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BINOMIAL
THEOREM

Any algebraic expression consisting of only two terms is known as binomial expression.
The terms may consist of variables x, y etc. or constants or their mixed combinations. For
example: 2x + 3y, 4xy + 5 etc.

Binomial theorem gives a formula for the expansion of a binomial expression raised to
any positive integral power.
In general for a positive integer n
(X +Y)"="Cox"+ "Cy X"yt + "Cox"2y2 + . +"Cnx%" , where "c_ = (”—')II
n-r)'r!
forr=0,1,2,....... , nis called binomial coefficient.
2.1 PROOF OF BINOMIAL THEOREM
The Binomial theorem can be proved by mathematical induction
Let P(n) stands for the mathematical statement

(x+a)" =x"+"C;x"Ta+"C,x"2a?+...+"C, x" "a +.+a" ...
Note that there are (n +1) terms in R.H.S. and all the terms are of the same degree in x and a
together.

When n=1,L.H.S. =Xx+a and R.H.S. =X +a (there are only 2 terms)

~.P (1) is verified to be true
Assume P(m) to be true

e, (x+a)" =x™+ MC, x™ Ta+ "C, x" ?a+...+ "C, x"ta +..+am ...(i)
Multiplying equation (ii) by (x + a), we have

(x+a)™ (x+a)=(x + a){x'“ +MC, x"ta+ "C, x"?%a? +...

+ MC, x™ " a' +...+am}

Le., (x +a)™*t=xm+1 4 ("‘cl +1)xma+ (mC2 + ”‘Cl)x”"1 a? +..

m m m-r+1.r m+1
+( C + Cr_l)x a +..+a
=x"t 4 MEDC, xMa+ MYC, xM ta® +..
+ m+1Cr Xm+1—r ar _'_"_am+1 (|||)
. 1
(using the formula "C, + "C, , = "*UC,)

Equation (iii) implies that P(m + 1) is true and hence by induction P(n) is true.

Alternative method
By choosing x from all the brackets we get the term x". Choosing x from (n — 1) factors

and ‘a’ from the remaining factor we get x" 'a. But the number of ways of doing this is equal to
the number of ways of choosing one factor from n factors (i.e.,) "c,. Choosing x from (n - 2)

@
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factor and a from the remaining two factors, we get x"-2 g2. But the number of ways of doing
this is equal to the number of ways of choosing two factors from n factors. i.e., nc,. Finally

choosing ‘a’ from all the factors we get the term a".

Sx+a)"=x"+"C;x"ta+"C, x"?2a®+..+"C, x

Illustration 1

6
1
Question: Expand (X —;J

6 2 3 4
Solution: (X—lj = 8Cyx® + °Cyx° [_—1j+ 6C2x4(__1j + 6C3X3[__1j + 6C4X2[__1j
X X X X X

n-—-r r n

a —+..+a

= x°® —6x4+15x2—20+%—£4+i6
xZ x* x

BINOMIAL COEFFICIENTS

In the binomial expansion of (X +Yy)" = Z "C.x"y"
r=0

¢ The binomial coefficients of the expansion equidistant from the beginning and the end are
equal. In other words "C, = "Cy,..

e The greatest binomial coefficient in the expansion is always the binomial coefficient of
middle term/terms.

|| Illustration 7 ||

Question: If the coefficient of (2r + 4)" term and (r— 2)" term in the expansion of (1 + x)'® are
equal, find r.

Solution: Since coefficient of (2r + 4)" term in (1 + x)® = ¥Cps3.
Coefficient of (r— 2)" term = 18C;_3
= BCou3=1¥Cr3 = 2r+3+r-3=18

= 3r=18 =r=6.

I Illustration 8 I

Question: Find the coefficient of x®in the expansion of (1 + x + x3)°.
Solution: @+ x+x3)° =[@+x) +x3]°
=@+x)° +°; @+ x)® x3®+ 9%, @+ x)" x® +... ()

The coefficient of x° in 1+ x)° is °C4 i.e. °C,

The coefficient of x® in °c, @+ x)® x® = coefficient of x2? in °c, @1+ x)® = 9. 8C,

The remaining terms in (i) all contain powers of x higher than the fifth.

:9-8-7-6+9-8-7:378
1-2-3-4 1-2

~.the required coefficientis °C, + 9 x éC,

Alternatively
[1+x@+x3)]° =1+ °C; x @+ x?)+ °C, x% @+ x?)? + °C5 x® 1+ x?)3
+9C, x* @+ x?)* + ...

x ® occurs in 4th and 6th terms only and it is equal to =3 x °C, + °C,

=252+ 126 =378
Ilustration 9

Question: Show that 11"2 + 122" js divisible by 133.
Solution: 1172 41227 +1 =112 . 11" +12 (144)"
Now 144 and 121 should be expressed in terms of 133; 144 as (133 + 11) or 121 as (133 - 12)
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s |
=121-11" +12 (11+133)"

=11" (121 + 12) + terms containing 133 as a factor
=11" .133 + terms containing 133 as a factor
Hence the expression is divisible by 133.

o n—r+1
r
nl!
"C, _ (n—r)ir! _n-r+1
"Coy n! r
(n-r+H1(r-1!
Ilustration 10
Question: If ar be the coefficient of X" in the expansion of (1 + x)", then prove that
(a0 +a;)(a;, + a2)"-'(an—1 + an)= 8 -a; -8 ... 8p_g %
Solution: a, ="C,anda,_,="C,_,
a _"C,  nl (r—l)!(n—r+1)!_n—r+1_n+1_1
a , "C,_, r!(n-r) n! r r
a +a, n+1 )
a = ; ()
r-1

Puttingr=1, 2, ..... n and multiplying together,

ao +a1 a.1+a2 an_1+an _ (n +1)n
a, a )| a,, 1.2...n

(o 8y ooy 1) (N +2)"

(Eio + Eil) (Eil + a, )""(?in-—l + a, )::

The numerically greatest term (absolute value) in the expansion of (1 + x)" is determined
by the following process:
Let t+1 be the numerically greatest term, then | t; | < | tr+1 | > | tr+2 |

o t
Considering |—2{>1
r
- n-r+1
= n—r+1x >1 = 7|X|21
r
= (hr+1)|x|> = r<menXL ()
1+ x|
tr+1
Also |[—|21
r+2
- r+111., = r+1>(n-1|x|
n—-r X
= U RS
1+ x|
= ramentXl 4 ...
1+ x|

Thus from (i) and (i) for t.+1 to be the greatest term,
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r<m and r>m-1 where m = (n+2) | x|
I+ | x|
[ ]
o
X n
1+—
a
m = (n + ]_)M
I+ | x/a]|
Illustration 11
. . . . 2
Question: Find the greatest term in the expansion of (4 + 3x)" when x = 3
Solution: Here the greatest term means the numerically greatest term.

t | 'C,47"(3x) _8-r3x_8-r
R N -

since x = 2/3

Now|tr+1|2|tr|if8—r22r or gzr

This inequality is valid only for r =1 or 2
Thus for r = ],2;| t,+1|>| t,| and

forr=3,4;|tr+1|<|tr|
[ty | <[tz ]| <[tz |>|ta|>]ts |>.emne.
greatest term = | t; | = 'C, 4° - (3x)?, where x=§

=21x 4% x 22 = 86016

In the binomial expansion of (1 + x)", let us denote the coefficients "c, , "c,, "c, , ..... ,

"C, ,..... ,"c,byCo,C1,Cz, ...... O , Cn respectively.
e The sum of the binomial coefficients in the expansion of (1 + x)"is 2" :
(L+X)"=Co+ Cix+ Cox?+........ + Cp X"
Putting x =1
2"=Co+C1+Co+........ + C, (I)

n
oo »C =2".
Ilustration 12

Question: Prove that the sum of the coefficients in the expansion of (1 + x— 3x?)?1%%js —1.
Solution: Putting x = 1 in (1 + x— 3x%)?163, the required sum of coefficients

- (1 +1— 3)2163 - (_1)2163 =_1.
Ilustration 13

Question: If the sum of the coefficients in the expansion of (ax?- 2x + 1)® is equal to the sum
of the coefficients in the expansion of (x—ay)®, then find the value of a.
Solution: Sum of the coefficients in the expansion of (ax?— 2x + 1)%°

= Sum of the coefficients in the expansion of (x—ay)®®
Puttingx=y=1
(0—1)% = (1 —a)%®

©
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= (0—1)% =~ (a— 1)*
= 2(a—1)¥®=0
: o—1=0

a=1

e The sum of the coefficients of the odd terms in the expansion of (1 + x)" is equal to
the sum of the coefficients of the even terms and each is equal to 2"~*

Since (1+X)"=Co+C1+Cox?>+Cax®+....... + CpX"
Putting x = -1,
0=Co-C1+Co-Cz+........ + (—1)"Cn
and 2"=Co+C1+C+Cs+....... + Chn {from (i)}

Adding and subtracting these two equations, we get
2”22(C0+C2+C4+ ...... )and2”:2(C1+C3+C5+ ..... )
Co+Co+Cys+ ... =C1+C3+Cs+....=2m1

sum of coefficients of odd terms = sum of coefficients of even terms = 2"

Ilustration 14

Question: Evaluate the sum : 8C; + 8C3 + 8Cs + 8Cs.
Solution: Since 8C1 + 8Cs + 8Cs + 8C7 = sum of even terms coefficients in the expansion of (1 + x)®
=281=27=128.

Ilustration 15

Question: Showthat3.Co+7.C1+11.Co+.....+(4n +3) Ch = (2n + 3) 2".
Solution: This problem can be done be differentiating the expansion of x3(1 + x*)" and putting x = 1.
X3 (L+xH)"=x3(Co+ Caix* + Cox® + ...+ Cnx?")
= Cox® + Cax” + Cox! + ...+ Cpx™3
Differentiating we get,
= 32 (1 +xH"+x3n (1 + x)" 1 4x3 = 3x2Co + 7x8C1 + 11x10C, + ... + (4n + 3)x*™2C,
Now substituting x = 1 in both sides.
= 3Co+7C1+11Co + ...... + (4n + 3) Cyy
=3(2") + 4n (2)"1
=(3+2n) 2"
Alternative method
let S=3:Cy+7:-C;+11-Cp+......+(4n-2) "C,_, +(4n+3)C,
S=4n+3)Cy+(4n-1)C; +...+3C,
Adding
2S=(4n+6){Co +Cy +..... + C } = (4n + 6) 2"

S =(2n+3)2"

Ilustration 16

Question: Show that C;+2.C,+3.C3z+...... +n.Ch=n.2"1,

Solution: The problem can be done by differentiating the expansion of (1+ x)" and then putting
x=1
Alternative method
The numbers multiplying binomial coefficients are 1, 2, 3, ...., n and these are in arithmetic
progression.

let s=Cc;,+2.-C,+3:-C3+..+(n—-1DC,_, +n-C,
S=n-Co+(n-YC; +(n-2)C, +(N—-3)-C3 +....+1-C, _;

(Writing the terms in the reverse order and remembering that C; = Cn), adding

O,
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: S=n-2""1
Alternative method
S="C; +2-"C, +3-"Cg +..... +n-"C,

:n+2.n(n—l)+3'n(n_1)(n_2)+....+n
1.2 1-2-3
:n{1+n_1+(n_1)(n—2)+(n—1)(n—2)(n-3)+_...+1}
1 12 1.2-3

= n{(”‘l)CO +®0c, + 00c, 4. 40D Cn—l}

=n-@+D"t=n.2"""

Ilustration 17

Question: Show that C;—2.C2+3.C3-4.Cs+....4(-1)"'n.Ch=0.

Solution: The problem can be done by differentiating the expansion of (1+ x)" and then putting x
=1.
Alternative method
LHS. ="c,-2-"C, +3-"C3 —....+(-D)""1.n."C,

=N {1_ (n_l)Cl + (n_l)CZ - n_]CS ++(_1)n—1(n—1)cn71}

=n@-1)""*=nx0=0

n
Cr
k
I 1llustration 18 |
. n+1 _
Question:  Showthat ¢, +S2,.C2, , Cn _2 1
2 3 n+1 n+1
Solution: Integrating the expansion of (1 + x)" between the limits 0 to 1.

1 1
J'(1+ x)"dx = J'(cO +CyX 4o+ Cx" ) dx
0 0

1
1 n+1l 2 n+1
= @+x) = —Cox+C, X +..4C,
n+1 2 n+1
0 0
C C C n+1_
= Co + 2+ =22 4 ... n__2 1
2 3 n+1 n+1

Alternative method
"C2 N ”C3 N . "Cn

LHS. —14_C1
2

3 4 77 n+1
:1+E+n(n—l)+n(n—1)(n—2)+m+n(n—1)(n—2)...3«2-1
2 1.2-3 1.2-3-4 1-2-3..n-(n+12
_ 1 (n+1)+(n+1)n+(n+1)n(n—1)+m+(n+1)n(n—1)...3-2-1
n+1 1.2 1.2-3 1.2-3..(n+1)

1 {(n+1)C1+ (+DC, ¢ (D, o4 (n+1)Cn+1}

NGEE

L {2"** — 1} (from the expansion of (1+1)" **)

T n+))
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I| Illustration 19 |I

Question: Show that
C C c, 3"P-1
2.Co+2° 242322 gnttn o
2 3 n+1 n+1
Solution: Integrating the expansion of (1 + x)" between the limits 0 to 2.

2 2
J'(1+ )" dx =j(c0 +CyX + oo+ Cpx ") dX
0 0

n+12 2 n+1
= & =C0x+C1X—+...+CnX
n+1 2 n+10
C C c, 3nb_g1
— 2.Cyp+28 g3z Mt h o
2 3 n+1 n+1

Alternative method

LH.S. =Ll{<”+1)cl-2+ +de, .22 4 D, . 2% 4 4 (”+1)Cn+1.2(”+1)}
n+

-1 {1+ e, .2+ " Bc, .22 4 4 (W c_ 20D —1}

n+1
= 1 {(1+2)n+1_1}:3n+1—1
(n+1 n+1
[ ]
Illustration 20
Question:  Show that C2 +C2 +C2 +...+C? = (2'n)!I
n'n!
Solution: This example can be solved by considering two binomial expansions 1+ x)" and

n
1 1
[1+ ;j in which the coefficients of x" and — are equal and in the product of these
X
expansions the constant term will contain the square of binomial coefficients.

Consider (1+ x)" =Cy +C; x +C, x2 +C,, x"
n
1 c, C C
1+=| =Co+ 2+ 24 .+ 0
Taking the product of these two expansions and collecting the constant term in the

product,
Constanttermin RH.S. =c2 +c2 +c2 +...c?

1 n
= constant term in L.H.S. = constant termin (1+ x)" [1+ —j

X
= constant term in M = coefficient of x" in @+ x)2"
X
_ 2nCn _ (2n)!
(nh) (n1)
Question: Show that cZ —c? +CZ —C2% +.... + (-1)"C?

@



Mathematics
s |

0,if nis odd
(-1)"2

Jifniseven.

. 1"
Solution: Consider the product of the expansion of (1+ x)" and (1— ;j and compare the

constant term.
1 n
CZ -C2+C2+..+(-D)"C? = constant termin (1 + x)" [1— —)
X

@+x)" (x-np"

Xn

= constant termin

n 2\n
= constant term in M
X

= coefficient of x" in (" @ - x2)"

=0, if nis odd since all the terms in (1 — x2)" contain only even power of x
= coefficient of x®™ in (—1)2™@ - x2)2™, if nis even = 2m

m (2m)!  ni(-n"'?

"B

= ()" *"Cp = (D" *"Cp = (-1

Illustration 22

Question: Show that
(2n)!
¢ C +CC. ., +C,C  ,+..+4C ,C = : |
(n-r)!'(n+r)!
Solution: Consider (1+X)" =Cy +Cx +Cox? +..+C,x" +C, . x" "1+ .. +C x"

n
Cc
and(1+1j =CO+&+C—§+...+C—r+ LS Cn
X X X x"x X

In the product of these two expansions, collecting the coefficient of x '

@+ x)2"
n

CoC, +C,C,,,+C,C,,5 +....+C,,_, C, = coefficientof x" in
X

= coefficient of x"*" in (L+ x)?"
2n — (Zn)!
T n+r)I(n=r)!

8.1

If (\/E+Q)” =1+4+f where | and n are positive integers, n being odd, and
0 <f< 1, then show that (I +f) f = k" where P-Q?=k>0and VP —Q <1.
Proof. Given VP —Q <1

0<(P-Q)" <1
Now let («/E—Q)n =f" where 0 <f<1
| +f—f' = (/P +Q)" - (P -Q)"

RHS contains even powers of /P (*~nis odd)
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= RHS s an integer
Since RHS and | are integers,
f—f'is also integer.
= f-f=0 v-l<f-f<1l
or f=F

(1+H)f=(1+H)f'=(P+Q)" P -Q)" =(P-Q*)" =k".

8.2 If (\/B+Q)n =l+f where | and n are positive integer, n being even, and
0 <f< 1, then show that (I +f) (1 —-f) =k"where P -Q?=k>0and /P —Q < 1.
Proof : If n is an even integer then
(WP +Q)" + (VP —Q)" =1 +f +f'
Hence LHS and | are integer.
f + f' is also integer.

= f+f=1 v 0<f+f<2
f=01-1
Hence  (I+f)A-f)=(+f)f' =P +Q)" (/P -Q)"
=(P-Q?)"=k".
Illustration 23
Question: If 2+ +/3)" =1+ fwhere land n are positive integers and 0 <f <1,show that (i) | is
an odd integer and (ii) (1+f) (1—-f) =1.
Solution: () Now o<2_.3 <1 since 2 _./3 =0.268 (approx.)

L 0<(2-3)" <1 We cantake (2 - J3)" as f'.
NOW (2 4+ /3)" +(2-+/3)" =1 +f + f'
But LH.S. —2{2" 1+ "c,2"~2({/3)2 + "C, 2"~ 4(/3)* +..... | = aninteger
(in fact an even integer)
RHS. = | + f + f = an even integer
Also f +f'=1 since fand f’ are both positive proper fractions.
| = an even integer —1 = an odd integer.
(i) g+Ha-fH)=a+H)F)=@+/3)" - (2-/3)"

=(4-3)n=1"=1
Ilustration 24

Question: Let R= (5 J5 + 11fn+1 and f =R - [R], where [ ]denotes the greatest integer
function. Prove that Rf = 42n+1,
Solution: Greatest integer function is defined as follows:
[x] = greatest integer <X
In the case of positive number, x
[x ] =integral part of x
~.f=R —[R] implies that f is the fractional part of R
w 0<f<1l
Since 144 > 125 > 121, /125 = 5./5 lies between 11 and 12.
~.0<545 —11<1 and hence (5,/5 —11)2" +* will also be a proper fraction.
Let g=(5V5-11*>"**
Now [R]+f-g=R-g
=(55 +11D)2"+*1 _ (55 —11)2"*1
—2{ @D, (5/5)% .11t + N0, (5/5) "2 112 4 ... |

O,
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= an even integer
Since [R] is an integer, the above implies f —g =0 (i.e.) f = g.
Hence Rf = Rg = (5v/5 +11)2"+1 . (545 —11)2"*?*

- (125 - 121 2n+1 _ g2n+1

If neN, then the general term of the multinomial expansion (X1 + X2 + X3 + ..... + x)" IS

ag az ag ak
a o, la, 1 aklx1 LX52 L X5R XK
where apta+az+..... +ak=n
and O<a<n,i=1,2,3,....... k.

and the number of terms in the expansion are ™*1Cy_4.

Illustration 25

Question: Find the total number of terms in the expansion of (x +y + z + w)", neN.
Solution: The number of terms in the expansion of (X +y + z + w)" is ™4 1Cy_1.

= n+3c3

_ (n+3)(n+2)(n+1)

- 6

Alternative method
We know that

X+y+z+wW)" ={(x+Yy)+(z+w)}"

=(X+Y)" +"Ci((x+y)" Nz +W) + "CL(Xx +Y)"%(z +w)?

Number of terms in RHS.
=N+)+n.2+(n-1).3+..... +1.(n+12)

=Zn:(n—r+1)(r+1)
r=0
=Zn:((n+1)+nr —r2)
r=0
=(n+1)Zn:1+nZn:r —Zn:rz
r=0 r=0 r=0

nin+d) n(n+1(2n+1)
2 6

=(n+1).(n)+n.

_(+)(n+2)(n+3)
6

If neR, -1 <x < 1, then

n(n—l)x2+ +n(n—1)(n—2) ..... (n_r+1)xr+
o X e O

@A+x)" =1+nx +

Note:
(i) Inthe expansion if neR and n> 0 then -1 <x< 1.
(i) "C,can not be used because it is defined only for natural number.

(i) If x be so small then its square and higher powers may be neglected, then

approximate value of (1 + x)" =1 + nx.
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I ——
Important results:

° A+x) T =1—x+x2—x3+...... + (D" X"+
° A—x)t=1+x+x2+x3+........ X A
® (@A+x)?=1-2C;x+3C,x% —*Cyx> +......... +(=D" "'C, x" +.......

® (@A-x)? =1+ 2Cx+ 3Cox% + CoxZ 4o + "IC X" 4.
* @A+x)2=1-3C,x+*C,x% —°Cyx® +...... +(=D" "PC,x" +......
* (A-x)® =1+3C,x+*C,x% + ®C3x> + .. + "PC X" ..

In general, the coefficient of x" in (1 —x)* is ™1Cy 4
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PROFICIENCY TEST

The following questions deal with the basic concepts of this section. Answer the
following briefly. Do not consult the Study Material while attempting the questions.

1. Find the sum of coefficients in the expansion of binomial (5p— 4q)", where n is a positive
integer.
2. Show that a"Co— (a— 1) "C1 + (a— 2) "Co— (a— 3) "Cz + ..... (-1)" (a-n) "Cn = 0, where a
and n are positive integers.
3. How many terms are there in the expansion of ((x + y)*- (x-y)*)°.
2n
4. Find the term independent of x in the expansion of (xz +i2j .
X
1 15
5. Find the constant term in the expansion of (xS - —ZJ :
X
6. Find the numerically greatest term in the expansion of (3 + x)®, when x =3 ?
7. Evaluate the sum of 8C, + 8C,4 + 8Cg + 8Cs.
8. Show that 3"Co— 7"C1 + 11"Co + ........ +(4n+3)"Ch (-1)"=0.
C, C C C, (L+n.2"*Y
9. Show that o,z 4N _ )
4 n+2 (n+1)(n+2)
10.  Showthat c,c, +c,C, +....... +C, .C, =2"C,, Or 2"c,_,.

11, |If (\/E +D" =1 +f where I is a positive integer and 0 <f< 1 then show that (I + f) f = 1.

12.  Find the total number of terms in the expansion of (1 + x + x? + x3)*,

®
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ANSWERS TO PROFICIENCY TEST

1. 1
3. 7
4 1.35...(2n-1) ,,

n!

5. -15¢c,
6. 20(3°)
7. 127
12. 13

®
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SOLVED OBJECTIVE EXAMPLES

Example 1:
The digit at units place in the number 17199 + 1119%_ 719%g
(@ O (b) 1 (c) 2 (d) 3
Solution:
We have
171995 + 111995_ 71995 - (7 + 10)1995 + (1 + 10)1995_ 71995
= [71995 + 19950171994. 10t + 1995C271993. 102 + ... + 199501995. 101995]
+ [1995C0 + 1995C1101 + 1995C2102 + .. + 1995C1995101995] — 71995
= [1995C, 71994 101 + ... + 1019%5] + [1995C;110t + ...+ 1995Cy905 1019%] + 1995C,
= (a multiple of 10) + 1
Thus, the units place digits is 1.
Hence (b) is the correct answer.

Example 2:
If the sum of the coefficients in the expansion of (1 + 2x)" is 6561, the greatest term in the
expansion at x =1/2 is
(a) 4" (b) 5 (c) 6 (d) none of these
Solution:
Sum of the coefficients in the expansion of (1 + 2x)" = 6561
= (1+2x)"=6561,whenx=1

= 3"=6561

= 3"=3%=n=8

Now, m=(n+1)ﬂ=g=4.5
1+|2x]| 2

Hence, 5" term is the greatest term.
Hence (b) is the correct answer.

Example 3:
The number of terms in the expansion of (a + b + ¢)", where neN, is

@) n+DH(n+2)

2
Solution:
(@+(b+c)"=a™"Cia™ (b+c)l+"Cza"?(b+c)?+ ...+ "Cn(b +C)"

by n+1 (c) n+2 (d) (n+21)n

Further expanding each term of R.H.S.
First term on expansion gives one term
Second term on expansion gives two terms and so on.

N+ (n+2)
total number of terms =1 +2 + 3 + ... +t(n+l)= ——F7——

2
Hence (a) is the correct answer.
Example 4:
The number of terms which are free from fractional powers in the expansion of (a¥® + b%)%,
a#b is
@ 9 (b) 15 (c) 4 (d) none of these
Solution:

The general term in the expansion of (a® + b?3)* is

Tr+1 - 45Cr (a1/5)45—r (b2/3)r

= 45Cra9—(r/5)b2r/3 .
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This will be free from fractional powers if both r/5 and 2r/3 are whole numbers i.e. if r = 0, 15, 30,
45,

Hence, there are only four terms which are free from fractional powers.

Hence (c) is the correct answer.

Example 5:

n r
If nis an odd natural number, then Zﬂ equals
r=0 an
@ o (b) 1/n (c) n/2" (d) none of these
Solution:
n (_1)['

n
r=0 r

Now,

(n+1)/2 (_1)r (_1)n—r
= Z + (collecting the terms equidistant from the beginning and end in

r=0 nCr nCn—r
pairs)
(n+1)/2 _
= > (—1)’{ Cl: + ncl } (*+ (-1)"=-1 as nis odd)
r=0 r r
=0.

Hence (a) is the correct answer.

Example 6:

n
The value of Zkz (”Ck) is equal to
k=0
n-2 n-1
(@ n(n+1)2 (b) n(n+1)2 (©) n(n+1)2" (d) none of these

Solution:
General term =k2 "c,
>on(h=-D(n-2)...(n-k+12
1.2-3...(k-Dk

=k

nn-)(n-2)...(n—-k+1
' 1-2-3....(k -1
nn-Y(n-2)...(n—-k+1

1.2-3...(k=-2) (k-2
_n(n—l)(n—2)...(n—k+1)+ nn-)(n-2)...(n-k+12
1-2-3....(k-2) 1.2..k-2)(k-12

=n(n-1 ™32, ,+n"'C, ,

=k

=(k —1+1)

n

n n-1
Yk "o =nn-1 > "¢, +n > Ac,
k=0 k=0

k=0

n n-1
=n(n-1) Z(“‘Z) Cy_o+n Z(“‘l) Cy_1
k=2 k=1

=n(n-12-2""2 4 pn.2"n"1
=2"2fh(n-D+2nf=n(n+12""2
Hence (a) is the correct answer.
Example 7:

)
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15
The term independent of x in the expansion of { x+1 _ox-1 } is
(X2/3 _x s +1)  x —Jx
(@) °C; (b) Cq (c) **Cs (d) none of these
Solution:

Now X+1

(X2/3 _x1/3 +1)

133 , 13
S OO AT )41 (et b9= (s b) (aab + D)

(X1/3)2 _ Xl/S +12

g XL (x+D)(x-1) _ \/§+1:1+X_1,2
X — X Jx (Vx -1 Jx

15
Hence x+1 x-1
X213 _x¥3 41 x—x
General term
T = 150 (X1/3)15—r (_X—1/2)r
r+1 — r
— 15Crx(15—r)/3(_1)r X—r/2

_ 15Cr (_1)r X(15—r)/3—(r 12) )

15
_ {X1/3 -1+ X—1/2)} _ (xV3 _x V25

15-r
3
The term independent of X is Te+1 i.e. T7 = °Cs (-1)%° = 15Cg = 15Ca.
Hence (b) is the correct answer.

r
This will be independent of x if 3 =0ie.if30-2r-3r=0. i.e.ifr=6

Example 8:
The coefficient of x™in (1 +x) + (L + X))+ (L +x)™"2 + ........ +(1+x)", r<m<n is
€) "1Cm+1 (b) "~1Cm-1 (c) "Cm (d) "Cm+1
Solution:

@+ x)" {@+x)""
1+x-1
(v given series is a G.P. of n— (r— 1) terms with common ration 1 + X)
= coefficient of x™1in (1 + x)™1- (1 + x)"
= "Cm1 (note than m + 1 >r)
Hence (a) is the correct answer.

Required coefficient = coefficient of x™ in

Example 9:
If p(x) = x", then the value of p (1)+#+%+ _____ +p(”_)l(1), where p® (x) stands for rt"
! ! n!
derivative of p(x) with respect to x, is
(@) 2" () n (c) 2™t (d) none of these
Solution:
Here, p(x) =x", so
p'(x) =nx",
P’ (x) =n(n-1)x"?
P’ (x) =n(n—-1) (n-2) x"3, ... ,
PO () =n (1) ("= 2) ... (n-r+ 1) = __ "' y KT = 1 NG
n—r)

PW LW, P

1! 21 1!
=1+"C1+"Co+..... +NCph=2"
Hence (a) is the correct answer.

p@+
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Example 10:
1 1+v2x +1) [(1-v2x+1)'| | .
If X - is a polynomial of degree 5, then n =
V2x +1 2 2
@ 9 (b) 10 (c) 11 (d) none of these
Solution:
o L (1) (1-ac)
V2x +1 2 2
- 1 2 n 3 n 5
= — x\"CV2X +1+ "Ca(W2x +1)° + "Cc(W2Xx +1)° +.....
2n m { 1 3( ) 5( ) }
:’4 {”Cl + "Ca2x+1)+ "Ce(@x+1? + "Co(2x + 1) + "Co(2x +D* + "C1;(2X +1)° +..... }

Since, this polynomial is given to be of degree 5, therefore, n can be 11 or 12.
Hence (c) is the correct answer.
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SOLVED SUBJECTIVE EXAMPLES

Example 1:
1\ 1\
Find the coefficient of (i) x” in [aX2 +b_xj (i) and x~7 in [ax —b—zj . Find the relation
X
between a and b if these coefficients are equal.
Solution:
1 11 1 r 1oy
The general term in ax?+—=| = 11Cr (@) | = | g & s
bx bx "pr
If in this term, power of x is 7,then 22 -3r=7 =r=5
6
coefficient of x7 = 1ic, 2 .. (i)
b5
1 11 1 r
The general term in (ax - —2] =" e, @ax)tt ' (—ZJ
bx bx
11-r
1 a 11-3
= (_1)r 1Cr br X '
If in this term power of x is —7,then11-3r=-7 =1 =6
11-6 5
.. 7 a a .
coefficient of x™' = (-1)°® 'c, 5" He, oF .. (ii)
. a6 a5
If these two coefficients are equal, then =**c, Z_ = tc, =
b° b®
= a’b®=a°b°*=a’°b%(@-1)=0=ab=1(@=0,b=0)
Example 2:
If a, b, c,d are any four consecutive coefficients of a binomial expansion, prove that
a c 2b a+b b+c c+d .
+ = , , arein H.P.
a+b c+d b+c a b
Solution:

Let a, b, c, d be the coefficient of (r + ), (r + 2)™", (r + 3)™" and (r + 4)™" terms of @+ x)".
a= nCr' b= nCr+1' C= nCr+21 d= nCr+3

a "C, R
a+b rTCr + nCr+1 (n+1)cr+1 n+1

b nCH—l nc:r+1 _r+2

b+c B nCr+l+ nCr+2 B (n+1)cr+2 B n+1

c r+3

c+d n+1

Hence & . _C :r+1+r+3:2(r+2):2. b
a+b c+d n+1 n+1 n+1 b+c
a b c
a+b’'b+c’c+d

Similarly

are in A.P.
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I ——
Example 3:

Find the coefficient of x%in the expansion of (1+ x + x2 + x 3)*2.

Solution:

I+ x+x2 +x3=@Q+x)+x2 A+x)=@0+ X)L+ x2)

A+ x+x2 +xHT =@+ x)T @+ x2)1*

The general term in the product of these two series is
11Cr < 11Cs X +2s
Now r + 2s must be equal to 4 for values of r, s, 0 <r,s <11.
The possible values ofrand sarer=0,s=2;r=2,s=1;r=4,s=0

-, coefficient of x* = 13 x 1ic, +11c, xitc, + Yc, x Lic,

55 + 605+330

990

Alternative method

Coefficient of x* in (1 + x + x? + x3)1

= Coefficient of x* in (1 —x*)** (1 —x)™*

= Coefficient of x* in (1 — 11x%) (1 —x)™*
=11+4-1Cyo— 11 = ¥C10- 11 = 1001 — 11 = 990.

Example 4:
For what value of x is the fourth term in the expansion of

1 6
{(\/;,ogx+l + 1%/;} equal to 200; log x = logioX

Solution:
3

The fourth term of the expansion = 6C, (v/x)'°9% *1 (x¥12)3
i, 3
:20X4 2(1+Iogx) :200
1 3
i, 3
X4 2 (1+logx) =10

Taking logarithm on both sides,

1 3
—4+————tlogx=1
{4 2(1+Iogx)}

i.e. {(1+ log x) + 6} log x =4 (1+ log x)
i.e. (logx)? + 3logx— 4 = 0 = (logx + 4) (logx-1) =0
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Eitherlogiox = -4 or logiox = 1 =x =10 or 10

Example 5:
Find the coefficient of x*®° in the expansion of
@+ x)"0%° 4+ 2x @+ x )% +3x2 (1+ x)°® +...... +1001 x 1090

Solution:

Take (1+ x)"*% common, and let =r

1+ X

2 1000
S=(1+x)1000 1+2 -2 +L+ ..... +1001( j
14X 1+ x)

=@+ x)%[1+2r +3r? +....+1001 r1099

_ (1001 1000
= (1+ xJro00 {1 ! ]— 1001rr } , using the formula of A.G.P.

@-rp 1-

1001 1001
1- (1ij 100{&}
_ (1+ X)lOOO - -
1
[1+ XJ 1+x
coefficient of x*° in S = coefficient of x*° in (14 x)!°°2

= 1002,

= (L+ )02 _ x1001 (1 4 %) 1001 x1°01

Example 6:
Find the sum of the series

il r r
Z:(—l)r "C, [i+3—+7—+ ...uptom terms }
2r r 23r
r=0

22
Solution:
We have
n r r
Z(—l)r ”C{%+%+%+...uptomterms}
— 2" 2% 2
n 1 r n 3 r n 7 r
_ _n\n = _n\fn >~ _n\rn 2
_Z( 1) 'C, [2] +Z( ) C, (4) +Z( 1 Cr[Sj +...upto m terms
r=0 r=0 r=0
n n n
:[lflj +(1f§j +(171J Foennnn upto m terms
2 4 8
1" (1) (1)"
:(Ej +(ZJ +[§j F o upto m terms
1 1 1
72—n+ 2 +W+ ........ upto m terms
1 m
1 _(znj : . 1
=—|—~% 7 |beingthe sum of mterms of a G.P. with r = —
2" | 4,1 2"
2[1
3 2™ -1
2™ (2" -1
Example 7:

Prove that the coefficient of x "in the expansion
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X+3)" P+ X +)"2 X +2)+ (X +3)" P (x+2)% ...+ (x+2)" TS (3”‘r —2”")”Cr.
Solution:

The expression = (x + 3)" ! {1+ r+r2 4.+ rnfli where r = X +§
X+

n

_ n-1|1-r
=(xX+3) (1

1_(x+2jn
X+3
:(x+3)”’1 _\XFe)
1_x+2
X+3

=@ +x)" —2+x)"
-.coefficient of x* = "c, 3"-" —"c, 2" " ="C, ( n—r _2n—r)

j being the sum of a G.P.

=x+3)"-(x+2)"

Example 8:
2n 2n
If Zar x-2)" = Zbr (x —3)"and g =1 for all k2n then show that p, = @"+0c_ .
r=0 r=0
Solution:

2n
Zar (x —2)" is a polynomial in x of degree 2n expressed in powers of x —2 whereas
r=0

2n

Zbr (x = 3)" is an equivalent polynomial in x of the same degree expressed in powers of (x —3) in
r=0

which the coefficient (x — 3)" is b,. Compare the coefficient of (x — 3)".

2n
Now L.H.S. = Za, (x —2)
r=0

2n
=Y a{x-3)+1

r=0
Expanding this summation fully, we get
ap+a; (x-3+D) +a, {(x-3)+1 +a; {x-3)+1® +a, ,{x-3)+1"*
+a, {(x-3)+1" +a,,, {(x-3)+1"" + . +ay, {(x-3)+1"
In this, collecting the coefficient of (x — 3)" and remembering a, =1 for k > n,
The coefficient of (X -3)" =a, +a,,," " YC, +a,,," " 2C, +....+a,,°'C,

=1+ ("*Oc, + ("*Ac, 4+ 4 2C,
-

— (r1+2)(:1 + (n+2)C2 + (n+3)(:3 ¥ 2nCn
=+3Ac, L +3Ic, + ... 2"C,

. . 2n +1)
= @n+c which is also equal to ( )Cn 1
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Example 9:
Show that the sum of the product of the Ci’s taken two at a time and represented by
Ci Cjis equal to 22n-1 _ @)t
1<i<j<n 2(]’1!)2
Solution:
We know that ¢, +C; +C, +.... + C, = 2" squaring,

(Co +C1 +Cp +.... +C,)2 =22"
ie. (C§ +CZ +... +C§)+ ZZZ C,Cj=2"

ZZZ CiC;=2"" - {Cg +C? +...+C§}

23S ey ot L penoa (20)]

2(n)(nt) 2 (n1)2

Example 10:

Showthat ¢z ~2¢cZ +3-.-cZ2 —...—(2n)CZ, =(-1)""*n-.c, Where c, = 2"C,
Solution:

lets=c?-2.Cc2+3-C%2—-....—(2n)C3,

=—(2nN)CZ+(@2n-1)CZ -(2n-2)C3 —....+C?,

. 2 2

since C, = “"C; = "Cy,_, =Cyp, _,

adding

2s=(-2n)fc2 -c2-..+c2,}
=(=2n) (=" 2"c,
2S=EY"ten-®Ve, =)t -nC,
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SUMMATION OF SERIES OF BINOMIAL
COEFFICIENTS

The sum of the binomial coefficients in the
expansion of (1 + x)" is 2"

The sum of the coefficients of the odd terms in the
expansion of (1 + x)" is equal to the sum of the
coefficients of the even terms and each is equal to
2n7 1

Differentiation can be used to solve series in which
each term is a product of an integer and a binomial
coefficient i.e. in the form k"C,.

Integration can be used to solve series in which
each term is a binomial coefficient divided by an

. iAo nc
integer i.e. in the form r.

Product of two expansions can be used to solve
some problems related to series of binomial
coefficients in which each term is a product of two
binomial coefficients.

MIND MAP

Y

MIDDLE TERM/TERMS
In the binomial expansion of (x +y)".
WHEN n IS ODD

There are (n + 1) i.e. even terms in the expansion
and hence two middle terms given by
TN n-1
="Chyx 2y 2
2

t for r =

n+1
2
n-1

) n1lona
tnia ="Cpua x 2y 2 for
2 2

n+1
n+1

and r =

WHEN n IS EVEN

There are odd terms in the expansion and hence
only one middle term given by

n
t — nCn/2 Xn/2 yn/2 for r=—
+1 2

W
2

BINOMIAL THEOREM

NUMERICALLY GREATEST TERM

In the expansion of (1 + x)", calculate
[x]

m=(n+1)
( )1+|x|

If m is an integer, then there are two terms with
numerically greatest magnitude, for r = m and
r=m-1i.e.tna and tm.

If m is not an integer, then there is only one
numerically greatest tern, for r =[m] i.e.  tmpu
where [m] is the greatest integer function of m.

In general for the expansion
X n

@+x)ora"|1+—

a

| x/a|

we can consider m=(n+1)————.
1+ | x/a|

BINOMIAL THEOREM FOR ANY INDEX

@+x)" =1+nx +

If neR, -1 <x< 1, then
n(n |_l) <2 4

r!

In the expansion if neR and n> 0 then -1 <x< 1.

"C, can not be used because it is defined only for
natural number.

If x be so small then its square and higher powers
may be neglected, then approximate value of

A +x)"=1+nx.

BINOMIAL THEOREM FOR POSITIVE INDEX

» For a positive integer n, (x +y)" ="Cox" + "C; x" 1y +

nC2 Xn72 y2 +

forr=0,1, 2,

n!
(n—r)!r!
, n are called binomial coefficient.

n Oy/n
+ "Cox°y" where nc -

GENERAL TERM

The general term in the expansion of (x + y)" is
(r + 1) term, given by t.; = "Cx""y "where r = 0, 1,
n.

Every term in the expansion is of nth degree in
variables x and y.

The total number of terms in the expansion is n + 1.

Binomial theorem can also be expressed as
n

ey =D ey
r=0

The binomial coefficients of the expansion

equidistant from the beginning and the end are
equal. In other words "C, = "C,,_,.

The ratio of (r + 1) coefficient to r ™ coefficient is
n—-r+1

—

A

@)

Y

MULTINOMIAL EXPANSION

If neN, then the general term of the multinomial

expansion (X; + Xz + Xz + ..... + X" is
nt
xP . x52 xS xi
a;lay lag l...ay

wherea; +a; + as +
and O<a<n,i=1,2,3,
and the number of terms in the expansion are
n+kflc

k-1-
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EXERCISE - |

IT-SINGLE CHOICE CORRECT

6
1. If the coefficient of x® in (xs +K) is 160, then k is equal to
X
(@) 3 (b) 4
(c) 2 (d) none of these
2. The largest coefficient in the expansion of (1+ x)2* is
(@) 2c, (b) 2c,,
(C) 24C12 (d) 24(:11
3. If the coefficients of r™ and (2r + 5)th terms of the expansion of (14 x)s are
equal, then r is equal to
(&) 4 (b) 6
() 7 (d) 3
1 7
4. If the rth term in the expansion of (xz ——3j contains x*, then r is equal to
X
(@) 3 (b) 4
(c) 2 (d) none of these
1 10
5. The middle term in the expansion of (\/_—_j is
Jx
(a) 10C5X5/2 (b) 1OC5X_5/2
© oc, (d) —*cs
n
6. If the coefficient of x® and x° in the expansion of (3+%] are equal, then n is equal to
(@ 17 (b) 47
(c) 77 d) 67
7. If (1+ X — 2x2)4 =1+aX +a,X° +..... +8gX°, then the expression a, +a, +ag +a IS
equal to
(@) 8 (b) 7
(c) -8 (d) 16
8. In the expansion of (1+ X)5o, the sum of the coefficients of odd powers of x is
(@ O (b) 2%
(C) 250 (d) 251
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10
9. The 5" term from the end in the expansion of (3X —izj IS
X
17010 17010
@ = ®) =
(c) 2_130 (d) none of these
X

10.  The sum 2°c  +2°C, +2°C, +.... +2°C,, IS equal to

(8) 220 1 207 (b) 210 -2 20
(10 1)? 2°(101)2
(c) 212 420, (d) none of these
11. If in the expansion of (3 2 + %) , the ratio of the 7th term from the beginning and the
3
7th term from the end is é then nis equal to
(@ 12 (b) 15
(c) 16 (d) 9

12. The greatest term in the expansion of (2X + 5y)13 ,whenx=10,y=2,is
(@ *2c,.20%.10° (b) 2c,.207.10*
(c) 3c,.20°.10* (d) none of these

13. The greatest integer less than or equal to (\/5 + 1)6 is
(@ 196 (b) 197
(c) 198 (d) 199

10
X 3
14. The coefficient of the term independent of x in the expansion of (\/; +2—2]
X

S 7
a) — by —
@ - ® -
(c) % (d) none of these

15. The sum to (n + 1) terms of the series &—&+&—&+ ...... IS
2 3 4 5

1 1
a —— b
@ n+1 (b) n+2

1

c) —— d) none of these
©) n(n +1) @

16.  The coefficient of x*° in the expansion of (1+ x? — x3)8 is

(a) 476 (b) 496
(c) 506 (d) 528

17. The total number of terms in (x + y)2°° + (x — y)2°° after simplification is

(@) 202 (b) 101
(c) 100 (d) 201
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18. The term independent of x in (x3 ——j is

X
(@) -10 (b) 10
(c) —-20 (d) 20

19. If the binomial coefficients of the second, third and fourth terms in the expansion of

(1+ X)n are in A.P., then n is equal to

(a) 8 (b) 7
(c) 6 (d) 3
20. The number of terms in the expansions of (1+ 2X + x2)20 is
(@ 21 (b) 20
(c) 41 (d) 40
1 20
21. The greatest term in the expansion of \/5(1+—j is
J3
1 1
a) °Cc,— b) -2°Cc,—
(a) 757 (b) 757
(© % (d) none of these
22.  The coefficient of the term independent of x in the expansion of (x1’6 - x‘1’3)9 is
(a) -84 (b) 8.4
(c) 48 (d) 84

23. The sum of the coefficients in the expansion of (1— 2x+5x2)n is ‘a’ and the sum of

coefficients in the expansion of (l+ X)Zn is ‘b’, then
(@a=b (b) a=b?
(c)a? =b (d) ab=1
24. The sum of the last ten coefficients in the expansion of (1+ X)19 is equal to

(a)218 (b) 219
(c) 218 —19c (d) none of these

25.  The sum % e, -1c, +2.1%C, —-2%.1%C, +.... +2°.1°C,, is

1
(@) > (b) O

(c) %.310 (d) none of these
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EXERCISE - 1

IT-JEE — SINGLE CHOICE CORRECT

1. The value of %+%+C—5+ ...... is equal to
2" +1 2"
a b
@ n-1 ®) n+1
2" +1 2" -1
c d
(©) n+1 @ n+1
50 5
2. The coefficient of x 32 in the expansion of Z 0C, (x-4)"7"3" is
r=0
(a) soC33 (b) soC17
(c) —-s°c,, (d) none of these
3. The greatest coefficient in the expansion of (1+ X)10 is
10!
10!
a b
@ e ®) (517
c) 10! (d) none of these
517!
4, The coefficient of a2a,a, in the expansion of (al +a, +ag )4 is
(@ 21 (b) 12
(c) 24 (d) 42
5. 3°! when divided by 9 leaves the remainder
(@) 3 (b) 6
() 5 (d) O
6. If the sum of the binomial coefficients in the expansion of (x + y)" is 1024, then the
greatest binomial coefficient occurs in the r'" term where r is equal to
(&) 3 (b) 6
() 7 (d) 4
Yo then
7. Ifa, = —, then —— equals
" r=0 nCr r=0 r‘lcr
@ (n-1a, (b) na,
(© % na, (d) none of these
5 5
8. The expression (x +4x3 = 1) + (x —Jx3 - 1) is a polynomial of degree
(@ 5 (b) 6
() 7 (d) 8

®
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9. If C; stands for "c_ and p and q are any two numbers, then
p-Co—(P+9q)C, +(p+29)C, —.... to (n + 1) terms is equal to
(@) p/2" (b) pn
() 0 (d) q/2"
_ n n n n
10. If"C/isdenoted as | — | thenfor 2<r <n,| — [+ 2| — |+| ——=|=
r r r-1 r—2
n+1 by 2 n+1
a) | —= -
@) r-1 ®) r+l1
n+2 n+2
(€ 2 d) | —
r r
11. The value of term independent of x in the expansion of
2 9
(1+x+2x3)(3L—i] is
2 3x
54 12
a) — by —
(a) T (b) -
17
(© o (d) none of these.

" 2 2% —1
12. |If Z [Lj "C, = , thenniis

= r+1 6
(@ 8 (b) 4
(c) 6 (d 5
1 1 1 .
13. Thevalueofm+2!(n_2)!+4!(n_4)! ______ is
2n—2 on-1
(@) (-1 (b) —
(c) n—n, (d) none of these

14. The number of rational terms in the expansion of (1+\/§+§/§)6 is
(@) 6 (b) 7
() 5 (d) 8

15. Let f(n)=10" +3.4"2 + 5 n e N. The greatest value of the integer which divides f(n) for

allnis
(@) 27 (b) 9
(c) 3 (d) none of these

16. The value of 3°c, 3°c,, —° c, *°C,, +...... +3° C,, 3°C,, IS
(@) *°c,, (b) *°c,,
(C) 60C30 (d) 40C30
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17. If x =(7+4J§)2n =[x]+f, then x(1—f) is equal to
(@ 1 (b) 0
(c) -1 (d) even integer

18. If "ic =rc, ,(k? —3), thenk lies in the interval

(@) [~+/3, V3] (b) (¥/3, 2]

(©) [0, V3] () (¥3,2)
19. The coefficient of t2* in (1 + t2)2 (1 + t12) (1 + t*%) is

(@) 12Cs+ 3 (b) 12Ce+1

(C) 12C6 (d) 12C6 +2

n

20. z r(n—r)(”Cr )2 is equal to

r=0
(a) n2 . 2n—1Cn (b) nz ) ZnCn—l
(C) n2 . 2n-1c (d) n2. 2n72Cn

n+1

ONE OR MORE THAN ONE CHOICE CORRECT

1.  The term independent of x in the expansion of (1+x)" .(1—1j is
X
n-1
(@) 0,ifnis odd () (12 ."C,y,ifnis odd
2
© (172 "C,2. if nis even (d) none of these

2. LetneN.if 1+x)" =a; +ax+8,x* +.... +a,x" and a_ ,,a, ,.a, , are in A.P., then
(@) ay, a,, a; arein AP, (b) a,, a,, a, arein H.P.
() n=7 (d n=14

3.  Inthe expansion of (X +y+ 2)25
(a) everytermis ofthe form 25c . rc, .x?5".y"k zK
(b) the coefficient of x8y°z° is 0
(c) the number of terms is 325
(d) none of these

4. If @+2x+3%x%)1° =a, +aX +a,x? +.... + a,px2°, then
(@ a =20 (b) a,=210
() a =10 (d) a,=105
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5. If the second, third and fourth terms in the expansion of (a+b)rare 135, 30 and %

respectively, then

@ a=3 (b) b:%
(© n=5 d n=7
6. If @+x+x2)%° —ay +ax+a,x? +.... +ay5ox %, then
350 1 350 1
(@) ag+a,+..+a= 2+ (b) a,+az +...+ay = 5
(€) %°Cua,—°Ca, +*Coa, —..... +°°Cg, =0 (d) a =1

7. The coefficient of x in the expansion of E =1+ @+ x) + 1+ x)? +.... + L+ x)" IS
(a) n+2c:2 (b) n+2Cn
(C) r|+1C2 (d) n+1Cn—1

2
8. If mis a positive integer, then [(\/§+1) m] +1, where [x] denotes the greatest integer < X, is

divisible by
(@ = (b) 32””2
(c) 2™ (d)

9. (@+2x+2x3)" —ay +aX +a,x2 +.... +a,,x2", then aga, —aa,, ; +.... + 3,3, IS equal to
(@ Oifnis odd (b) 2c

(c) 2" nCD if n is even (d) 2n 2nc ifniseven
2

n

. : : 0 :
10. The largest coefficient term in the expansion of (3 + 2X)5 , Where x =% is

(@) 5" (b) 51t
(C) 7th (d) 6th
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EXERCISE - 111

MATCH THE FOLLOWING

Note: Each statement in column — | has only one match in column - ||

1.
Column | Column 1l
. The sum of the coefficient of x2 r =12 3, ...... in the
N A. r.].22n—1
expansion of (1+ X) is
Il. 1."c,+2."C, +3."C4 +..... +n."C,, is equalto B.22n+2
n n n
ILIf 3.0C, +3%.—=L 433 _S2 i _Cn
2 3 n+1 c o
"1 . n.2
=— —,theniis
n+1
n
IV. The sum Zr "C, is equal to D.2"*-1
r=1

REASONING TYPE

Directions: Read the following questions and choose
If both the statements are true and statement-2 is the correct explanation of

(A)

statement-1.

(B)

statement-1.

If both the statements are true but statement-2 is not the correct explanation of

(C) If statement-1is True and statement-2 is False.
(D) If statement-1 is False and statement-2 is True.
1 2m
1. Statement-1: The term independent of x in the expansion of (x + =+ 2} is (4_m)!2.
X (2mt)
Statement-2: The coefficient of x° in the expansion of (1+ x)" is
@ A (b) B (c) C (d) D
. . . " n+l
2. Statement-1: If n is an odd prime then integral part of [\/§+2 1-2 (where [X]
represents greatest integer <x) is divisible by 20 n.
Statement-2: If n is prime then "c "c,"c,,....."c,_, must be divisible by n.
@ A (b) B (c) C (d) D
3. Statement-1: Any positive integral power of (\/E—l) can be expressed as VN —+/N -1

Statement-2:

@ A

&

for some natural number N >1.

Any positive integral power of /2 -1 can be expressed as A-+B+~/2 where A

and B are integers.
(b) B

(© C (d D
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nC2 N nC3 B N (_1)n—l nCn 1 1

4. Statement-1: If s ="C, - and T, :1+5+§+ ..... +

2 3 n
then s, =T, foralln.

Statement-2: S ., -S, =T,.,-T,-

@ A (b) B (c) C (d D
5. Statement-1: If nis even, then 2"c +?"c, +>" C, +........ 42N C, , =22

Statement-2: 2nc, 42" C, +2" Cg +........ +2"C,_, =222

@ A (b) B (c) C (d D

LINKED COMPREHENSION TYPE

For k,n e N, we define

B(k,n)=1.23...k+234. . (k+D)+...+n(n+D...(n+k -1),S,(n) =n

and s, (n) =15 + 2% +... +n*

To obtain value of B(k, n), we rewrite B(k, n) as follows:

n(n+12........ (n+k)

Bk, n) = kt[(t)+ (1) + (2 ) oo+ () = e (R ) =

k+1
where (pj= PC. and pc - P!
r "rt(p-r)!
1. s,(n)+S,(n)equals
(@) B(2n) (b) %B(Z, n) © %5(2, n) (d) none of these
2. S;(n)+3S,(n)equals
(& B(3,n) (b) B(3,n)-2B(2,n)
(c) B(3,n)-2B(1,n) (d) B(3,n)+2B(1,n)
3. If @+x) =1+ PCx + PC,X” +..e.. + PC XP, peN , then
() ) + (58, o (M) + o ()8, (M) + (184 () equas
@ (n+o~ (b)  (epkioa
(€) nkx—(n-1k (d  (+Dk —(n—Dk
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EXERCISE - IV

SUBJECTIVE PROBLEMS

1. If the coefficients of 2", 3™ and 4" terms in the expansion of (1 + x)?" are in A.P., show
that 2n>-9n + 7 = 0.
2 f(L+X)"=Co+Cix+Cox?+ ........ + Cnx", then prove that
C C C C
142224324 . +n=2r =n(n+1).
G, G G Cha 2
3. Find the value of x such that the sixth term in the expansion of
7
{zlogz y3x -2 4 2logz (3t —2)1/5} is equal to 21.
4. showthat (", f —(*c,f + (¢, f -...+ (*"c, f =(-)" *c,.
5. Show that ¢, >"c, —c, »2c, +C, > *C, —...=2".
6. For any positive integers, (m < n) let (nJ ="c,, - Prove that
m
n n-1 n-2 m n+1 .
( }L[ }{ }L +( J:( J Hence or otherwise, prove that
m m m m m+1
(n]+2(n_1j+3[n_2j+....+(n -m+1) (m] =[n+2j-
m m m m m+2
7. Prove that C§ -C] +CJ —...+(-)™ ' "C,._, =
D™ (=) (n—2)... n—m=+D}/ (M—1).
| n n
8  Provethat —— = > f :
2(n+3) = C,
9. Show that
CZ+ 1;2022 + 1Jr2+3032 Fovereer . upto n terms = %[n.zn‘lcn +2" C, —1]
"C "C "C "C 1
10. Provethat —2 - —t4 2 _ 4+ (-1)" ="-=
n n+l n+2 2n  n.*C

®
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ANSWERS

[IT-SINGLE CHOICE CORRECT

EXERCISE - |

1. (c) 2. (o) 3. (@ 4. (c) 5. (d)
6. (c) 7. (b) 8. (b) 9. (b) 10. (d)
11. (d) 12. (c) 13. (b) 14. (a) 15. (d)
16. (a) 17. (b) 18. (a) 19. (b) 20. (c)
21. (a) 22. (a) 23. (a) 24. (a) 25. (a)

EXERCISE - 11

IT-JEE — SINGLE CHOICE CORRECT

1. (d) 2. (c) 3. (b) 4. (b) 5. (d)
6. (b) 7. (c) 8. (c) 9. (¢) 10. (d)
11. (¢) 12. (d) 13. (b) 14. (b) 15. (b)
16. (b) 17. (a) 18. (b) 19. (d) 20. (d)
ONE OR MORE THAN ONE CHOICE CORRECT
1. (a, ) 2. (a,¢) 3. (a,b) 4. (a, b) 5.(a, b, ¢)
6. (a, b, c) 7.(c,d) 8.(a, c) 9.(a, c) 10. (c, d)

EXERCISE - 111

MATCH THE FOLLOWING

1. | — (D), Il = (C), Il = (B), IV — (A)

REASONING TYPE

(@)

3. (b)

(©)

6 -
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LINKED COMPREHENSION TYPE

1. (a) 2. (o) 3. (b

EXERCISE - IV

SUBJECTIVE PROBLEMS

w

x
1

N

®



