Complex Numbers and [chapter
Quadratic Equations | 2

=] Syllabus

Complex numbers as ordered pairs of reals. Representation of complex numbers in the form a+ib
and their representation in a plane, Argand diagram, algebra of complex number, modulus and
argument (or amplitude) of a complex number, Quadratic equations in real and complex number
system and their solutions. Relation between roots and coefficients, nature of roots, the formation of
quadratic equations with given roots.
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6?’ JEE (Main) Previous Year Questions

Multiple Choice Questions

1. Leta, b be two real numbers such thatab < 0. If 3. The sum of the coefficients of
three consecutive terms in the

binomial expansion of (1 + x)"*2
and a + ib lies on the circle |z - 1| = |2z|, then the ratio 1: 3 : 5, is equal to:

1+[a] (1) 63 (2) 92 (3) 25 () 41
4b [JEE (Main) — 11* April 2023 - Shift-2]

1+ai
the complex number is of unit modulus
i

, which are in

a possible value of , where [t] is greatest

integer function, is :

1 4. If the coefficients of «x
1) -3 (2)-1 and x* in (1 + x (I- %)
are 4 and — 5 respectively, then 2p
31 ) _(1 + ‘/7) + 3q is equal to
4 (1) 60 (2)63
[JEE (Main) — 15 February 2023 - Shift-2] (3) 66 (4) 69
2. For two non-zero complex DEE (Main) - 10™ April 2023 - Shift-2]
numbers z; and z,, if Re(z;z,) = 0 5. Let the complex number z = x + iy be such that
— : 2z—3i
and Re(z; + z;) = 0, then which z 3,1 is purely imaginary. If x + y? = 0, then y*
of the following are possible? 2z L
A.Im(z;) > 0 and Im(z,) > 0 + y°-yis equal to:
B. Im(z;) < 0 and Im(z,) > 0 02 o 2 3) = s 3
C.Im(z;) > 0 and Im(zy) < 0 Mz @3 @3 @)
D.Im(z;) < 0 and Im(zy) < 0 [JEE (Main) — 10" April 2023 - Shift-1]
Choose the correct answer from the options ¢ Ifforz = o+ iB, |z + 2| =z + 4 (1 + i), then o +
given below: B and of are the roots of the equation
(1) Band D (2) Aand B (1) 2+3x-4=0 (2Qx*+7x+12=0

B)®+x-12=0 (@) >+2x-3=0

(3) Band C 4)Aand C
JEE (Main) — 8" April 2023 - Shift-1]

[JEE (Main) — 29 January 2023 - Shift-1]
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Ifz= 2 + 3i, then 2°+ (2)5 is equal to:

(1)244 (2224  (3)245 (4) 265

JEE (Main) — 29 July 2022 - Shift-1]

1
Z__
z

Ifz # Oisacomplexnumber such that =2,

then the maximum value of |z| is:
® 2 @1 G V2-1 @ 2+1

[JEE (Main) — 29" July 2022 - Shift-2]

LetS={z = x + iy:|z-1+1i2>|z|, |z]| <2
|z + i| = |z — 1|}. Then, the set of all values of x,
for which w = 2x+iy € S for some y € Ris:

(1) [—JE, L} @) (—%ﬂ

22
sl ek

[JEE (Main) — 29 July 2022 - Shift-2]
1
Let Sl—{Z]ECZ|Z]—3l—E}and SZZ{ZZE

C:lz, — |z, +1| | =]z, +|z2 —1||}.thenforz1eSl
and z, € S,, the least value of |z, —z;| is:
1 3 5
1)0 2) = 3) — 4) =
1) ) 5 ®) 5 (4) 5
JEE (Main) — 28" July 2022 - Shift-1]

Let the minimum value v, of v = |z|? + |z-

3|2 + |z-6i|% z € C is attained at z = z,. Then,
2 .

|Zz§ —Z 4 3| + 0, 2 is equal to:

(1) 1000  (2)1024  (3) 1105 (4) 1196
EE (Main) — 27" July 2022 - Shift-1]
Let S be the set of all (a, ), 7<a, p<2nm,
for which the complex number m
1+2isina
is purely imaginary and M is
1-2icosf
purely real. Let z, = sin 2a + i cos 28

(0o, B) € Z. Then Z(a,ﬂ)es[izaﬁ + Z_LJ isequal to:
ap

(13 (2)3i B)1 “4)2-i
DEE (Main) — 27 July 2022 - Shift-2]
Let O be the origin and A be the point

z; = 1 + 2i. If B is the point z,, Re(z,) < 0, such
that OAB is a right angled isosceles triangle with
OB as hypotenuse, then which of the following
is NOT true ?

(1) arg z, = n—tan™'3

14.

15.

16.

17.

18.

19.

(2) arg(zq —2z;) = —tan ‘1§

(3) |z] = V10
(4) |2z1-2,| =5
EE (Main) — 26" July 2022 - Shift-1]

If z = x + iy satisfies |z| -2 =0and |z-i| - |z +
5i| =0, then

Mx+2y-4=0 (2P +y-4=0
B)x+2y+4=0 (@) x*-y+3=0

JEE (Main) — 26" July 2022 - Shift-2]

Loon
For n € N, let S, = {ZGC?|Z—3+ZI|=Z}-

o1
and T, = {ZEC;|ZZ+3Z|;]" Then the

number of elements in the set {n € N ;
S,NT,=0}is:
@0 (2)2 (3)3 (4) 4

EE (Main) — 25" July 2022 - Shift-1]

The area of the polygon, whose vertices are the
non - real roots of the equation z =iz? is

3V3 3V3 3 3
792 (32 g) 2
. @ 0G5 @

[JEE (Main) — 27" June 2022 - Shift-1]

The number of points of intersection of

|z— (4 +3i)| =2and |z| + |z-4]| =6,z¢€ C,is

™

™o @1 ()2 (4)3
[JEE (Main) - 27" June 2022 - Shift-2]
Let for some real numbers o and B, a = o — .

If the system of equation 4ix + (1 + i)y = 0 and
8 (cos%c +isin %jx +ay =0 has more than one

solutions. Then = is equal to
1) 2+ 3 2 2-+3
G)2+3 @) —2-3
[JEE (Main) — 27 June 2022 - Shift-2]

Let a circle C in complex plane pass through the
point z; = 3 + 4i,z, = 4 + 3i and z3 = 5i. If z(#
z1) is a point on C such that the line through z
and z; is perpendicular to the line through z,
and z3, then arg(z) is equal to:

(1) tan! (%} -n (2) tan™! [%} -

4) tan ! (%) -7

[JEE (Main) - 25 June 2022 - Shift-1]

(3) tan'(3)-n
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20.

21.

22,

23.

24.

25.

Let z; and z, be two complex numbers such that

z; =1z, and arg (f—l) = 1. Then

2
T 3n
(1) argzy == (2) argzy =—=-
T 3n
(3) argz; =7 (4) argz, = e

[JEE (Main) — 25" June 2022 - Shift-2]

z—1

If S={zsC: - € R} , then:

Z+21

(1) Sis a circle in the complex plane

(2) S contains only one element

(3) Sis a straight line in the complex plane
(4) S contains exactly two elements

[JEE (Main) — 27" Aug. 2021 - Shift-1]

The equation arg
with:

(1) centre at (0, 1) and radius V2
(2) centre at (0, 1) and radius 2
(3) centre at (0, 1) and radius V2
(4) centre at (0, 0) and radius 2
[JEE (Main) — 26" Aug. 2021 - Shift-1]

z—-1 b .
Z_— |== represents a circle
z+1

100
If (V3+i) =2% (p + ig), then p and g are roots

of the equation:
1) P+ 3+1x+43=0
@ x> +(\3-1)x-3=0
B) P> -(V3+Dx+/3=0
@ 2 -B-1)x-3=0
[JEE (Main) - 26" Aug. 2021 - Shift-2]
Let n denote the number of solutions of the

. 2 a2 .
equation z“+3z=0, where z is a complex

— 1
number. Then, the value of k%n—k is equal to:

4 3
®m1 (2)2 ®) 3 @ 5
[JEE (Main) — 2274 July 2021 - Shift-2]
If z and ® are two complex numbers such that

|Zco| = 1 and arg(z) — arg (w):?)?n, then arg

1-2zo ) . )
—— | is:
1+3zm

(Here arg(z) denotes the principal argument of
complex number z)

26.

27.

28.

29.

30.

3 T 3 T
(1) v (2) 1 (3) 7 4) 1
[JEE (Main) — 20 July 2021 - Shift-1]

If the equation a|z|2 +az+az+d=0 represents
a circle where g, d are real constants, then which
of the following conditions is correct?

1) |oc|2—ad¢0
) |0L|2—ad>0andueR—{0}
@) a=0,a,d cR*

@ |0L|2 —ad>0anda eR

[JEE (Main) — 18" March 2021 - Shift-1]
Let a complex number be =1 _i\/§ . Let
another complex number z be such that |zo|=1

and arg(z) — arg(o) = % Then the grea of the
triangle with vertices origin, z and o is equal to:

1 1

1) = 4)

1) 5 4) :
[JEE (Main) — 18" March 2021 - Shift-2]

The area of the triangle with vertices A(z), B(iz)
and C(z + iz) is:

(2)4 (3) 2

@ %|Z+iz|2 @)1

1 1, 2

3) = 4) —|z
@ 3 @) Sl
[JEE (Main) — 17" March 2021 - Shift-1]
If o, B € R are such that 1 - 2i (here i> = -1)is a
root of 22 + az + B = 0, then (a. - B) is equal to:
®7 (2)-3 )3 4) -7

JEE (Main) — 25" Feb. 2021 - Shift-2]

All the points in the set S—{w,aeR},

(i:\/—_l)lieona: ‘o
(1) straight line whose slope is 1

(2) circle whose radius is v2

(3) straight line whose slope is -1

(4) circle whose radius is 1
JEE (Main) — 9 April 2019 - Shift-1]

ANSWER - KEY

1. (4) 2. (3) 3.(1) 4.(2)
5. (4) 6.(2) 7. (1) 8. (4)
9.(2) 10. (3) 11. (1) 12. 3)

13. (4) 14. (3) 15. (4) 16. (1)

17. 3) 18. (2) 19. (2) 20. (3)

21. (3) 22. (3) 23. (4) 24. (3)

25. (4) 26. (2) 27. (1) 28. (4)

29. (4) 30. (4)
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ANSWERS WITH EXPLANATIONS

1.

Option (4) is correct.
Since, |1 +ai| = |b + i|
S+ 1=0P+1=ad*=1
And la+ib-1| = |211+2b1||
=a®+ 1-2a + b* = 4a® + 4b*
=30+ 30*+2-1=0
= 6a*+2a1-1 (- a? =1
_2+4124
12

2427 147

126
(1+f1 f\

“(a,b)= L 3 J

~(1+47)

(1-7 1+4+7)
"7 6 )

=[a]=0

1+[a]
4b

=0or

Option (3) is correct.

=Letz;=p; tig1 &z, =p, t+ig,

z1t 2= (pr+p) i+ 90)

Since, Re (z; + z;) =

=p+p,=0 (1)
Now, z1z, = (p + iqy) (P; + iﬂlz)‘

= 212y = P1P2 T 1p1g2 + P21 T 1142

= 212y = (P1P2— q192) + i(p1g2 + P2q1)
Since, Re (z;z5) =

= p1p2—q192=0

From (%) P2=-p1

=-p1"-q19,=0

=17, =-p1<0,asp e R&qyge R
Since, 419, < 0

= Im (z;) & Im (z,) are of opposite signs.

HINT:

(1) Use (a + ib) (c + id) = (ac—bd) + i (ad + bc)

(2) Ifx € Ry then x*>0

Option (1) is correct.
Given that 3 consecutive terms are in the ratio 1
:3:5.50

"+2C, :"Y2C, "2C, 1 =1:3:5
Vl+2Cr_1 1 n+2Cr 7§
n+2Cr 3 n+2cr+1 5
7 1 r+1 3

- -~ and - _°
n+2-r+1 3 n+2-(r+1)+1 5

=3r=n-r+3and5r+5=3n-3r+6
ordr=n+3 (1)
and 8r =3n + 1 ...(ii)
On solving eqn. (i) and (ii), we get

r =2andn=>5

Hence, sum of terms = ’C; + 7C, + "C,
=7+21+35=063

4.

Option (2) is correct.
We have (1 + x)P (1 - x)7

= (1 +px +@x2 + ) (1 —qx +@x2 - )

Coefficient of xis 4

=>p-q=4 (1)
and coefficient of x?is — 5

pip-1)  q(q-1)
= 5 pq+ > 5
orp*—p-2pq+ ¢ -q+10=0 ...(ii)
on solving equation (i) and (ii), we get
p=15andg =11

so2p + 3q =30 + 33 = 63
Option (4) is correct.
If z = x + iy, then

2230 _2x+2iy-3i

2z+i1  2x+20y+i
2x+i(2y+3) 2x—i(2y+1)

X

2x+i(2y+1) 2x-i(2y+1)
2z-3i _[4x* +(2y 3)(2y+1)
2z+i 4x* +(2y+1)

2x(2y 3)- Zx(Zy +1)
4x% + 2y + 1)
2z-31 . . .
Now ——— is purely imaginary if
i

4x* +(2y-3)2y +1)
a1 y+172
=4 + 42— 4y-3=0
but x + y* = 0 is given
~y* and ¥* = y*
=4yt + 42— 4y-3=0

SO X =

ory4+y2—y:2

Option (2) is correct.

Given: |z + 2| =z +4(1 +)
Also, z = o + if

lz+2=a+iB+2] =(+iB)+4+4i
=S (a+2)+iBl=(@+4)+i[+4)

= (@ +2)2 +p2 =(a+4)+i(B+4)

=>B+4=0=>P=-4

Now, (o + 2)% + p? = (o + 4)?

= o2+ 4+ 4o+ B2 = o + 16 + 8o

=4+ 40 + 16 = 16 + 8o

=S40=4=a=1

So,o0+PB=-3andoff =4

.. Required equation is
-(-3-4)x+(-3)(-4 =0

=X+ 7x+12=0
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7. Option (1) is correct. @) |z-14+1i| >z
Givenz =2+ 3iand z =2 —3;
—\5
=2+ (z) = 2+ 3i + 2-3i)
By Binomial Expression 0,0) yx>/
(x+a)' ="Cx"a’ + "Cix"a + ........... A

=272°+(z)°

=°C,2° (3i)' +° C,2* (3i)' +° C,2° (3i)" +° C, 22 (3i)’

Foreroi +C[]25(31)+C24( 3i)' +°C,2° (~3i) - (i) [z] <2

- z(scozs (3i)’ +° C,2° (3i) + ...

A4

=2(°¢,2°(31) +° C,2'(3i)" +7 C,2.(3i)')
=232-10 X8 X9 +5x2x27x3)
=2(32-80 x 9+ 10 x 81) = 244

8. Option (4) is correct.

1 (ili) |z+i| =]z-1|
Given, |z ——|=2

z
Let|z| = r represent circle of centre origin and
i )
radius r. Q9
1
2 -5 <lz == <2 +
|| z | (Va-Y5)
1 1
=r——<2<r+- N
r r 3
1 1 N
r——|<2 andr+-2>2 always true.
r r
1
= 7_1 <2and r—=<2
r r

> 1<s2r=r2r<1

S@r-12<2=r-1<2
Y

(@) (r,0) X Lw=2&x+iyeS
32x$l .'.xﬁl
2

4

And (2x) + (-2x)*=4

|Z] max =1+ 2 x<l:>xe[\/_ \/_]

9. Option (2) is correct. -1 1
L xe|l =2
=|z-1| J2 4




10.

11.

JEE (MAIN) Solved Papers (Chapter-wise & Topic-wise) [ilugl3\V:yj{et]

Option (3) is correct.

Given |z, -|z, +1|| =|z, +|z, - 1|

= |z, -2, +l||2 =|z, +|z, —l||2

= (2, -z, +1|)(Zz |z, +1|)

= (2, +|z, ~1)(z2 +|2, - 1))

= 2,22, |z, +1|-22 |z, +1| - 2,22 2, |z, - ]|

—22 |Z2 —1|

=|z, -1 =]z, +1[°

=z, (|2, +1|+|z, 1))+ 2,(|z, + 1| +]z, - 1])
=|z, +1]" ~|z, -1

:(zz +EZ)(|22 +1]+|z, - 1]) =z, +1|2 |z, —1|2

:>(z2 +EZ)(|ZZ +1|+|z, —1|)=2(zZ +EZ)

:>(z2 +ZZ)(|z2 +1]+|z,-1]-2)=0

=z,+2,=00r |z, +1|+|z, -1 =2

Hence, z, lies on imaginary axis or on real axis
under [-1,2].

Also |z—3| :%, so z, is circle with centre (3, 0)

and radius = %

(o)

Clearly, min |z; — z,| =

-1 '1

S
Option (1) is correct.

Letz=x+ iy

L=z + |z-3|*+ |z-6i|?
=x2+y2+(x—3)2+y2+x2+(y—6)2
= 3x% +3y2— 6x — 12y + 45

= 3[x%—2x + y?— 4y + 15]

=3[x?-2x + 1+ y*—4y + 4 + 10]
=3[(x - 1)+ (y—2)* + 10]

- vis minimum whenx =1y =2

s zg=1+ 2iand v, = 30

Now, |2z,2 -z, + 3|2+ o%

=|2(1 + 2i)* - (1 -2i)° + 3|% + (30)*

= |-6+8i—(1-6i-12+8i) +3|2+900

=|-3 + 8i + 11 -2i|%+ 900

=8 + 6i|%+ 900 = 64 + 36 + 900 =1000

12. Option (3) is correct.

1-isina 1-isino 1-2isina

= X
1+2isina 1+2isina 1-2isina

_1—Zsinzoc_ 3isina
1+4sin*a  1+4sin’a
1-2sin*a .
= ————=0=>1-2sin"a=0
1+4sin” a

is purely imaginary

. 1
= sina=t—

oc=5—n,7—n(~.-n<oc<2n)
44

And 1+icosf _ 1+icosp ><1+2icos[3
1-2icosp 1-2icosp 1+2icosP
:1—2COSZB+ 3icosP
1+4cos’B 1+4cos’p
3cosp

= 1+4cos’p

is purely real

= cosp=0
B= 3n [-m<B< 2]
2
=l ) ()
472)(472
Z,g =sin2a+icos2B=1-iorZ,g=-1-1i

3 . 1
Now, “(ap)es zzw+l§aﬁ

— il —— 1+

1+ “1-i

o 1 1) 2 )p 121
1-i 1+ 1+1

13. Option (4) is correct.
|OA| = /5 = |AB|and |[OB| = V5+5 = /10
z,-0 _|0B ,

Now, = —
z, —0 |OA| et
T @ [cosz—i—isinz]
1+2i 5 4 4
B(Z,)
45 AZ)
909
45°
O
1+2i V22
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14.

15.

16.

= 2y =(1+2) 1 +i)=-1+3i

= argz, =n—tan'3

Option (1) is correct

Now, z;-2zy = (1 + 2i)-2(-1 + 3))
=3-4i
—ar -2 = _tan' 4
g (z1 -2z = —tan™ =
3

“» Option (2) is correct.

“ |z, = |0B| = 10

.. Option (3) is true.

2z1—zy = 2(1 + 2i) — (-1 + 3i)
=3+1

|221—zz| =9+1 = V10

.. Option (4) is not true.

Now,

Option (3) is correct.

Given that |z| -2=10

|z|= 2=+ =4

And |z-i|-|z+5i|=0
|z—i|%=|z+5i|

=22+ y-12=x+ (y + 5
=1y*-2y +1=1%+ 10y + 25
=12y =24

=>y=-2

Putting in (i), we get

(1)

x = 0, which satisfy the equationx + 2y + 4 =0

Option (4) is correct.

Given, S,= |z-3+2i| = g
And T,:|z-2+ 3i| =l
n
0
= S":(x_3)2+(y+2)2:(2j
1
mw»anx—m2+@r+a2=(Z)
For SlmSZ =5
ci6y < |r1=1y|
or ey > 1ty
= 2> n 1
n
n 1
or 2 < i
= ne {1,2,3,4}

Option (1) is correct.

Let z=x+1y,x,ye R
Given that  z = iz

= x—iy =i(x + iy)?

= x—iy =i (x¥*—y*+ 2ixy)

=-2xy +i (x2 - yz)

17.

On comparing both sides we get,

= —2xy
and y =01
From (i), x + 2xy =0
= x(1+2y) =0
= x =0
or 1+2y =0
. yo !
2
If x = 0 then from (ii) we get,
y-y* =0
= y=0orl

z=0+0iand 0+ i

1
Wheny = Y then from (ii)

L
2 4
= x = iﬁ
2
z = iﬁ—li
2 2
The polygon is a triangle
rY
A0, 1)
x A
D
B Wy C

So, vertices of triangle are

A0, 1), B[%%] and C{—ﬁ,_l

2 2
Area of AABC = %BC x AD
= 1 X 3 X E =
Option (3) is correct.
Letz=x+ iy
Given,  |z—(4+3i) =2

(x-4>+(y-3* =4

It represent equation of circle
Since, |z| + |z-4| =6

= P+ -4+ =6
By simplification, we get

562 - 20x + 9y* =25

2 2
=2y vy
9 5

=

=1

|

..(0)
...(ii)

33

(Given)
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It represent equation of ellipse z, =4 + 3iie., (4,3) and z3 = 5i ie., (0,5)
z = x + iy be any complex number
(3,4
Zl
‘3. 4, 3)
/ 4,1 Z, /
Lo\ | @o /60 ©.5)
3
“y
AB is vertical diameter of circle where vertex of 2 2 )
BIS(4,1) CZlZl =5,x +y =25 (1)
. . . . my X my = -1 ..(id)
Puting the coordinates of B in equation of
ellipse, we get - [4—yj(5—3j 3
, S | ey
—(4_2) +1_1 = é+l_1 = __16<0 3-x 0-4
9 5 9 5 45 4 5 A ’
. B (4, 1) lies inside the ellipse. So circle intersect = UL =as 2TY ) 2 -1
. . 3—-x )\ 4 3-x\ 2
the ellipse at two points.
18. Option (2) is correct. = (4-y) =2B8-x)
4ix + (1+ i)y =0 (i) = 4-y=6-2x
8((?052—“+isinﬁj+5y =0 L:2x-y=2
3 3 Now, z is intersection of C and L
24 .2
-1 if3) - B X +y=25 y=2-2
8[7+7]+ﬂy =0 (i) = x>+ (2a-2)*=25
=%+ 4% +1-2x) =25
Given that equation (i) and (ii) has more than =2+ 42+ 4-8x =25
one solution = 5x2 - 8x =21
4i 1+ =5x°-8x-21=0
A = 5x* ~15x + 7x-21 =0
sgl ol Y3 S| =0 = 5x(x—3) + 7(x-3) =0
2 2 = x-3)5x+7)=0
. -7
S giaosei| 18] g = x= 5 x=3
2 2
- -2 2x7 -2
SRS _ ; Atx=3,y=4,z3,4)andx= —, y = ,
[Fa=a-if=a=0+if] Yy G4 5 ¥ 5
= i(a+ip)—(1+i)(-1+iv3) =0 Z(_7 _24) o
— = | which lies in uadrant.
= ai-P+l+i—iv3+/3 =0 55 a
= (-p+1+3)+i (a+1-+3) =0 +24
= B+1+43=0 Then Arg(z) = —m+tan”! | >
= B= 3+1 5
And g +1-/3 =0 _1(24j
= —n+tan | —
=oa=3-1
a  3-1 N 20. Option (3) is correct.
Now, B = Bl - z1 and z, be two complex numbers
S.t
19. Option (2) is correct. = 21= iz (1)
Let Cbe a circle in complex plane passes through Given Arg (%j =1

the points z; = 3 + 4i ie. (3,4)
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- Arg(_—iﬁj o . z-1 _ (x+iy-1) ((x+1)-iy
Z2 z+1 x+iy+1 (x+1)—iy

We have, Arg(z1z) = Argz; + Argz, _ e -D—iy(x - +iy(x +1) =i’y

Arg(i—lj = Arg z; — Arg z,
2

(x +1)2 +y2

z-1 (x2+y2—l)+i(xy+y—xy+y)

z - z+1 (x+1)2+y2
Arg(—i)+Arg[_—lj - .
z2 - z-1  (x*+y” -1)+2iy
n - z+1 (x+1)% +y*
——+Argzl—Arg(zz) =T
2 Gi (z—lj T
iven,arg | =~ |= =
1040 =1 z+1) 4
2 2
¥ E
Let Argfl =0 = —x2+y2—1 = tanZ
= Argz, = -0
- 20 = ni BT o
2 2 = x2+y2—1 =1
= e=3'_7E = x2+y2—1=2y
4 = x2+y2—2y—1=0
Argz, = o =(-07 + (- 17 = (V2)?

So, centre (0, 1) & radius = /2 units

ArgG—lj = Argz;—Argz, =T 23. Option (4) is correct.
2

We have, (\/5 +i)100 = 299(p + ig)

3n
= Argz, +I =7 100
100 T orisin® 99 :
T = 2 [cosgﬂsmg} =2(p + ig)
Argz; = t1——=—
4 4 50m
Argz, = = = 210 e 3 =2 +ig)
4 { 50n . . 5071) .
= 2|cos—+isin— | =p+ g
21. Option (3) is correct. 3 3
z—i -1 i3 .
: R&zeC = 2(—+—J =p+i
z+2i © “ 2 2 pru
Y
= = 1&q=3
0,1) . p and q are roots of the equation
Y 2o(3-1x-+3 =0
(0,-2) 24. Option (3) is correct.
Letz =x + iy
. So, (x + iy)® + 3(x—iy) = 0
“arg(erZij:O orm = x2—y? + 2ivy + 3x-3iy = 0

= ¥-y*+3x=0and2xy-3y=0
Casel: y=0

= -y +3x=0

= x=0orx=-3

= z lies on y-axis
= S is straight line in complex plane

22. Option (3) is correct.

Letz =x + iy Solutions arez = 0 and z = -3
z-1 x+iy-1 3
S , = - : = —
© z+1 x+iy+1 Case2: x 2



25.

26.
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= xz—y2+3x=0
T ]
2 2
3
Solutions are z = > + i¥ and
3
z= = —1'_3\/§
2 2
Total number of solutions = n = 4
» 1 1 4
So, > — = —— = —
=04k 1 3

Option (4) is correct.

zoo| =1 and arg(z) — arg(o) = 3n

Given,
2

= |z||m| =1 and arg(z) = arg(o) + 3771

i(—3n+6j
Leto =rei’ =>z= —¢ ‘2
r

1 i(—B—n—B]
- i0 2
1_ZZ(D_l—Zre ;e

1+3z (3
0 1+3reielel( 2 GJ
r

_1-2e8%2 12
1+3e—i37t/2 1_;’_31

So. ar 1-2zm . (1—21'}
el 8143

= tan"}(-2) - tan"}(3) = g

Option (2) is correct.
We have to identify the condition where

alz|? + az+oz + d = 0 represents a circle
where g, d are real constants.
We can rewrite the given equation of circle,

a |z|2+ az+az +d=0

a‘z’z—k az+az +d=0
a|z|2+a2+az+d=0

Dividing both sides by ‘a” we get

|z|2 + (2j2+[g]z+é =0
a al a

We also know that
zz = |z|?
a=a

Ul

=d

Thus, simplifying above equation further,

zz + (2j2+£2]z+é =0
a a a

We know that if we have equation of circle in
complex planezz + bz + bz + ¢ = 0 then its
center and radius are given as:

Centre = —b

Radius, r = /|b|2 —c

Comparing with given equation

—-a
Centre = —
a

2 4

a

o

a

Radius, r =

We know the condition for square root,
2

d _ﬂ =0
a a
If r = 0 then circle will not exist
therefore,
2
a” d o
a a
2 2
= |% >E:&xa2>éxu2
a a uz a
= la|? > ad

= |lal?-ad >0

Since in ¢, a cannot be zero
a

thereforea € R — {0}

Hint:
Use the property of conjugate and termino-
logies of equation of circle in complex plane.

Shortcut Method:

a|z|2+a2+&z+d=0

zz + (gj2+(gjz+z =0
a a a

Centre = _ % ,aeR-{0}

a
2
o d
r = | —=
a a
2
a” d .y
a a
|(x|2—ad>0
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27. Option (1) is correct.

Given

Complex number o =1-+/3i,

zo|=1 and arg(z)
— arg(o) = g

If complex number a =x+iy then

la| = \Jx* +y?

|(o|=,/12+(—\/§)2 =1+3
= |o|=2 ...
|Z(0|=1
= |zflo[=1 (|l = [dly])
N |z|=% (i)
arg(z) ~arg(0) =
2(P)
1/2 '
0
2 ;
w(Q)

Area of AOPQ where O is origin and B Q are z
and o respectively.

1 1 1 1
Area = —[z||lo|==x=-x2==
2 2 2 2
Hint:
(i) Find the modulus of complex number o

using \/(Real)z +(Imag.)2 =0

(ii) Find |z| using given relation |z(,)| -1
(iii) Use area of right angled triangle to find
required area as angle between OP and

OQ is given as %
Shortcut Method:
z(P)
0
o)
(1.5)

llo] =1
= =3
2

Area of AOPQ = L x2x L =
)

4
2

28. Option (4) is correct.
Given
Triangle with vertices A(z), B(iz) and C(z + iz)
Take origin as O
OA =z-0
OB =iz-0O
OB is formed by rotating OA about origin by a
right angle.
P(z+iz)

Draw AP parallel to OB
Resultant of OA and AP is z + iz.

So, we need to find area of right angled triangle
OAP.

Area %x OTX

X

AF| = 2]
2

1 = L2 ,
Ll = P (-1l =1)
Hint:

(i) Draw vectorial diagram.

(ii) Find area of right angle formed.

Shortcut Method:

Area = 1|z|2
2

29. Option (4) is correct.
Given: o, B € R, 1 —2i is a root of
22+ oz + =0
(1-2i)isarootofz> + az + p =0
(1-2+a(1-2)+p=0
= 1+4%-di+a-2ia+p=0
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= 1-4-2i(a+2)+a+p=0
= oa+p-3-2i(a+2)=0
Compare real and imaginary parts
a+pB-3=0anda+2=0

0. = — (sum of roots)
= (1-2i+1+2)=-2

B = product of roots
=(1-2)(1+2)=1+4=5

=So=-2 Q=7
2+ B-3=0
=pB=5 30. Option (4) is correct.
. a-p=-2-5 ati
= a-Bp=-7 Let z = o
Hint: N 2| = 0L+l:
@)2=-1 *t
(i) (@ + b2 = @ + b? + 2ab = 2| = %
Shortcut Method: - 2] = a?+1
©o,BeR a?+1
= other root must be 1 + 2i = lz| = 1

Circle of radius 1.

Topic-2

Quadratic Equations

QQ’ JEE (Main) Previous Year Questions

Multiple Choice Questions (2) real and both negative

1. Let A # 0 be a real number. Let

o, B be the roots of the equation
14x% — 31x + 30 = 0 and o, y be
the roots of the equation 35x% —

53x + 4\ = 0. Then %‘* and 470‘

are the roots of the equation

(1) 49x% — 245x + 250 = 0
(2) 7x* + 245x — 250 = 0
(3) 7x*—245x + 250 = 0
(4) 49x% + 245x + 250 = 0

[JEE (Main) - 29th January 2023 - Shift-1]
. The sum of all the roots of the equation |x* - 8x
+ 15| -2x+7=0is:
(1) 11-V3 (2) 9-V3 (3) 9+v3  (4) 1143

JEE (Main) — 6™ April 2023 - Shift-1]

. Let o, P be the roots of the equation

x*—2x+6 =0 and iz+1,ﬁl2+l be the
Q

roots of the equation x* + ax + b = 0. Then the
roots of the equation
X*—@+b-2x+@+b+2) =0are:

(1) non — real complex numbers

(3) real and both positive
(4) real and exactly one of them is positive
[JEE (Main) — 28 July 2022 - Shift-2]

. If o, P are the roots of the equation

x* —(5 +3/log;—5 logg)x

1 2
+33(log})® —5(log; ) —1|=0, then the

equation, whose roots are oo + — and f8 + —is
o

(1) 3x> = 20x — 12 =0 (2) 3x> — 10x -4 =0
(3)3x*—10x +2=0 (4)3x*>—20x+16 =0
[JEE (Main) — 27% July 2022 - Shift-2]

. The minimum value of the sum of the squares of

the roots of x> + (3 —a)x + 1= 2ais :
(1) 4 2)5 ()6 )8
JEE (Main) — 26" July 2022 - Shift-2]

. If o, B, v, & are the roots of the equation O3+

x2 +fx4+1= 0, then (12021 + BZOZl + ,Y2021 + 82021
is equal to :
(14 (2)-1 @1 (4)4

DEE (Main) — 25 July 2022 - Shift-1]
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7.

10.

11.

12.

13.

14.

15.

Let f(x) be a quadratic polynomial such that f(-2)
+ f(3) = 0. If one of the roots of f(x) = 0is -1, then
the sum of the roots f(x) = 0 is equal to:

7
(2) 3

[JEE (Main) - 28" June 2022 - Shift-2]

Let a, b € R be such that the equation ax? — 2bx
+ 15 = 0 has a repeated root o . If oo and B are
the roots of the equation x* — 2bx + 21 = 0,
then o2 + B2 is equal to:
(1) 37 (2)58 (3) 68 (4) 92

[JEE (Main) — 25" June 2022 - Shift-2]
If the sum of the squares of the reciprocal of the
roots o and B of the equation 3x* + Ax — 1 = 0
is 15, then 6(o® + B is equal to:
(1) 18 (2) 24 (3) 36 (4) 96

[JEE (Main) - 24" June 2022 - Shift-1]
The sum of all the real roots of the equation (¢2*
—4)(6e** —5¢" + 1) = 0 is
(1) loge3 (2) _loge3 (3) loge6 (4) _loge6

[JEE (Main) — 24" June 2022 - Shift-2]
The number of pairs (g, b) of real numbers, such
that whenever o is a root of the equation x* + ax
+b-0, a®—2is also a root of this equation is:
16 (2)4 3)8 @) 2

JEE (Main) — 1% Sep. 2021 - Shift-2]

The sum of the roots of the equation, x + 1 -2

log, (3 + 2%) + 21log, (10 -27%) = 0, is:

(1) log,12 (2)log,14 (3) logy,11  (4) log,13
JEE (Main) — 31% Aug. 2021 - Shift-2]

11 13 14
(1) 3 (3) 3 4) 3

The set of all value of k > — 1, for which the
equation (3x* + 4x + 3)% —(k + 1)(3x* + 4x + 3)
(3x% + 4x + 2) +k (3x% + 4x + 2)> = 0 has real
roots, is:

ol
(33w

5

3) | 1,2

o (12]
JEE (Main) — 27" Aug. 2021 - Shift-2]

Let a, B be two roots of the equation x* +
1 1
(20)4 x +(5)2 =0. Then o + p®is equal to:
(1) 10 (2) 50 (3) 160 (4) 100
[JEE (Main) — 27% July 2021 - Shift-1]

2 [2,3)

{825in3x 44cos3x}
Let 4 = max and

xeR
2sin3x 44cos3x
B= min{8 4 }
xeR

16.

17.

18.

19.

20.

21.

22,

If 8x% + bx + ¢ = 0 is a quadratic equation whoge
roots are a.? and B2, then the value of (c - b) is
equal to:

(1) 43 (2) 42 (3) 50 (4) 47

JEE (Main) — 27 July 2021 - Shift-2]
The number of real solutions of the equation, x>~
x| =12 = 0is:
13 @1 (3)2 ()4

[JEE (Main) - 25" July 2021 - Shift-2]
Let [x] denote the greatest integer less than or

equal to x. Then, the values of x € R satisfying
the equation [¢*]* + [¢¥ + 1] -3 = 0 lie in the
interval:
(1) [log.2,log3) ()0, 1/¢)
(3) [0, log,2) @ [1e)

[JEE (Main) — 22" July 2021 - Shift-2]

If o and P are the distinct roots of the equation x*

+ (3)¥4x + 32 = 0, then the value of a”%(a!? - 1)

+ B%(B!% -1) is equal to:

(1) 56x3% (2) 52x3™ (3) 56x3%* (4) 28x3”
[JEE (Main) — 20 July 2021 - Shift-1]

The value of 3 +

is equal to:

1) 34232 443 ) 2443 @) 15443
JEE (Main) — 18" March 2021 - Shift-1]

The value of 4 + 1 7 is :
5+
1
4+ 1
5+
4. o
Q) 2+ 30 @) 4+ 30
V5 NG

3) 2%@ @) 5%@

JEE (Main) — 17" March 2021 - Shift-1]

The number of elements in the set {x € R : (| x|
-3) |x + 4| = 6} is equal to:
12 )1 ()3 (4) 4

[JEE (Main) — 16 March 2021 - Shift-1]

/

The integer ‘K, for which the inequality x* —
2(3k — 1)x + 8k*—7 > 01is valid for every xin R is

®m3 (2)2 (3) 4 40
DEE (Main) — 25 Feb. 2021 - Shift-1]
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23. Let oc and P be the roots of x> —6x -2 = 0.If a, =

o' — B for n = 1, then the value of 210 ~2as .
3aq
1) 4 21 ()2 (43

[JEE (Main) - 25% Feb 2021 - Shift-2]

24.Letpandg be two posmve numbers such that p
+ g =2and p* + g* = 272. Then p and g are roots
of the equation :

1) x*-2x+2=0 (2)x¥*-2x+8=0
(B)xX*-2x+136=0 (@) r*>-2x+16=0
JEE (Main) — 24" Feb. 2021 - Shift-1]

ANSWER - KEY
1. (1) 2.(3) 3.(2) 4.(2)
5. (3) 6.(2) 7. (1) 8.(2)
9.(2) 10. (2) 11. (1) 12. (3)
13. (3) 14. (2) 15. (2) 16. (3)
17. 3) 18.(2) 19. (4) 20. (3)
21. (1) 22. (1) 23. (3) 24. (4)

ANSWERS WITH EXPLANATIONS

1. Option (1) is correct.
Roots of equation 14x*~31x + 3\ = 0 are c.and B
Roots of equation 35x*— 53x + 4\ = 0 are o and y
Here o is a common root.

So o2 _ —a _ 1
" 1240 +159% 564 —1054 —742+1085
o2 o 1
=S —_—
350 49X 343
Here, 1 Sa==
49, 343 7
2
S L IR 35
35 343 343
2 2
35N (A 350 A%
kb (b == 2
0, 313 (7j 43 19 =SA-5L=0=A=0,5

ButA#0=A=5

)
77
Also,oc+B:—1 =p= E—E 21_3
14 4 7 14 2
Again,ot+y=5f3 =>y= B 5 28 14
35 3 7 35 5
Now, §=3¢ , 4o 10, 25_35
B v 7 7 7
P 3a 40( _10 25 _ 250
B Y 77 49
Equatlon whose roots are
3o

7&7'
By

2.

*-Sx+P=0
= x? —[3—5}( 250 =0

7 49
= 49x*— 245x + 250 = 0
Option (3) is correct.
[x2—8x + 15| =2x-7
take '+'
P 8x +15=2x-7
=x2-10x +22 =0
x;=5++/3,0,=5-3 3 (reject)
take '~
X —8x+15=7-2x
*-6x+8=0
X3 = 4, x4 = 2 (reject)
Sum of roots = 5+3+4=9+3
Option (2) is correct.
Given that o and B are roots of quadratic
equation ¥~ \/2x +/6 = 0,
La+B=2andap =6

1

.. Sum of roots = _+1+i+1
aZ 2

_az-',-ﬁz (Ot+ﬁ) Zaﬁ

B a’p? a’p?

(x/E)Z—Z\/E+2 _14-2V6
6 6

Now, product of roots

(1 1 1 1 1
- —2+1 —2+1 :?+—2+—2+1
a B ap” a” P

+2= +2

+ -2
= 21 2+(a ﬁ) aﬂ +1
ap o’p
1 2-2J6 . 9-2V6
=—+ +1= =b
6 6 6
Ly 1426 +9-206 5
6 6
So, equation is x +17 %:0
=62+ 17x +7=0
pxe 71
372

Option (2) is correct.
3Jlog35 _ 5,llog53 — 3@ _ (310335 )\/10853

log,5.log,3
Jlog:3 N

=38’ _3 3085 _

31 logs3
_ s
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gliossd)s _ glloss3s _ pllons3)i _ gllossd _

- x*-5x-3=0 has two roots, o and 3
So+pB=5anda.p=-3

Now,sumofrootoc+E+B+—:a+ﬁ+a_+B
o
—5_5_10
3 3
1 1
Product of roots=| a.+— || B+—
B o
ZOLB+2+E+L=—3+2—1=_—4
a B op 3 3
-.Equation is
xz—(ﬂjx—é:0:>3x2—10x—4=0
3 3

5. Option (3) is correct.
Let a, B are roots of
¥*+@B-a)x+1=2a
=>x*+@-a)x+(1-22)=0
La+B=—-B-a)=a-3
anda.p=1-2a
Sum of squares of the roots
o + % = (o + B)* — 208
= (a-3)*-2(1 - 2a)
=a®—6a+9-2+4a
=a®-2a+7
=a*-22+1+6
=@-17>+6
c@-1220=>@-1>+626
Lo+ pi=6
Hence, minimum value = 6
Option (2) is correct.
Given equation, x* + ¥* + x> + x + 1 =0
Multiplying (x — 1) both sides, we get
E-Det+ 3+ 2+ x+1)=0@x-1)
= *-1)=0
= X =1

x=landa® = =P =8=1,
Now, § = 02021 4 B2021 4 42021 4 52021
=5 = Yo.()*? = Ta.(1)** = Tat
=S5=-1

Option (1) is correct.

Let f(x) = ax® + bx + ¢ (i)
be the quadratic polynomial.

-+ x = =1 is one of the root of this equation

= a-b+c=0 ...(ii)
: f-2) +f3) =0
=4a-2b+c+9+3b+c=0

= 1Ba+b+2c=0 ..(iid)
From (ii) and (iii) by cross multiplication method
a-b+c =0

13a+b+2c =0

a _ b ¢
= 2-1 2-13 1+13
i: ﬁzi :(ksay)

~ -3 11 14

= a= -3k, b = 11k, c= 14k

< f(x) = =3kx® + 11kx + 14k (k be any no.)
11k 11

Now, sum of the roots = —— =—
-3k 3

Option (2) is correct.
Equation ax® - 2bx + 15 =0 ..(i) has repeated
root o.

Then oo + o0 = 2
a
= 200 = 2b so= b ()
a a
(o) = e ...(ii)
a
@ =B ...(iid)
a
From (ii) and (iii)
15
a* a
- b =152 (iv)
If o, B are the roots of the equation
x?-2bx +21 =0 (V)

o+ B =2b,op =21
Then o+ B> = (o + B)*>—20B
= 4% -2 x 21 = 41 — 42 ..(vi)
From (iv), b* = 15a
o + P> =4 x 15042
= 600 — 42 ..(vii)

Putting o = b in equation (v)
a

¥-2bx+21=0

2
= b—2—2bxé+21:0
a a
= -2 +21a*=0 Put b? = 154

= 15a—2a X 15a + 21a%> = 0
= 15a-30a> + 21> = 0= 15a-9%% = 0

~a(15-92) =0
=a=0

15
=a0= —

9

a = 0 not possible
From (vii) o + B? = 60a — 42

= 60><1—5—42
9
=100 -42 = 58
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Option (2) is correct.
Given, oo and P are the roots of 3x* + Ax—1 =0

_ A -1
=ao+p= 3 and of 3
) 1 1
Also given, ?4_[3_2 =15
2 2
= ¢ +BZ =15
(aB)
(0+B)°’-208 _ . 2% 2 _ 15
1 9 3 9
9
= A2=9
Now,  6(c® + B)? = 6{(a + B)° - 3of(c + B)}>
= 6{(0c + (o + )*-30B)}>
2
5
3 )19
2
= 6{%(1+1)}
7\‘2
-2 -
Hints:

Sum of the roots of quadratic equation ax* +

. —b .
bx + ¢ = 0is — and product of the rootsis ¢
i .
a

Shortcut method
Given, o and P are the roots of 3x* + Ax — 1
=0

—A 1
:>G+B_ ? andOLBZ ?
1 1
Also, given ?+B—2 =15
2
(0,+z)2 22(1[3 _15
= A2=9

Now, 6(0 + B%)*= 6{(cot + B)® - 30B(c + B)}>

_ 6{[—3_@[%”]}2 - 6 @)=

10. Option (2) is correct.

Given equation
(€ -4) (6 -5¢"+1)=0 (i)
lete* =t
(t*—4) (6*-5t+1) =0
= (t-2)(t +2) (6:*-3t -2t +1) =0

11.

12.

= (t-2)(t+2)[3t2t-1)-1(2t-1)] =0
= (t-2)(t+2) (2t-1)(3t=1)=0
=t=2,-2,1/2,13 -t =¢"

=2

s x =log 2¢* = 1/2

1
cLox = log (Ej = X = —log2

=13

s x=logl/3= -log3

Sum of all real roots = log 2 — log2 — log 3
=-log3

Option (1) is correct.

Consider the equation ¥* + ax + b=0

It has two roots (not necessarily real, o & f3)

Either a=PBora=p

Case-I: Ifoc=[3,sooc=a2—2:a=—1,2

When o =-1, then (g,b) = (2,1)
o =2, then (a,b) = (-4, 4)

Case-II: If o # B then

(i) a=0’-2&B=p>-2

Here, (o, B)=(2,-1)or(-1,2)

Hence, (a,b) = (—(a + B), ap) = (-1, -2)

(ii) a=p-2&B=0a’-2

Then, a-p=p*-a?=@B-o) P+ )

Since, a#B,a+p+1=0

Alsowe geta + = p* + o> -4
a+p=B+a)-20p-4

Thus, -1 = 1 - 20 — 4 which implies

ap = -1,

therefore (a,b) = (—(a + B), ap) = (1,-1)

(iii)a=o0?-2=p>-2&a =P

Subtracting both sides, we get

(0 =2) - (B*~2) = 0

S o?-p*=0=(a+p)(@-Pp)=0

=a=-f

Thus, o =2,p=-2
ora=-1,p=1

So, (a,b)=(0,-4) & (0,-1)

(iv) B=o0?-2=p>-2& o # P notsame as
(iii), therefore we get 6 pairs of (a, b)

which are (2, 1), (-4, 4), (-1, -2), (1, -1), (0, -4),
0, -1).

Option (3) is correct.

x + 1-2logy(3 + 2%) + 2log,(10-27%) =0

X
=x+1+log, % -x=0
(3+2%)

X
31+10g2 M =0
(3+2%)?
10-2* -1
9+(2%)% +6.27
= (292-142+11=0

_ 1
2
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13.

14.

15.

Let 2* =y
= yY¥-ly+11=0
_ 14xV152 - V152
sYE Ty T
V152 V152
:>:l/l =7+ ,yz =7-
2 2
V152 V152
=2 =7+——,22=7_——
2 2
_ ( \/152]
soxp=logy | 7+ ,
2
V152
Xy = logz 7—T

2o x1tx, = log, (49—%)
= x1 + xp = log,11

Option (3) is correct.

Lett = (3x% + 4x + 2)

= (t+12P-(k+1) @) ¢E+1)+kt)?=0
= tl-k=-1

1
3+ 4x+2=t=—
X X -1

For real roots, D >0

Option (2) is correct.

Given that o & B are roots of the equation
2+ 2004 + (5)2 =0

So,a® + p¥ =7

= (x2+\/§)2 = mxz

= x* +5+245x% = V20 x% = 2/5x>
=x*=-5andx® =25
So, o8 = 25, g% = 25
woab+ p¥ =50
Option (2) is correct.
o= max(26sin3x + 8COS3X) — 210
B — min(26sin3x + 8COSBX) — 2—10
Otl/S — 22 & Bl/5 — 2—2
1

as

0 _—7 )

2 _
Now, 8x*+bx+c= \)BE

16.

17.

18.

19.

= aé+ﬁé=4+l=£=_—b
4 4 8
=>b=-34
1 1
Also, o> x B =1= §=1:c
Lc—b=42

Option (3) is correct.
|x?| - |x|-12=0

|x| =4, -3 (not possible)
= x| =4=>x==4

Number of real solutions = 2
Option (3) is correct.

[P+ +1]1-3=0
= [P+[]+1-3=0,

.. [[x +1] = [x] + L, for I — integers]

= []? + []-2=0
Let [¢] =t

= P+t-2=0
=>Et+2)(t-1)=0

= t=1,-2

= []=1[=-2
Here, [¢*]= - 2, not possible
= []=1

1<e* <2

= xe0,In2)

Option (2) is correct.
Given x> + 3)4x + 32 =0
=2+ \/§ =34y

Squaring both sides,
=t +2\/§x2+3 = \/5 x>
=1+ V32 +3=0

= ¥ +3=-3+
Now squaring both the sides again,
=%+ 6x* + 9 =3
>3+ +9=0
Putx =a, ab=-9_30*

a'? = 90* - 308 = 90* -3(-9 -3at) = 27

Similarly B!% = 27
— OL96 (alZ _ 1) + B96 (BIZ _ 1)

= (27)8 x 26 + (27)8 x 26 = 52 x (27)®

= 52x3%
Option (4) is correct.

Let, y=3+

y=3+ Y }
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_ 3(4y+D)ty
4y +1
21/(4l]/+1)=12y+3+]/
4y°-12y-3 =0

We know, solution of quadratic equation of
the form, ax* + bx + ¢ = 0 (a # 0) is given by
quadratic formula as:
‘= ~b+b* —4dac
2a
42 -12y-3 =0
a=4b=—-12,c=-3

~(-12)+ \/(-12)2 —4(4)(-3)
2(4)
g = 126144448 12£8V3

Here,

8 8
34243
2
= 3+§\/§:1.5+\/§ asy >0

Hint:

(i) For these types of sums, we assume a
variable till that part after which that part
(assumed part) repeats.

(i) We will get a quadratic equation in some
variable which we can solve further using
factorization or quadratic formula.

Shortcut Method:
Let,y = 3+ L =
4+—
Y

=>y@dy +1)=34y +1) +y
=4”-12y-3=0

. 12+/144 +48 Ly- 12483
8 8
—y= 3+2\/§,asy>0
2
20. Option (3) is correct.
Given: 4+ 11
54— ——
1
4+71
5+
4+
Let X= 4+ 1
1
5+
1
4+ 1
5+

= xX=4+ 11
5+—
X
= x—4=_%
5x+1

= Gx+1)(x—4) =x

= 5%-20x+x-4=x

= 5x?-20x-4 =0

Solution of quadratic equation ax? + bx + ¢ = 0
isx = —bEVb® —dac

2a
Here,a =5,b=-20,c=-4

—(=20) £ /(~20)2 — 4 x 5x (—4)
10

20+V480 _ _ 20+4430
10 10

= x=2+%\/%orx=2—z@
5 5

= x=

x=2- E\/ﬁ must be neglected as such
5

operations on positive numbers cannot
give a negative value.

Hence, x =2 + %\/%

Hint :

(i) Consider the given value as x.

(ii) Find the terms that are repeated infinite
times and that is also equal to x.

(iii) Solve the quadratic formed.

(iv) Negative value of x must be neglected as
x in this case will always be positive.

Shortcut Method:
Letx = 4+ L
1
54— ————
1
4+7l
5+
4+...
v = 20+v20% +4x5x4
2x5
% =2 +§\/%

21. Option (1) is correct.
(Ix|-3) (|x+4]) =6

Given, } }
-4 0
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CaseI: Whenx <-4

{x; x>0
x| =

-x; x<0
= (x3)(-x-4) =6
= (x+3)(x+4)=6
= 2+7x+6=0
=
=

Since,

(x+6) (x+1)=0
x=-land -6
As x < —4 so for this case x = {-6}

Case II: When x € [4, 0)

x; x>0

Using |x|—{_x; £ <0
(~x-3)(x+4) =6
=>x*+7x+18=0
= No solution (D < 0)
So, for this case x € ¢
Case III:
When x>0
x-3)(x+4)=6

= xX+x-18=0
_ —1£V1+72

2

= X

As x >0 so for this case x = {

\/%—1}

2

So, final solution of the given equation are

€ {—6,\/%_1}

2

Hence number of solution will be 2.

Shortcut Method:
(x| -3) (|x + 4]) =6

-4, -3 8

-3

From the above figure, we see that here 2
intersection are present so number of solution
will be two.

22. Option (1) is correct.
The inequality will be greater than zero, if D is
less than zero.
D<0

= (2Bk-1)*-4@8k-7)<0
=49k -6k+1)-4BK-7)<0
Simplifying in this we get
=>kK-6k+8<0

= (k-4)(k-2)<0

k lies in (2, 4)
In this interval only one integer is present i.e. 3
k=3

23. Option (3) is correct.
Given: a and p are roots of x*—6x—2 = 0
a,=ao"—p"forn =1
o and B must satisfy x¥*—6x—2 = 0
a?—6a—2=0= a’-2 = 6a (i)
BP—6B—2=0= p*—2 = 6B ...(i)
Given expression,

ayg —2a5 _ (o'’ —p")—2(0® —p°)
3a 3(a” -B’)

10 268 _Blo +2[38
3(a” —B”)

o (a® -2)-p%(p* -2)
3(a” -p”)

Now, from (i) and (ii)

ay —2a5 _ 0®.60-B%.6B _ 6(c’ —B’)

3aq 3a’-p”)  3(a’ -p’)
-~  mo—2a5 _,

3aqg
Hint:

(i) o and B are roots of ¥>*~6x—2 =0
a?—2 = 6a.and B2-2 = 6p

(ii) Manipulate the given expression such
that they can directly be used.

Shortcut Method:
oa2—60—2=0
al®—60’—208 =0
Similarly, Bl0—6p’—2p% = 0
(0!0=B1)—6(c’~p%)—2(c*—B®) = 0
= apg—6a9—2ag =0
= ay0—2ag = 6ag
N 10 —2ag _ 5
3ag

24. Option (4) is correct.
Given: p and g are two positive numbers such
thatp + g = 2and p* + g* = 272
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= (p+ q)Z =22 Squaring both sides of the above equation, we get
= pPP+q*+2pg=4 (0 + B?? = (602 2a)
= P+gi=4-2pg = ot + B* + 202 B% = 60 + 4a%- 4 (60)"a
Squaring both sides, = o + B* = 60 + 4a° - 4a (60)"* - 247

7 + 2P = (4-2pg)? = ot + B* = 60 + 24%— 4a (60) >
. P4 + q4 + szqz =16 + 4p2q2—16pq =>—?;0 =60 +1/22a —4a (60)1/2
- 272 3 = 16— 16pg = 242~ 4a (60)2 + 90 = 0

a*—2a (60)V2 + 45 = 0
Theabove equationisalsoa quadraticequation of
the form ax? + bx + ¢ = 0 whose product of roots

(- p* + gt =272)
= PP -8pg-128=0
= (pg)*-8pg-128=0

pq=¥=l6or—8 -

Q|0

= Product of all possible values of a = 45
= pg=16

Now, quadratic equation whose roots are p, gis 2. Let {s ={zeC—{i,2i}: M c R} . If
P-(p+agx+pg=0 3iz -2
= P-2x+16=0 a—%ies,a cR- {0}, then 24202 is equal to
Hint: . [JEE (Main) — 11* April 2023 - Shift-2]
G p+qP=p*+qg*+ qu Sol. The correct answer is (1680).

(i) p*+q* = * + H*-2

= ((p + 9)* - 2pq)* - 2%

6] z% +8iz-15

; —— R
Given that 2 3.2

Shortcut Method: = & _312 2)+(A1iz-13) ¢
- 2
pt+ gt ="+ -2 11Z 1::2
= ((p +9)*-2p0)* - 2p°F Sleg e .
= (pg)*—8pg—128 =0 ) ()
= pg=16 (v p, q are positive) but a-T-ieS
Now, quadratic eq" whose roots are p, g is Cran 13i _ga 13
X~ (p +q)x +pg =0 ° noo
= x*-2x+16=0 = 11iz- 13 = ia.
So eqn. (i) becomes
Integer Type Questions (Chapter Based) 1e_da o
-3iz-2
1. Letae iR and let o, 3 be the roots of the equation —22_3iz-2 ¢ Img,
5 2 _ Letz=x+ iy
¥+ e0tx+a =0 x2—y?—2ixy —3ix + 3y —2 € Img
If o + B* = —30, then the product of all possible = Re (X~ y? + 3y —2—i (3x + 2xy)) = 0
values of a is >3- +3y-2=0
[JEE (Main) — 25' January 2023 - Shift-2] =% =y’-3y +2
=-1)(y-2
Sol.The correct answer is (45). (¥3 )y=2)
Given:a € R, 0, B are roots of x> + 604 x + 2 =0 .'.z:a—ﬁi
= Sum of roots = o, + p = 60"
and product of roots = 0§ = a Putting x = 0, ¥ _;13
[If o, B are roots of ax® + bx + ¢ = 0 then,
a+B=—§ and g} a® = ( 1113 11)( 1113 zj
Now, + B)2 = (6042
o (“2 B =( 1/2) 2_ 24x35

2 2 _ 1/2
+ B2 = 60122,
o+ P ¢ =5 24202 = 48 X 35 = 1680
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3. Ifaand b are the roots of the equation x> — 7x — 1

21 +b21 +ul7 +b17

= 0, then the value of
JRCERT

is equal
to

JEE (Main) — 11 April 2023 - Shift-1]

Sol.The correct answer is (51).
Given thata and b are the roots of ¥*~7x—1 =0
So, by using Newton's theorem, we get
Sn+2 -7 Sn+1_ Sn =0
On putting n = 19, 18 and 17 we get,
521=7550—-519=0
S20=7519-515=0
S19=7515 =517=0

Now
{121 + b21 + ﬂ17 + b17 _ 321+Sl7
19 +b19 519
_ S71+(S19 —7518) _ 50519+(S91 —=75y9)
S19 Si9
=5Ix—= S19 =51
S

19

4. Let m and n be the numbers of real roots of the
qZ uadratic equations x*-12x + [x] + 31 = 0 and
x° =5 [x + 2] 4 = 0 respectively, where [x]
denotes the greatest integer < x. Then m? +mn +

n?is equal to

JEE (Main) — 8 April 2023 - Shift-2]
Sol. The correct answer is (9).
The given eqn is:x?—12x+ [x] +31=0
= {x}-—x=x*-12x + 31
= {x} = x>~ 11x + 31
So, 0<x2—11x +31<1
= x*—11x +30<0
=xe (5 6)
[x]=5
-12x+5+31=0
=>@x-6°=0=x=6
Hence, x e ¢
m=0
Another equation is x*—5[x + 2] -
Casel:x>-2
KP-5x-14=0=>x=7,-2
CaselIl: x < -2
P+5x+6=0=x=-3-2
soxe {-3,-2,7}
n=3
Hence,m2+ mx+1m*=0+0+9=9
HINT:

The relation between the greatest integer
function and fractional part is :
[x] = x—{x}
5. Leta, p (o > P) be the roots of the quadratic
equationxz— x-4=0IfP, = o"—p"n e N,

(- xe (5 6)

4=0

P15 Ple _ P14 P16 _ Plzs + I)14 P 15
P13 P14

JEE (Main) — 29" July 2022 - Shift-2]

then

isequalto

Sol.The correct answer is (16).
Let o,p (a>p) be the root of quadratic equation
-x-4=0 (1)
Soo+p=1land afp=—4
And o0’—a—-4=0 & B>-p-4=0

Now,
P15P1 _P14 P16 P ’ +P P15
P, Py
_ By (P ~P,)+P (B, —Py)
s Py
_ (Pls B P14) (Plé B PlS)
Py Py
Now, P, - P,y = ("= B") - (@' - ")
= o2 (o~ o) = B2 (B2 - )

=4 ("2 -p"H =4p,,
. Ps Pe - Py P16_P125+P14P15 =16P13 Py —
' P, P, P, P,

13 ~14

16

6. The sum of all real values of x for which
3x* —9x+17  5x* —7x +19

x> +3x+10  3x% +5x+12
EE (Main) — 28" July 2022 - Shift-1]
Sol. The correct answer is (6).
3x* —9x+17  5x*-7x+19

is equal to :

x*+3x+10  3x*+5x+12
- 3x* —9x+17 _ x*+3x+10
5x* —-7x+19 3x* +5x+12
—2x*—2x-2 —2x*—2x-2
5x—7x+19  3x>+5x+12
Either x*+x+1=0 or 5x*-7x+19=3x*+5x+12
X2 +x+1>0

o 5x%-7x+19 = 3x*+5x+12
= 2x2-12x+7 =0
So, sum of roots = 6

7. Let z = a + ib, b # 0 be complex numbers
satisfying z> = 7. 2! F. then the least value of n
e N, such thatz" = (z + 1)", is equal to :

JEE (Main) — 28" July 2022 - Shift-2]
Sol.The correct answer is (6).

Given that 2 = 7 o'
=[] =[] 2"

2 - _
= |z| = ‘z‘~21 ‘Z‘,

144

[z =z

= |7 =2
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=4=1 Now, x* + 2x -8 =0
S>x2+4x-2x-8=0=>(x+4) (x-2)=0

L2t =722 =27=1=2=1, 0, 0 —x=-42

Now, z" = (Z+1)” — o' = (1+(D)" = (_wz) Since both quadratic equations has one root
common and p, g, r € R not all have same sign

= (Dn — (_1)11 (0)” )2 = (Dn _(_1)11(0)11 )2 =0

=6 .'.1=1=—4:>q=—4pandr=l6p
Ln= p q
2 2 2 2.2
) g +r- _ lep+167p
8. LetS={zeC:zZ+Z=O}.ThenZZES<Re(Z)'Hm(z)) Now = = =
is equal to . =16(16 + 1) =272

[JEE (Main)—27th]uly 2022 - Shift-1] 10.Let a, b be two non-zero real numbers.

) If p and r are the roots of the equation
Sol. The correct answer is (0). x* — 8ax + 2a = 0 and g and s are the roots of the

Given that
S={zeC:224z=0} equation x> + 12bx + 6b = 0, such that

ﬁlH
[

7

&h—\

p’
Let 22+Z=0

= (Hiy)P+ (r-iy) =

= ¥ -2 + 2xyit+ x—iy = 0

= (- + 0)+Qxy-y)i =0
On comparing both sides we get

are in A.P, then a! - b! equal to
EE (Main) — 25" July 2022 - Shift-1]
Sol. The correct answer is (38).
p, 1, are the roots of the equation

2 .
2 2, . x*=8ax +2a =0 (i)
; -y +_x0— 0 ..(d) P+ =8
Y-y = 1 pr=2a . ...(ii)
y2x-1)=0=>y=0orx = > q, s are the roots of the equation
2
o x“+12bx + 6b =0 ..(iif)
When y = 0 from equation (i) q+s=-12b,q.s = 6 (iv)
x=0,-1 pir 82
1 Lo From (i), . = - =4
When x = 3 from equation (i) pr 2a
1 1
y = + ﬁ = —+— =4
2 rp (V)
: _ 1.1 o ats 12
» ;(RE(Z) +1Im(z)) = [0 -1+ 5 + E] From (iv),  “55" = 7o
1
i 1111 . )
9. If for some p, g, r € R, not all have same sign, one Given ;'5';'5 are in AP with common

of the roots of the equation (p? + ¢%) x>~ 2q(p + 1)

x + ¢* + r* = 0 is also a root of the equation x* + difference 4 and first term o

g+ o+o+2d=4
2x -8 =0, then is equal to . and o +d + o + 3d= -2
[JEE (Main) — 26 July 2022 - Shift-1] =0=5 a“ddzl‘?’ .
Sol. The correct answer is (272). So, - =0a=_—- =5
leenthat P P
+ PP -2q(p+Nx+q*+r*=0 1
v Z)x q(pz r);czq r D = p= 2
= p’x qu+q +2qx -2qgrx+ 1" =0 5
= (px-q)°" +(@x-r"=0 1
=>px—g=0andgx-r=20 Now, g=a+d=5—3=2
=1 _T .
p o q = =
73
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Now, 1=0(+Zd=5—6
r
= 1=—1
r
= r=-1

Now,1=(x+3d=5—9=—4
5

-1
S__
4
p+r=28a
= R N
5
-1
—1 a= —
10
q+s=-12b
= 1.1 =-12b= — =-12b
4
-1
48

Hence a!-b1=-10+ 48 =38

11. Sum of squares of modulus of all the complex

numbers z satisfying z = iz> + z> — z is equal to
[JEE (Main) — 28" June 2022 - Shift-2]

Sol.The correct answer is (2).

Let z = x + iy be any complex number
Satisfying z = iz* + 22—z
(x—iy) = i(x + iy)* + (x + iy)> - (x + iy)
= i(® -2 + 2ixy) + (P -y + 2ixy) —x—iy
x—iy= (xz—yz—ny—x) + i(xz—y2 + 2xy —v)
Comparing real and imaginary part both sides.
x=x*-y?-2xy—x

= (2x + 2xy) = X2 - yz ..(i)
And —y=x*—y* + 2y -y
= -yt + 20y =0

-yt = 2xy ...(ii)

From (i) and (ii),

2x + 2xy = -2xy
= 2x+4xy=10
= 2x(1+2y)=0

-1
= x=0,yx —
Y 2
Forx =0, y=0
-1
If = —
Y 2
= x2—1=—2xx_—
4
= xz—x—1=0
4

+1+ f1—4><1><_—1
= x = 4

2x1
12
= x =
2
0.0), [M_lj (1+ﬁ ,—_1j
2 2 2
Zq 2y 23

Now, |z;|* + |z|? + |z3]?

2 2
(52 4(3) (%23
0+ +l = + +| =
2 2 2 2
142-242 1 1424242 1
+=+ +=

4 4 4 4

3+2V2+3-22+1+1_8 _
4 4

2

12.If the sum of all the roots of the equation

¥ —11e" —45¢7 + % = Oislog,p, then pis equal

to ... [JEE (Main) - 27 June 2022 - Shift-1]

Sol. The correct answer is (45).

Given that

e —11e* —45¢7™* +% =0

= 203~ 226~ 90 + 81 = 0
=2(¢)’-22(e%)* + 81" -90 =0
Lete* =y

= 2° - 22y* + 81y - 90 = 0
Product of roots (y1, ¥, ¥3)

—(-90
Y1-Y2- Y3 = (2 ):45

Let x;, x5, and x3 be roots of given equation

N eh.e”.e® =45
N exl+x2+x3 — 45
= X1+ Xy + x3 = log,45 = log. p
= p =45

13. Let o, B be the roots of the equation x> — 4\ x +

5 and o, y be the roots of the equation x* — (3\/5
+2V3)x + 7+ 303 = 0,A > 0.If B + y = 342,
then (o0 + 2B + y)?is equal to ....

[JEE (Main) — 27" June 2022 - Shift-2]

Sol. The correct answer is (98).

Given that o, B be the roots of the equation
P-4 +5=0

- o+ B =41 ...(3)

and o and y be the roots of the equation
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X —(3V2+243)x+7 43043 =0 If S0
= x—— =0
o+y= 3J2+243 ..(id) ) .
= x*-1 =0
B+7v=3V2 (Given) ...(ii) =  (@-1x+1) =0
. o e sx=1x=-1
Adding (i), (ii) and (iii), we get Sy = 16— 1
wt+pty= %(4k+6\/§+2\/§)...(iv) Andift=3
= x—— =3
From (i), (ii), (iii) and (iv), we get s X
= x“—1 =3x
OC:Z}LJM@;B:ZK_\/? = ¥-3x-1=0
and = 3v2++/3 -2 Now, a+g =31
op =-
"'O‘BZZE’ PP+ =P+ P11
L4 -3=5 =l + B
=h=2 = (0 + Bi2-oB + B
So, (o + 2B + ) = (o + B)((c + B)* - 3aB)

=3x(9-3x(-1)=3x12=36
Hence, o® + B> + ¥* + 8°= 36

= QA +V3+40—243+3v2 +~/3 -20)?
= (3V2+41)? = (3V2+442)

15. Let p and g be two real numbers such thatp + ¢

= (7\/5)2 =98 1 1 -2
=3and p* + ¢* = 369. Then [—+—j is equal to
14. The sum of the cubes of all the roots of the P q
equation x* - 3x°> - 2x* + 3x + 1 = 0is [JEE (Main) - 26™ June 2022 - Shift-2]
JEE (Main) - 26" June 2022 - Shift-1]  §ol. The correct answer is (4).
Sol.The correct answer is (36). Givenp + g = 3 and p4 + q4 =369
Let o, B, v, 8 be the roots of given equation where p, g be two real numbers
Then to evaluate p+qg=3
3 4 R3 3
CH+P+Y+E =7 N L2 =09
Given, ¥~ 30-22 + 3x +1=0 ) , Pro
1 2 = p t+qg +2pqg =9
Dividing by x s .
31 pe+q°=9-2pg (i)
2 _3y— - 4, 4
x*=3x 2+;+—2 =0 and p*+q* =369
x
o = (P + (-2 + 2 = 369
(xz +—2)—3[x——)—2 =0 ..(i) = (P + ) - 2p%g> = 369
x X = 9 - 2pq)* - 2p%¢% = 369
Let 1, = 81 + 4p*q* - 36pq - 2p%¢* = 369
¢ YT = 4% — 2p%4% — 36pq = 369 — 81 = 288
N = 2077 - 36pg = 288
= (x——j = {2 = p*q? - 18pq = 144
* Let pg=A
2 -
N x2+iz_2 _p = A2_18A-144 = 0
x = A?-24A + 6A-144 =0
, 1 5 = AA-24)+6(A-24) =0
= Y g =Eht2 = (A+6)(A-24)=0
A=-624 ..(i
From (ii), - A= (i)
(t*+2)-3t-2 =0 = =9
= P+2-3t-2=0 = pq = 6,24
= 2-3t =0 If pq = 24

nt=0antt=3 P?+q*=9-2pg
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= 9-48 = -39 Sol. The correct answer is (7).
(—=ve not possible) Let P(x;, v4) and Q(x,, 15)
If PZ =6 X1, X, are two roots of the equations
p+l] =9+ 12 2x2—rx+p=0
5 =21 ) (i) Sum of the roots
1 1 pq r
Then the valueof | -+t~ | =|—— X+ x ==
pa p+q 2
2
-6 Xy =L i
— (?j — (_2)2 142 P ()
=4 Y1, Y are two roots of the equation
2 —_ —_ =
16.1fz2+ 24+ 1=0,ze C, then X = 5x—g 0
1V Yty =S
Z}f_l(z” +(=1)" _"j isequal to ... Y1Y2 =4 (i)
z .. Coordinate of P(x, y;) and Q(xy, y,)
JEE (Main) — 26 June 2022 - Shift-2] ® ®
Sol.The correct answer is (2). Px, ) Q(xs ¥:)
If 22 + z + 1 = 0 where z is a complex number We have, equation of circle in diameter form
Let  and ®?are roots of z = x + iy (x=x)(x=x) + -y -1y =0
The root of this equation cube root ®* = 1 of ®. =2+ 1P —x0q + 1) -y + 1) + 0% + vk
1 =0
0w=—
o’ 2,2 71 p
5 L = x"+y —Ex—s]/+§—q =0 ...(iid)
Z(Z” +(-1)" —nj
n=1 z Comparing with 2(x* + %) - 11x — 14y - 22 = 0
7 11
15 15 L=
Sy L 2 2
n=1 n=1% =11
Zm2n+z_+z( _1y" And p-2q =-22
n=1 ety Then, the value of 2r + s — 29 + p = 22 +

7-22=7
18. A point z moves in the complex plane such that

15 15 15
Dot + Y o'+ (-1)
n=1 n=1 n=1
(@ + 0* + @ + ... + ©%) + (0 + 0* + @ + ...

+o®) + (1 4+1-1+1-1+1... 1)

2
2942 -2i[ is equal to
|o?(1 + 0® + 0® + ... + ) + o1 + 0 + o® + ‘ ‘ q -
-+ o] UEE (Main) - 31 Aug. 2021 - Shift-1]

15 14
o’ 1o + o 1o -1
1-o 1-o

arg z=2 _I , then the minimum value of
z+2 4

Sol.The correct answer is (98).

arg (22) = T
3 & zZ+2 4
Therefore ” =1 .
|0?(0) + o(1 + ©) - 1| = |0*+ 0 -1| Letz=x+1y
=|-1-1| =2 N (x+zy Zj L
17. Let the abscissas of the two points P and Q be X+iy+2 4
2 _ .
the roots of 2x“ —rx + p = Ozand the ordinates Xt iy— 2 x+2—zy -
of P and Q be the roots of x* —sx —q = 0. If = ar n
; . . x+zy+2 x+2—zy i
the equation of the circle described on PQ as
diameter is 2(x* + y?) — 11x — 14y - 22 = 0, then 2r K+ 4+ diy 4ly
+5-2q + pisequal to . = ar (x+2)% +12 g

[JEE (Main) - 25" June 2022 - Shift-1]
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X2+ yz -4

4y
>+ y-2>=8 ...(0)
Equation (i) represent circle whose centre
(0, 2) & radius 2+2

= 1

Y
Q. 2? A(9V2,2)
X
NP4

Minimum distance, d = |AC — 7|
Given point A (9v2,2) = |AC - 7|

Square of distance = a2 = (7\/5)2 = 98

19. Let z; and z, be two complex numbers such that

arg(z; — z, ) and z;, z, satisfy the equation |z — 3|
= Re(z). Then, the imaginary part of z; + z, is
equal to .

JEE (Main) — 27" Aug. 2021 - Shift-2]

Sol.The correct answer is (6).

Letz; = x; + iyy, 20 = xp + 1y
=>21-2p = (X1 - Xp) +i(y1- V)

s
arg(z;—zp) =

4
= tan™! [—yl _yzj -
XX, 4

= Yi—Y2=X1—X (1)
Now, |z1—3| = Re(z;)
= (=37 + v = x/?
And, |zy— 3| = Re(zy)
= (=3 + v = x)?
= (x1-3)* = (=3 + (y* - 1))

= x12 — XZZ
= (=) (X1 + %= 6) + (V1= ¥2) (Y1 + ¥2)

= (x1 + xp) (x1—xp)
= x1+x2—6+y1+y2=x1+x2
=y ty,=6

20. The sum of all integral values of k (k # 0) for

which the equation 2 1 _2 41 xhasno

x-1 x-2 k

real roots, is
[JEE (Main) - 26™ Aug. 2021 - Shift-1]

Sol. The correct answer is (66).
2 1 2 2x-4-x+1
— = — :> —_—
x-1 x-2 k (x=1)(x-2)
= 22— (6 +k)x +3k+4=0
For non-real roots, D < 0

2
k

= (6+Kk>*-83k+4)<0
= K + 12k + 36 — 24k — 32 < 0
= (k-6)>-32<0

Integral valueofk=1,2,3,4,5,6,7,8,9,10,11
Sum of k = 66

1 _12\/3 ,i =+/-1. Then the value of

3 3 3
21+(z+1) +(zz+i2j +[23+i3j
z z z

21. Letz =

is

[JEE (Main) - 26" Aug. 2021 - Shift-1]

Sol. The correct answer is (13).

Given,
—z= “1+iV3 andi= /-1
2
Let-z=worz=ow
Now,
1 -0°-1 o
Z4+— = —-O——= =—=1
z ® ® ®
And,
1
Zz+i2 = (~0)*+ 5
z (-o)
4 2
m2+i2 _o+l o+l -o _q
60 coz co2 co2
Again,
1
z3+i3 _ (~oy+ 3
z (— )
=-1-1=-2

From equation (i), (ii) and (iii)

1Y (5, 1V (53 1YV
zZ+— +| z +—2 +| Z +—3
z z z
=1-1-8=-8
Again,
6

1 RV
z +Z6 _ (-o) +(_®)

3 3
(z3+i3j +(z6+i6j =0
z z

..(0)

... (i)

.. (i)

.(iv)

6 =1+1)3°=8
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1Y 1)
9 12 .
zZ+— | +|z7+—| =0 ...(vi)
( Z9J ( lej
3 3
1 1
15 18 ..
z5+— | +|z°+—=| =0 (vl
( zl5j ( lej (i)
1
21 _
z +Z7 -8 ...(Vlll)

According to the question, by using above

equations.
= 21-8=13
22.The least positive integer n such that
)" . . L .
— /i =+-1, isa positive integer is
(1+1)

JEE (Main) - 26" Aug. 2021 - Shift-2]

Sol. The correct answer is (6).

(2i)" (20)" (1-i)"?
-2 = n-2
(L+i)" ((1+1) (1-1))
2" " (1-i)"
- (1 _1)2 2n—2
4" (1-i)"  41+i)"
(=2 (=2)
Now, (1 + i) = 2i
(1+it=-4
(1+i)°=-8i
. For n = 6, given expression will become
4 (-8i) _16
(—2i)

23. Let L # 0 be in R. If o and B are the roots of the
equation x*—x + 21 = 0 and o and y are the roots

of the equation 3x*— 10x + 27A = 0, then % is

equal to .

[JEE (Main) - 26" Aug. 2021 - Shift-2]
Sol.The correct answer is (18).

Given: o & f are roots of the equation

-x+2L=0

: a+b=1 ...(0)

op =21 ...(i)

Since, a. and y are the roots of 3x*> — 10x

+27A=0

o+p= % ....(iif)

. (iv)

o 9
= E=§ (V)
From (iii) — (i) 10 , |
= a—B=?—1=§ ...(vi)
From (v) and (vi)
2
= b=§,r=3
) 2 1
From(1)a=1—ﬁ=1—§=§
5 1.2
. 33 _1
From(11)k:7=T=§
S0, P2 = 37 =18
by 1
9

24.If the real part of the complex number z =

3+2icosO

————,0€ 0,E is zero, then the value of
1-3icosO 2

(sin?30 + cos?0) is equal to
JEE (Main) — 27" July 2021 - Shift-2]

Sol.The correct answer is (1).

(3+2icosej (3+2icosej(l+3icosﬁj
Z = =

1-3icos0O 1-3icosO /\1+3icosO
3—6c0s? 0+11icosd
= z= 3
1+9cos” 0
3-6¢0s20
Given, Re(z) = 0= >~ =
1+9cos” 0
o L
= cos’0 = o
T
sin?30 + cos20 = 1+1 =1
2 2

25. The number of real roots of the equation
e — e —4¢¥ —¢* + 1 =0 is equal to

JEE (Main) — 27" July 2021 - Shift-2]
Sol. The correct answer is (2).
o4+ 1=0
5 1 1

= ex—ex—4——+7=0
et e

2
1
= (e“r—j —2—[ex+lj -4=0
e* e*
2
1
= (ex+—J —[ex+lj -6=0
e* e*
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Squaring of equation (i), we get

1
X —
Pute’ + — =t Sat+ b+t 2@+ P+ a?) =9

X
e
= 2_t-6=0 >+t +t-4=9
= t = 3, t = -2 (not possible) sa+bvt+t=13
M| 28. The number of solutions of the equation
= ¢ +_x:3 log(x+1)(2x2+7x+5)+10g(2x+5)(x+l) -4 =
¢ 0,x>0,is........

X _35+1=0
Pute* =P = P2 - 3P + 1 = 0 = number of
solutions = 2

[JEE (Main) — 20% July 2021 - Shift-2]
Sol. The correct answer is (1).
log 4+ 1) (2x +5) (x + 1)) +
108 (21 + 5 (X + 1)* =4
1+1ogy 41y (2x +5) +
2logo, 45 (x + 1) = 4

26.If o, P are roots of the equation
*+52 x+10=0,a>pand P, = - p"
for each positive integer 1, then the value of

PiyPy +5v2 Py Prg is equal to...... Put 10g (¢ +1) (2x +5) =t
PPy +5v2 P34 )
[JEE (Main) — 25 July 2021 - Shift-1] So, 1+t+ T 4
Sol.The correct answer is (1). 24D =4
2+ 52x+10=0,0 > B =>£2-3t+2=0
Givine P. = o _ B" =>t=1,t=2
iving P, = o7 = Fort=1 = 2x+5=x+1
=Py = o7 -, P1® = o8 '8 = x = -4 (rejected), as x + 1 > 0 for log(x+1) to
Fort =2 = 2x+5=(x+1)
= B>+ 10 = - 528 . (if) = x =2, x = -2 (rejected)
29. Let z;, z, be the roots of the equations z> + az
20 (20 19 19 17 22 q
- Py (0™ -~ +5 \/E(oc —B)) + 12 = 0 and z;, z, form an equilateral triangle
P ((0!® —BY%)+5v2(a!® —p18) with origin. Then, the value of |a|is

. ; ) [JEE (Main) — 18™ March 2021 - Shift-1]
. Py (0 (a” + 5\/50‘) —P (5\/5[3 +B7) Sol. The correct answer is (6).
Pig (o' (a? + 5v20) B (5\/513 + BZ) We have to find the value of |a| where z;, z, are

the roots of the equations z? + az + 12 = 0 and
z1, z, are forming an equilateral triangle with

Using equation (i) and (ii)

_ P -Pg(-10) . origin.
"~ Pyg-P(-10) Applying roots and coefficients relation for
given quadratic equation,
27. Ifa+b+c=1,ab+bc+ ca=2andabc = 3,then Z+az+12=0
the value of a* + b* + c*is equal to . 2+ 2=
JEE (Main) — 25% July 2021 - Shift-2] 22, = 12

Sol. The correct answer is (13).

(@a+b+o?=1 Drawing a triangle,

A(z)
S+ P+ +2@ab+be+ca) =1
>+ +>=-3 ..(i)
—ab+bc+ca=2 ...(id)
Squaring of equation (ii), we get
= a?? + b’ + Fa® + 2 (ab’c +bc%a + ca’h) = 4 0(z) B (z)

= a®0? + b*c? +c%a® + 2abc (a+b+c) = 4

Since third vertex is given origin therefore
S+ PPAE+ A +6=4 & &

Z3 =0
= a0 + U + Fa? = 2 ... (i) We know the condition of equilateral A for
complex plane,
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2 2 2

= zlz+zg+():zlzz +0+0
= (Zl + Zz)z— Zzl Zy = 212y
= (-a2x12=12
=>a?=12+24

=a* =36
=a= 136
= [a] = [£6]
= la]l =6

Hence, value of |a| is 6.

Hint:
(i) Use roots and coefficients relation for
quadratic equation,

(ii) Use the condition of equilateral triangle
in complex plane for given vertices.

Shortcut Method:
A (Zl)

0(0) B(z)

In equilateral triangle ,

Ziz, =z,
= (z1 +2,) 2 =322,
= la| =6

30.If f (x) and g (x) are two polynomials such that

the polynomial p(x) = f (x°) + x g (x°) is divisible
by x> + x + 1, then p(1) is equal to
JEE (Main) — 18" March 2021 - Shift-2]

Sol.The correct answer is (0).

Given

f(x) and g(x) are two folynomials such that the
polynomial p(x) = f(x°) + xg(x°) is divisible by x>

+x+ 1
PHx+1=0

- Lo 114

2
~1+4-3

= x= —==
2

- eo 1B
2

_ —1-43i

or X = 0)2
2
p() = f(©’) + 0g(e?)
po) = f(1) + og(1) =0 ()

¥+ x + 1dividing f(x)  ( o® = 1) ...(ii)
(v (@) =1
f(1)and g (1) arerealf(1) =g (1) =0
Lo fM)=0
Hint:
(i) Roots of ¥* + x + 1 = 0 are » and ®?.
(i) p (x) is divisible by x* + x + 1. So, p (w) =

p(w?) = 0.
(ii) Compare real and imaginary parts to find
f(1) and g(1).
(iv) Finally, compute p (1).
Shortcut Method:
P+x+1=0
X =0, o

p (1) =f(1) + g(1)
p () = f(1) + og(1)
p (@) = f(1) + o’g(1)
p)+p @) +p@)=3(1)+0

f1)=0
Lg@M=0
p1)=0+0=0
31.Let z and ® be two complex numbers such
that w=2z-2z+2, Z+;. =1 and Re (®) has
z—3i

minimum value. Then, the minimum value of n
e N for which " is real, is equal to .
[JEE (Main) — 16" March 2021 - Shift-1]

Sol.The correct answer is (4).

Given that
®=2z-2z+2 and ZH‘ =1 ...(3)
z—3i
. Z1
Using | = =1=|z1|=|z,],
2
We can write H_ =1 as,
z—31
|z +i|=|z—3i| ...(ii)

Put z = x + iy in equation (ii)

|x+iy+i| :|x+iy—3i|

=[x+ (y+1)i] =[x +(y -3)i] ...(iii)



z|= N

So from equation (iii)

\/xz +(y+1)2 = \/x2 +(y—3)2

>+ PP+ + 1=+ —6y+9

Since,

=>8y=8=y=1
Now using equation (i)
m:(x+iy)<x+iy)—2(x+iy)+2
using z.z =| z |, we can write
o= x> +y2 —2(x+iy)+2
= o= (% +y? 20 +2)+2yi

o=x*-2x+3)-2i; y=1
Now,
Re(w) =x* —2x+3
= Re(w) =2 +(x—l)2
Re(w) will be minimum when x = 1.

Hencez=1+5x=y=1
Now using equation (v)

0=1-2+3-2i= 0=2-2i

=o0=2(1-i)=0 = 2\/5(%—%1']
ol ()

= o=242 (Cosg+ sin[—gjij
0=22 {cos(—§)+ sin[gji]

> 0= Zﬁei[_g) =o' = (2\/5)” ei[_%j

" is real and minimum when n = 4.

JEE (MAIN) Solved Papers (Chapter-wise & Topic-wise) IaUlal3\7r.yy{e]

...(iv)

Shortcut Method:

Let z =x+iy; E=x—iy;
zz=x2+y%|z|= ¥ +12
0=2z-2z+2

= o=x>+y* +2-2x—2yi

Z+1

=1=|z+i|=|z-3i|=>y =1

z—3i

.(0)
... (i)

S0, @=x*-2x+3-2i
:>Re((o)=x2—2x+3=2+(x—1)2
Re(w) min at x = 1.
z=1+1i

0= 2\/56{_gj =o' = (2\/5 )n e[_TmJi

" is real and minimum when n = 4.

32. The number of solutions of the equation logy(x

—1)=log,(x—3) is
[JEE (Main) - 26" Feb. 2021 - Shift-1]

Sol. The correct answer is (1).

Given: log,(x — 1) = log,(x — 3)

log,. b= %bgu b
1
log,. (x—1) = Elog2 (x-1)

%log2 (x—-1)=log,(x-3)

= logy(x — 1) = 2log,(x — 3)
mlog,b=1logb"™
= logy(x — 1) =logy(x — 3)%
log,x =log,y

= x=y
x—1=(x-3)?

= x—1=x>+9-6x
= ¥ -7x +10=0

= x*-5x-2x+10=0

= x(x-5)-2(x-5)=0

= (x-2)(x-5)=0

= x=2,5

For log,(x — 1) to be defined,
x-1>0=>x>1

For log,(x — 3) to be defined,
x-3>0=>x>3

So, only answer is x =5
Number of solution = 1.

Hint:
@) log, b= 1logu b
n

(ii) mlog,b=Ilog,b™
(iii) log,x=log,y = x=y

Shortcut Method:
log, (x — 1) =logy(x — 3)
log, (x — 1) = 2logy(x — 3)
= x—1=(x-3)
= 2+9-6x-x+1=0
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= X-7x+10=0
w=2,5
For x=2
logy(x — 3) is not defined.
x=5
Number of solution is 1.

33. The sum of 162" power of the roots of the
equation x* —2x% + 2x—1 = 0'is .
DEE (Main) — 26" Feb. 2021 - Shift-1]
Sol.The correct answer is (3).
Given: B -2x*+20-1=0
= (®*-1)-2x(x-1)=0
@ -3 = (a-b)(@* + b* + ab)
B-1=x-1)%+1+7)
=12+ 1+ x)-2x(x-1)=0
= (-1 +1+x-2x)=0
= x-1)(%-x+1)=0
x:l,xz—x +1=0

o 1174

2
_1x4-3
2
SR
r= 1_\/51(1':\/3)
2
po 1443 o 1-43i
2 2
o= 1433 2 -1-43i
2 2

where » and ®? are cube roots of unity.
Cx=1-0,- o
Sum of 162" power of the roots
— 1162 + (—(,0)162 + (_(02)162
—1 + 62 + 32
sl+o+o’=0andw’=1
Sum =1 + (0)** + ()"
=1+1+1=3.

Hint:
(i) Solution of ax? + bx + c=0is
v ~b+Nb? —4dac
2a
(i) o= "“2*/5’ ot = "1"2\/51 ,i= -1

(iii) ® =1

Shortcut Method:
¥-222+2x-1=0
=  (@-1)@E*-x+1)=0

—  x=1 1+iVB 1-i\3

2 2

%= 1,—0)2,—co

Sum of 162" power of roots
— 1162 + (_ (02)162 + (_0))162
=1+ ((1))324 + (0))162
=1+1+1=3.

34.Let o and B be two real numbers such that
o +B =1 and ap = -1. Let P, = (&) + (B)",
n_1=11and P, , { = 29 for some integer n =
1. Then, the value of P? is .
JEE (Main) — 26 Feb. 2021 - Shift-2]
Sol. The correct answer is (324).
Given that o and 3 are two real numbers.
Also, o+pB=1 ...(4)
op =-1 ...(i1)
Let o and B are the roots of a quadratic equation,
then
X~ (a+B)x+ap=0
Using equation (i) and (ii), we can write
-Dx+(-1)=0
= P-x-1=0 ....(iid)
As o and B are the roots of the equation
x*—x—1 =0 then a and B will satisfy it.
a®~a-1=0andp?-p-1=0

= a’=a+landp?=p+1

= (02 (@) = (o0 + 1) (@™
and (B%) (B") = (B + 1) (8"

- 0Ln+1 =o'+ a”‘land

Bn-‘rl — Bn + Bn—l

- +Bn+1 :<0Ln +Bn)+(a"_1 +B"‘l) ...(iv)

Also given that P, = o" + " —..(v)
P, =11 ...(vi)
P, =29 ....(vii)

Now using equation (iv) and (v) we can write
Pn+1 = Pn + Pn—l
Now using equation (vi) and (vii)

29 =P, +11
= P,=29-11
= p,=18

P,)? = (18)*
= @y
= P?, =324
Hint:

(i) Quadratic equation whose roots are ‘o
and ‘B’ will be
X*—(a+B)x+af=0

(ii) Root of any equation, always satisfy its
equation.

(iii) Usirllg manipulation find value of o™ +
n+
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Shortcut Method:
Given, o+ B =1and aff = -1 then
o®—o-1=0andp*-p-1=0

= o®=oa+landp?=p+1
= OL"+1 + Bn+1 — (an + Bn)

+ (an—l + Bn—l)
= B 218, 4 )
= P,=18 = P? =324

35. If the least and the largest real values of o , for
which the equationz + o |[z-1| +2i =0

(z eCand i=v/-1 ) has a solution, are p and g

respectively; then 4(p* + ¢%) is equal to .
[JEE (Main) — 24" Feb. 2021 - Shift-1]

Sol. The correct answer is (10).

Given:

z+a|z-1]+2i=0(zeCandi=V-1) has a
solution.

Put z=x+1y

(x+iy)+a|x+iy—1][+2=0
Modulus of z = x + iy is |z| =/x* + y*
(x + 1y) +oc\l(x—1)2 +y% +2i=0

Compare real and imaginary parts,
y+2=0and x+a (x—l)z+y2 =0

= y=-2and x+a (x—1)2+4:O

-  x? =OL2(X—1)2+40L2

2
x
= a’= -
x“-2x+5
=  x*(a*-1)-2xa® +5a% =0
is a quadratic in x whose roots are real.
D=0

= (2a%)? -4(a®-1)(50%)20

= 4o -4(a*-1)(50%)20

= (xz(—4a2+5)20 = az(az—gjso

el

= o€ 22

NI
S0 PE Iy

55
= 4(2+2)=4(_+_j=10
P +q PR

Hint:
(i) Put z = x + iy in given equation

(ii) Compare real and imaginary parts both
sides.

(iii) For the roots to be real.
D=0

(iv) Find minimum and maximum value of o
to find required value.

Shortcut Method:
—z—2i
o=—
|z-1]

z=x+iy
_—x—(y+2)i

a=—"—2* qaisreal
z-1]

—X

V=172 +y?

2
. S— y=-2

- x*-2x+5
=  x*(?-1)-2xa®+50% =0

xeR, D=0

= az[az—éjﬁo
4

o=

2

5 45
: 2

4P+ ) =4 (%Z) =10

36. The number of the real roots of the equation
(x+1)* +]x—5| -2 is
4
[JEE (Main) — 24" Feb. 2021 - Shift-2]
Sol. The correct answer is (2).
Given: (x + 1)% + |x—5|= %

Consider two cases:
Casel: x=5
oo x=5] =x-5

Equation becomes

(x+1P2+x-5= =

= P+2+1+x-5=—"



COMPLEX NUMBERS AND QUADRATIC EQUATIONS

21 21
= 2+3x-4-2 = , (-1+iV3)" (1+iV3)
4 37.Let j=-1,1f — ——=kand 7
=  42+12x-16-27=0 (1-7) (1+7)
= 4+ 12x-43=0 = [|k|] be the greatest integral part of |k|. Then
n+5 n+5
/ N .
- xzw Z(J+5) —Z(]+5) is equal to
8 j=0 Jj=0
124332 [JEE (Main) — 24 Feb. 2021 - Shift-2]
X=———
8 Sol. The correct answer is (310).
oo T12%288 3472 Given: i = /-1
8
2 3 21 3 21
None of which is greater than or equal to 5. So, (_lﬂ 3) n (IH 3) _
no solution in this case. (1 —i)24 (1 +i)24
Casell: x <5
Equation becomes, 21 21
(x+ 1)2_(x_5) = z [2(_214-1\/ZEJJ (2(;—?1?}}
4
= u =k
2 27 2 1 i 1 i
> +x+6-2L =0=>4"+4x-3=0 \/E(_j \/E[+j
4 [ 2 2 V2 2
_ 4+16+48 448
YT T T (1/2,/3/2) 12:3/2)
:>x=__]‘2é:x=_él ’I/\ o
8 '8 22 60° 120" 60
Both are less than 5. 45
So, total number of real roots = 2.
(1/\/51'1/\/5)

Hint:

(i) If x = 5 then |x-5| = x-5. 1 3 2 .. 2n i%“
= ——+i—=cos—+isin—=e¢

(ii) If x < 5 then [x—5| =5-x. 2 2 3 3

T . T
2N os T iinto,3
Shortcut Method: = 2 1 2 cos 3 Fism 3 ¢
Forx =5 1 ; - e
— +—=cos=+isin—=¢ 4
(x+1)2+x—5=% > 5 75 CcOS—+1sin e
2 27 it
= * +1+3x—5—z — %—ﬁ:cosg—isin—:e 4
= 2+3x-a=2 2n 21 N 21
4 221 )¢ 3 22| e3
= x2+3x—4_3=0 s k= 4
4 N\ N\
If roots are more than 5, its sum cannot be —3 22| 4 22| %
Sum of roots = -3
So, no solution. Forx <5 59 ,20n 4 o9 in
=X (x+1)2—x+5— % =0 :29(ei20n+ein)
31 = 2%(cos 20m + i sin 20% + cos 1 + i sin 1)
== == =221 +i(0) + (-1) + i(0)) =2 x 0 =0
So, 2 roots. n= [|k|]




" n+5 ) 5 n+5
S= 2 (j+5)" -2 (i+5)
j=0 j=0
5 ) 5
= 2 (+3° -2 (j+5)
j=0 j=0

5
= Y [(j+5*~(j+5)]

j=0

5
= Y. [*+25+10j-j-5]
j=0

= Z(] +9j+20)

5 5
Z +20)°1

g — 5><6><11+9><5><6+120
6 2

=55 + 135 +120 = 310

Hint:
0

(i) cos 6 + isin 6 = ei
(i) z n(n+1)

n+1)(2n+l)

(iii) zz .

JEE (MAIN) Solved Papers (Chapter-wise & Topic-wise) [ilugl3\V:yj{et]

Shortcut Method:

— 29(ei2077+ei77) =0=k

n=[K] =0
n+5 n+5

> (j+5) = (j+5)

Jj=0 Jj=0

9p!
I

5
> (j* +9j+20)
j=0

_ 5X6X11+9X5X6+120
6 2
= 55+135+120

S = 310.

ao0o




