is differentiable in (1L,5). 11

Thus, the mean value theorem is applicable to the
given function.

Then, there exists a value c € (1,5) such that

[1]
X
:—\/25 =, it is defined
-x

Now, f'(x)

(. f5)-f(1)
(o= 1
c 0—@
= — =
J25-¢? 4
= 16¢* =24(25-c*)
= 40c* = 600
= > =15
= C=\/B€(l,5) [1]

Thus, the mean value verified for the given
function.

Q. 8. Find a point on the curve y = (x — 3)>, where the
p y

Ans.

:e;'.‘[?ﬁ] Long Answer Type Questions

tangent is parallel to the chord joining the points
(3,0) and (4, 1).

[NCERT Exemp. Ex. 5.3, Q. 77, Page 112]
Since the tangent of the given curve is parallel to
the chord joining the points (3, 0) and (4, 1), then

dy 0-1
dx 3-4
= i[(x - 3)1 =
dx
= 2(x-3)=1
N x=1
2 1]
Thus,
=>x= 7 €(3,4)
2 [1]
Putx = % iny=(x —3)2, we have
2
(1
2 4 71
Thus, the required point is [E'ZJ [1]

(5 or 6 marks each)

Q.1.

Verify the Rolle’s theorem for the function
f(x)=sin"x +cos'x in {0, %}

[NCERT Exemp. Ex. 5.3, Q. 66, Page 112]

Ans.

Given that,
f(x)=sin*x +cos’ x in {0, %}



CONTINUITY AND DIFFERENTIABILITY

Ans.

Ans.

It is continuous and differentiable in [O, %} [1]
a

And, f(0)= f (5] =1 ]

Thus, Rolle’s theorem is applicable to the given
function.
Then, there exists a value ¢ such that

f'(e)=0
= 4sin®ccosc —4cos’csinc =0

= 4sinccosc(sinzc—coszc) =0

= 4sinccosc(—cos2c) =0
= —2(2sinccosc)cos2c=0
= —2sin2ccos2c=0
= sin4c =0
= dc=rx
:c:ze(o, zj
4 2 3]

Therefore, the Rolle’s theorem is verified for the
given function.

. Discuss the applicability of Rolle’s theorem on

the function given
¥ +1,if0<x<1
f(x)= :
3—x, if1<x<2,
[NCERT Exemp. Ex. 5.3, Q. 70, Page 112]
Given that,
¥ +1,if0<x<1
X)=
f( ) {3—3{, ifl1<x<2

Atx =1,
_1; 2 _ _
LHLfllirl}(x +1)71+172 1]

RHL = lim (3-x)=3-1=2
x—1 [1]
And, f(1)=3-1=2
Since LHL=RHL = f(1) =2, the function s continuous
function at x = 1.
¥ +1,if0<x <1 , 2x,if 0<x<1
)| (-

3-x, ifl<x<2 Z1,ifl<x<22

Now,
LHD =2(1)=2
RHD =-1

Since LHD = RHD, the given function is not
differentiable at x = 1.

Thus, Rolle’s theorem is not applicable to the given
function. 1]

. Verify mean value theorem for the function

f(x)=

in [1, 4].
4x -4
[NCERT Exemp. Ex. 5.3, Q. 73, Page 112]

Given that f(x)= in [1, 4]

4x -4
It is continuous in [1, 4]. [1]

Now, f'(x)= 4 5, it is defined in (1, 4) and
(4x-4)

hence it is differentiable in (1, 4).

Thus, the mean value theorem is applicable to the
given function. [1]

Ans.

Ans.

Then, there exists a value c € (1,4) such that

f'(C): f(4)_f(1)

4-1
1 1
4 16—l 4-1
(4c-1)’ 3
11
4 15 3
(4c-1)’ 3
4 4
(4c-1)" 45

= (4c-1) =45
=  4c-1=435
35 +1

4

= c=

6(1,4)

(3]
Thus, the mean value verified for the given
function.

. Verify mean value theorem for the function

f(x)=x"-2x"-x+3in[0,1]

[NCERT Exemp. Ex. 5.3, Q. 74, Page 112]
Given that f(x)=x"-2x*—x+3in [0, 1]
It is continuous in [0, 1]. [1]
Now, f'(x)=3x*—4x—1, it is defined in (0, 1) and
hence it is differentiable in (0, 1).

Thus, the mean value theorem is applicable to the
given function. [1]

Then, there exists a value c € (O,l) such that

) L@

0-1
- 3C2_4C_1:[o+3]—[1—2—1+3]

0-1

= 3’ -4c-1=-2
= 3 -4c+1=0
=(3c-1)(c-1)=0

= c=1,

W | —

= c:ée(o,l)

[3]
Thus, the mean value verified for the given
function.

. Verify mean value theorem for the function

f(x)=sinx—sin2xin 0, 7],
[NCERT Exemp. Ex. 5.3, Q. 75, Page 112]
Given that f(x)=sinx —sin2x in [0, 7|

It is continuous in [0, ;z]. [1]

Now, f'(x)=cosx~2cos2x , it is defined in (0,7)
and hence it is differentiable in (0,7). [1]
Thus, the mean value theorem is applicable to the
given function.

Then, there exists a value ¢ €(0,7) such that
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(o S (7)=f(0)
fe)=="=5
sinz —sin27z —sin0+sin0
= cosc—2cos2c=
7—0
= 2cos2c—cosc=0

= 2(2coszc—1)—cosc =0

= 4cos’c—cosc—2=0

11432 14433

8 8

c=cos” (1 if} € (0,7)

[3]

Thus, the mean value verified for the given function.

= cosc

. Using mean value theorem, prove that there is

a point on the curve y=2x"-5x+3 between

the points A (1, 0) and B (2, 1), where tangent is

parallel to the chord AB. Also, find that point.
[NCERT Exemp. Ex. 5.3, Q. 78, Page 112]

Ans. Given that y =2x” —5x+3 in [1, 2]

It is continuous in [1, 2]. [1]
Now, f'(x)=4x -5, itis defined in (1,2) and hence
it is differentiable in (1,2). [1]

Thus, the mean value theorem is applicable to the
given function.
Then, there exists a value ¢ €(1,2) such that [1]
f'(C): f(Z)—f(l)
2-1
1-0

= 4c-5=—r—
1

3
=2e(1,2
= Cc 26( ) [1]

Thus, the mean value verified for the given function.

Now,putx:%iny:bcz—5x+3,weget

o A

3
Thus, the required point is [E,OJ. [1]



