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DETERMINANTS

11 EVALUATION OF DETERMINANTS

a, b
a'2 2
elements, arranged in two rows and two columns, is called a determinant of second order. The
elements a; and b, are said to lie along the principal diagonal; the elements a, and b, are said to
lie along the secondary diagonal.

The value of the determinant is obtained by forming the product of the elements along the
principal diagonal and subtracting from it the product of the elements along the secondary

Determinants of second order: The symbol consisting of 22 numbers called

diagonal.
a, b
a, D,
a'1 bl Cl

Determinants of third order: The symbol |a, b, c,| consisting of 3% elements
a; by ¢,
arranged in three rows and three columns, is called a determinant of third order. Its value is
aiboCs + azbsci + ashico—aibsc,—azbics—asbaca
This may be written as a; (b2Cs—bsC2) —b1 (azcs—asc2) + ¢1 (azbs—asby)

b, c, a, G, a, b,
or a, —b, +C,
(e a; C; a; by
We can therefore write
a, b, c
c a, C a, b "
a, b, c,|=a] > Zl-b| ? ?l+c,| ? b2 ... (ii)
c a, C a
a, b, c, 3 ©3 3“3 3 M3

Note that each term of a second order determinant is the product of two quantities and
each term of a third order determinant is the product of three quantities.
1.2 MINORS

The minor of a given element of a determinant is the determinant of the elements which
remain after deleting the row and the column in which the given element occurs.

b, a G

C
2|, and the minor of b in (ii) is
3 C3
The minor of a; in (i) is b2 and b, may be considered a determinant of first order. Similarly,
the minor of az is bs.

For example, the minor of a; in (ii) is

a; Cj
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1.3 COFACTORS
In (ii), the elements as, b1, c1 are multiplied by

b, c, a, G, a, b,
by c3 a; Cj a; by

These expressions are called the cofactors of the elements as, b, c1.

Generally, the cofactor of an element is its minor with its sign or opposite sign prefixed in
accordance with the following rule:

For any determinant if aj be the element at the intersection of the ith row and jth column,
then the cofactor of a; has positive sign or negative sign before minor of a; according as i + j is
even or odd. The determinant may be expanded along any chosen row or column.

The cofactors of the elements as, b1, 1, az, bz, €2, as, bs, ¢z will be denoted by A, B1, Ca,
Az, B, Co, Az, Bs, Cs respectively.

For example, element bs in (ii) lies at the intersection of the third row and the second
column. Since 3 + 2 =5 is an odd number, we have

a, C
B3=— 1 1
a, G,
a
The cofactor B, of the element b, is + al cl , because element b, lies at the
3 3

intersection of the second row and the second column, and 2 + 2 = 4 is an even number.

Let the determinant (ii) be denoted by A. When the cofactors are used, the expansion of
the determinant takes the compact form:

A =aiAr + biB; + ¢c1C1 = axAs + boBs + ¢,Co = azAsz + b3Bs + ¢3Ca.

A = aiA1 + @Az + asAz = b1B1 + boBo + b3zBz = ¢1Cy + €2Cs + €3C3
and axA1 + boB1 + c2Cq1 = 0 = axAsz + hoBs + ¢-,C5 etc.

Ilustration 1

Question: Evaluate the determinant
2 3 4
A=5 2
1 2 3
Solution: Expanding along the second row, we have
3 4 2 4 2 3
A=-5 -2 -1
‘2 3 ‘1 3 2‘
=_5(09-8)-2(6-4)-1(4-3)
=-5-4-1=-10.
Expanding along the third column, we have
A_al® —2‘_1‘2 3‘+3 2 3‘
1 2 1 2 5 -2

=4(10+2)-1(4-3)+3(-4-15)
=48-1-57=-10.
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Ilustration 2

Question: Show that

1 a a?
1 b b?| =(a-b) (b—c) (c-a).
1 ¢ c?

1 a a®
Solution: LetA=[1 b b?
1c¢c c?

If b is put equal to a, two rows are exactly alike.
~A=0whenb=a
.. (a-h) is a factor of A (This follows from the factor theorem which states that for f(x), if
f(a) = 0, then (x— a) is a factor of f(x)).
Similarly (b—c) and (c— a) are factors.
Again, A is of the third degree in a, b and c.
And we know already three linear factors (a—b), (b—c) and (c-a). If there is another factor,
it must be a mere number.
1 a a’
Thus 1 b b?| =N (a-b) (b—c) (c-a), where N is a number.
1 ¢ c?
By equating coefficients of bc? on both sides, N = 1
~.A = (a-b) (b—c) (c-a).
Alternative method:

1 a a®
A=l b b?
1 ¢ c?

Subtracting the second row from the first and then the third row from the second, we have

0 a-b a’-b? 0 1 atb
A=10 b—c b?-c?|=(a-b)(b—<)|o0 1 bic
1 ¢ c? 1 ¢ c?

Now expanding along the first column, we have
A = (a-b) (b—c) [(b + c) — (a + b)] = (a-b) (b—c) (c-a).

Ilustration 3

Question: Show that
b+c c b
A=|c c+a a =4abc.
b a b+a
Solution:
2(b+c) 2(c+a) 2(a+b)
A=1 ¢ c+a a by R1:R1+ R2+Rs3
b a a+b

Now take 2 as a common factor and then apply Rz : R>—R1 and Rs : R3—R1

b+c c+a a+b
A=2| b 0 -b
-c —C 0
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Now apply Cz : C>— Cs

b+c a-b a+b
A=2| b b -b
—C 0 0
Now expand through Rs
A = 2[(-c) { —ab + b?>-ab-b?}] = 4abc

Ilustration 4

1 1 1
Question: Show that A = a b c =0.
a’-bc b?-—ca c?-ab
Solution: C,:C;-C,and C, :C, -C4
0 0 1
a-b b-c c
a’-b%+c(a-b) b%?—c?+a(b—c) c?-ab
0 0 1
i.e., (a-b)(b—c)| 1 1 c

atb+c b+c+a c2?-ab

i.e., (ab)(b—<c)[(b+c+a)-(a+b+c)]=0.
Note: If a determinant can be so transformed that two elements in a row or column are
made zero, then the determinant can be expanded in terms of that row or column.

Ilustration 5

1 a a2 1 bc b+c
Question:  Showthat {1 b b2 |=|1 ca c+a
1 ¢ c? 1 ab a+b
1 bc b+c 1 bc atb+c-a
Solution: Wehave |1 ca c+al|=|1 ca a+b+c-b
1 ab a+b 1 ab a+b+c—c
1 bc a+b+c 1 bc a
=|1 ca atb+c |—-|1 ca b
1 ab a+b+c 1 ab c
1 bc 1 bc 1 a
=(@+b+c){1 ca 1| + |ca 1 b
1 ab 1 ab 1 ¢
bc 1 a
—|ca 1 b |, since the first determinant vanishes
ab 1 c
L abc a a? ) 1 a a?
= ——|abe b b2 =%1bb2
abc abc
abc ¢ c? 1 ¢ c?
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Il 1lustration 6 |

Question: Without expanding the determinants, prove that
atb b+c c+a a b c
b+c c+a a+b|=2|b c a
c+a a+b b+c c ab
Solution: The determinant on the left is equal to

2(@+b+c) b+c c+a
2(@+b+c) c+a a+b
2(a+b+c) a+b b+c
a+b+c b+c c+a

=2|la+b+c c+a a+b
a+b+c a+b b+c

a b+c c+a
=2|b c+a a+b

c a+b b+c
a b+c c¢ a b c
=2|b c+a a|=2|b c a
c a+b b c a b
I Ilustration 7 I
Question: Show that
1 a bc 1 a a’
1 b cal=[1b b?|.
1 ¢ ab 1 ¢ c?
Solution: Let A stand for the determinant on the left.
L a a? abc ) a a? 1
Then A = b b b? abc =-§B%- b b? 1
c c? abc c c? 1
a1l a? 1 a a’
=—|b 1 b?|=|1 b b?
c? 1 ¢ c?
a, b, c; d, b ¢
Let A,=|a, b, c,|and A, =|d, b, c,| betwo third order determinants in which
a; by c; d; by cj3

corresponding second and third columns are identical.
a,+d;, b, c
Then A, + A,=|a,+d, b, c,
a;+d; by c,
This fact is evident if we expand all the three determinants in terms of column 1 and
compare the results.

O,
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p. O, I
Similarly if A; =|a, b, c,|,
a; by c;

a+p; b+a; ¢t
then A, + A;=| a, b, C,
as by C3
Here we note that the corresponding second and third rows are identical.
d,+e+f, d,+e,+f, d;+e;+f1;
Similarly the determinant b, b, b,
c, c, Cy

Can be decomposed into the sum of three determinants

d, d, d; €, €, €, f, f, f;
b, b, by|+|b, b, by |+|b b, by
C, C, C; C; C C3 C; C; Cj3

It may be observed that the determinant
a,+b, c;+d;, e+
a,+b, c,+d, e,+f,| canbe expressed as sum of 2 x 2 x 2 = 8 determinants.

as+b; cy+d; e;+f;

I Illustration 8 I

2k x 2"

n

Question:  IfA«=|2@*") y 3"-1|,provethat ¥ A,=0.
3(41Y z 4" k=1
Solution: Observe that all the determinants A, A, ...., A, have identical second and third column.

n

Zz“ x 2"-1
k=1

n

n
Hence » A= > 23" y 3"-1
k=1 k=1

n
D3 z 4t

k=1

n n_
Now Z 26142+ 224427 = 22—11 =2"-1 (sum of nterms of a G.P.)
k=1 _

n n_
3 2@ =2 {143+ 3% 37 2D gy
— 31

n
and 23(4"*1) = 4" -1
k=1

] 2"1 x 2"
Hence ) Ac=|3"-1 y 3"-1|=0since Ci=Ca.
L |4 oz oana
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Il 1ustration 9 |

2r+1 "C, 1 n

Question: If f(r)=[n®+2n+1 2" n+1 , 0<r<n, then prove that Zf(r) =0.
cos?(n?) cos?n cos?(n+l) r=0
Solution: Since Rz and Rz are constants (independent of the variable r)
n n n
Z (2r+1) Z C, Z 1
n r=0 r=0 r=0
Zf(r) =| n?+2n+1 2" n+1

cos?(n?) cos’n cos?(n+l)

Zl=1+1+ ...... (n+1)times=n+1
r=
2
N (n+1) 2" n+1
Zf(r) =| (n+1)? 2" n+1 =0 since R;=R,
r=0 cos?(n?) cos?n cos?(n+l)

Two determinants of the same order i.e. each consisting of the same number of rows and equal
number of columns can be multiplied to give a determinant of the same order. Thusif Aisa 2 x 2
determinant and B is another 2 x 2 determinant, A xB = C is also 2 x 2 determinant. The

multiplication is done by a method of working the row of A on the columns of B.
The method is as follows:

A & Qo |0 %
b, b, B B
then AB = oy +aB; o, +aph;

bioy + BBy b, + b,
To cite a numerical example for a 3 x 3 determinant; we have
1 3 4 2 1 2
2 -1 6|x|{0 1 3
3 0 2 1 2 4

Ix2+3x0+4x1 Ix1+3x1+4x2 Ix2+3x3+4x4

=[2x2+(-Dx0+6x1 2x1+(-Dx1+6x2 2x2+(-)x3+6x4

3x2+0x0+2x1 3x1+0x1+2x2 3x2+0x3+2x4
(The first row is obtained by working the first row elements 1, 3, 4 respectively on 2, 0, 1

the first column; then on 1, 1, 2 the 2" column; then on 2, 3, 4 the 3 column. Likewise
for the 2" and the 3" row.)

6 12 27
=10 13 25
8 7 14
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Verification
1 3 4 1 3 4
acl2 -1 6lzlo -7 -2 —- (R, —2R;)=70-18 =52
3 0 2 0 -9 -10| 2> (Rs-3Ry)
2 1 2 0 -3 -6
B=/0 1 3|=|0 1 3|-5>(R;-2R3;)=-9+6=-3
12 4 1 2 4
6 12 27 2 4 9 2 4 9
C=[10 13 25|={10 13 25|/=3|0 2 2|—>R, -(R; +R3)
8 7 14 8 7 14 8 7 14
2 4 5
=3|0 2 0|=6(14-40)=-156
8 7 7
SJAB=-156=C

The multiplication can also be performed row by row, column by row or column by column.

| Hlustration 10 |

yz = x2 zx —y? xy —z2 r? u? u?
Question:  Showthat |zx —y? xy —z? yz-x?|=|u? r? u?
Xy —z? yz-x? zx —-y?| |[u? u? r?

Where r2 = x2 +y2 +z2 andu? =yz + zx + xy.

Xy z
Solution: Consider the determinant A=|y z x

z Xy
Minor of X is yz — x2; of y is y? —zx, of zis xy — z?2
L.H.S. determinant in the problem is therefore

X =Y Z
-Y Z —X|,where capital letters denote the minor of the corresponding small
zZ -X Y
letters.
X =Y Z Xy z||X y z
SLHS=|-Y Z —-X|=|y z X||y zZ X
zZ -X Y z X Yyl|lz x vy

X2+y2+27% Xy +YyZ+ZX XZ+XY +YZ
=| xy +yz+zx x2+y?+2® xy+yz+2zx
Xy +YZ+2ZX Xy +yz+2zx X% +y?+72

={u? r? u?|inthe notation of the problem.
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| Nlustration 11 |

Question: For all values of A,B,Cand P, Q, R.
cos(A-P) cos(A-Q) cos(A+R)
Show that [cos (B-P) cos(B-Q) cos(B-R)=0-
cos(C—-P) cos(C-Q) cos(C-R)

Solution: The given determinant is the product of
cosA sinA O cosP cosQ cosR
Ay =|cosB sinB O|andA, =| sinP sinQ sinR
cosC sinC O 0 0 0

and A;, A, each =0 and hence the problem.

(or) alternately
cos(A-P) cos(A-Q) cos(A-R)
cos(B—-P) cos(B-Q) cos(B-R)
cos(C-P) cos(C-Q) cos(C-R)

cosA cos(A-Q) cos(A-R) sin A cos(A-Q) cos(A-R)
=cosP|cosB cos(B-Q) cos(B-R)|+sinP|sinB cos(B-Q) cos(B-R)
cosC cos(C—-Q) cos(C-R) sinC cos(C—-Q) cos(C-R)

=(cos P) A +(sin P) B, Where
cos A sin AsinQ sin AsinR
A =|cosB sinBsinQ sinBsinR
cosC sinCsinQ sinCsinR

Where C, isC, —(cosQ) C,
C;isC; —(cosR) C;

CosA sin A sinA
—sinQsinR|cosB sinC sinB|=0 (2™ and 3" columns are identical)

cosC sinC sinC
Similarly it may be proved that B, =0.

Differentiation of a determinant whose elements are functions of a variable x.
f(x) 9(x)
h(x) u(x)
Then F(x) = f(x) - u(x) — g(x) - h(x)

SR = {109 - w60 + UG - 109} 190 - () + () 60}

dx
_ (PO g x)f, 1) 9(x)
h(x) u(x)| [h'(x) u'(x)
Thus F'(x) is the sum of two determinants, of which the first one is obtained by
differentiating the elements of the first row alone and retaining the second row without any
change and the second one is obtained by differentiating the elements of the second row.
f(X) 9,0 hy(x)
Similarly if F(x) = [f,(x) g,(x) h,(x)
fy(x) 93(x) hs(x)
fi0) 91(x) hi(x¥)| [f(x) 9:(x) hy(x)] [fi(x) 9.(x) hy(x)
then F'() = f,(x)  92(x) ho(X)] + [f2(x)  g2(x) hy(x)| + |f2(X) g2(x) hy(x)
fa(x) 93(x) hs(X)| |f3(x) g3(x) hs(xX)| [f3(X) g5(x) hz(x)

Let F(x) =

and F'(x) =

O,



Mathematics

| Nlustration 12 |

Question: If a be a repeated root of a quadratic equation f(x) = 0 and A(x), B(x), C(x) be
polynomials of degrees 3, 4 and 5 respectively, then show that
A(x) B(x) C(x)
A(@) B(a) C(a)
A'(a) B'(a) C'(a)
is divisible by f(x), where dash denotes the derivatives.
Solution:
A(x) B(x) C(x)
Let g(X)=|A(@) B(a) C(a)
A'(a) B'(a) C'(a)
A'(x) B'(x) C'(x)
Theng'(X) = [A(a) B(a) C(a)
A'(e) B'(a) C'(a)
Ala) B(a) C(a)
Now g(a) = |A(a) B(a) C(a)
A'(a) B'(a) C'(a)
Since two rows are identical, we have g(a) =0
A'(e) B'(a) C'(a)
9'(a) =|A(a) B(a) C(a)
A'(a) B'(a) C'(a)
Since two rows are identical, we have g'(a) =0
Since g(a) = 0 and also g'(a) = 0, o is a repeated root of g(x) =0
g(x) = (x—a)h(x) . ()
Since a is a repeated root of f(x) = 0, we have
f(x) = N(x-a)? ... (i)
where N is a some number. From (i) and (ii) we find that g(x), i.e., the given determinant is
divisible by f(x).

6.1 SYMMETRIC DETERMINANT

If the elements of a determinant are such that aj= a;, (where a; is the element of i"row
and j" column), then the determinant is said to be a symmetric determinant. The elements
situated at equal distances from the diagonal are equal both in magnitude and sign.

e.g.

a h g
h b f|=abc+2fgh—af?—-bg?—-ch?
g f
6.2 SKEW SYMMETRIC DETERMINANT
If a; = —a; (where aj is the element of i"row and | column), then the determinant is said to
be a skew symmetric determinant, which means that all the diagonal elements are zero and the
elements situated at equal distances from the diagonal are equal in magnitude but opposite in
sign. The value of a skew symmetric determinant of odd order is zero.
6.3 CIRCULANT DETERMINANTS
The elements of the rows (or columns) are in cyclic arrangement.
a b c
b ¢ al=—(a®+b®+c?-3abc) =—%(a+b+c)><{(a—b)2 +(b-c)? +(c-a)?}
c ab

Cc
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I Ilustration 13 I
a b c

Question: Evaluate the determinantA =| b ¢ a

c ab

and show that it is negative for all positive values of a, b and c.

Solution: Expanding along the first row, we have
c a b a b c
A=a —b +C
a b c b c a

A = a(bc-a?) -b(b?>-ca) + c(ab—c?) = 3abc-a®-b3-c?
=—(a®+b®+c3-3abc) =-(a+b+c) {a®+ b?+ c’-ab-bc—ca}
_(@+b+c)

== {(a— b)’+(b-c)?+(c _a)z} is negative if a, b and c are positive.

7.1  THE SYSTEM OF TWO LINEAR EQUATIONS IN TWO UNKNOWNS
Consider the system of two linear equations in two unknowns:
aix+biy=c
axX + by =c2
Solving the system we get the answer

c, b a ¢
_Ciby—cyb, G b, sy - AaCom @0 &2 Co
a;b,— a,b, a, b ab,—ab, |a, b,
a, b, a, b,
. . . . . la by
Note: The given equations are consistent and independent if and only if a #0.
2 2

Ilustration 14

Question: Solve the system 4x +y =13, 3x— 2y = 7 using determinants.
Solution: The solution requires the values of three determinants.
The denominator A is formed by writing the coefficients of x and y in order

A:“‘ J1:—8—3:—11
3 -
d1, the numerator of x is formed by replacing the coefficients of x by the constant terms.
dy =2 Y=-26-7=-33
7 -2

dz, the numerator of y is formed by replacing the coefficients of y by the constant terms.
4 13

d, = =28-39=-11
3 7
Thenx:ﬁ:ﬁ:S andyzd_zz__llzl
A A1 A -11

7.2 SYSTEM OF THREE EQUATIONS IN TWO UNKNOWNS
The following system of equations

ax+by+c, =0; a,x+b,y+c, =0, agx+bgy+c; =0 is consistent
a, b ¢

if la, b, c,|=0
a; by c;
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I Ilustration 15 I

Question: Find those values of ¢ for which the equation
2x +3y =3;(C+2)Xx +(c +4)y =(c +6) and (c +2)%x + (c + 4)%y =(c + 6)% are
consistent. Also solve the equations for those values of c.

2 3 3
Solution: The condition for consistency is | ¢ +2 c+4 c+6 |=0
(c+2)? (c+4)® (c+6)?
-1 3 0
i.e. -2 c+4 2 =0

-2(2c +6) (c+4)?> 2(2c+10)

i.e. (—1){(c +4)(2c +10) —(c + 4)2} —3{—2(2c +10) + 2(2c + 6)} =0

i.e. c?+8c+16-2c?-18c —40+12c +60-12c —36 =0

ie. —c2-10c=0= c¢=0 or c=-10

For ¢ = 0,the 3 equation are 2x + 2y = 3

2x+4y =6; 4x+ 16y =36

and the solution is x=-3 ; y = 3. For ¢ =-10, the equation are 2x + 3y = 3
—8X -6y =—4=4x+3y =2

. L 1 4
64x —36y =16 = 16x +9y =4 and the corresponding solution is X = _E; y = 3

7.3  THE SYSTEM OF THREE LINEAR EQUATIONS IN THREE UNKNOWNS
Consider the system of three linear equations in three unknowns:
aiXx+byy+ciz=p
aX + by +coz=q
asx+bgy+csz=r
The solution of the system may be expressed as
d d

=Ll y=-272 :d_3,where
A A A
a, b ¢ p b ¢ a p C a b, p
A=la, b, c,|, di=|q b, c,|,d2=la, g c,|, ds=]a, b, q
a; by c, r by cg a;  C, a; by r

Note: The determinant A is formed by writing the coefficients of x, y, z in order while the
determinant appearing in the numerator for any unknown is obtained from A by replacing
the column of coefficients of that unknown by the column of constants.

7.4 CRAMERS RULE
Consider the system of n linear equations in n unknowns given by

A Xy F X5 e, +a,,X, =b;
Ay Xy + Ay Xy e, +a,,X, =b,
Xy F X, + e +a,,X, =b,
; an
a,; a a
Let D= 21 22 2n
anl an2 a‘nn
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by
Let D;j be the determinant obtained from D after replacing the j™ column by
b,
Then, if D= 0, we have x1=&,x2=&, ...... ,xn=D”.
D D D
Discuss D = 0 cases
Case (i)
If D = 0 and the other determinants D1 =Dz = ....... = Dy = 0, then system of equation has
infinitely many solutions if all cofactors of D, Da,....... ,Dn and D are zero. If any one
cofactor of Dy, Dy, Ds,....... ,Dn is non zero then system has no solution.

eg. X+3y+2z=1; 2Xx+6y+4z=5; 3x+9y +62=9

Here Dy =D, =D, =D =0 yet system has no solution where as
X+3y+2z=1; 2x+6y +4z =2; 3x+9y +6z =3 has infinitely many solutions.
Case (ii)

If D = 0 but any one of the D, D> ....... or Dy, is not equal to zero then the system has no
solution, hence is inconsistent.

| llustration 16 |

Question: Solve the system
X+4y +4z =7
3X+2y+22=6
9x + 6y + 2z = 14 using determinants.

Solution: The solution requires the values of four determinants:
1 4 4
The denominator A=|3 2 2| =40
9 6 2

7 4 4

di, the numeratorofx=|g 2 2|=40
14 6 2
1 7 4

dz, the numeratorofy=1|3 6 2|=20
9 14 2
1 4 7

ds, the numeratorofz=|3 2 6 | = 40
9 6 14

d 4
Then x = -+ = 4 _,
A 40
_d; 20 _1
A 40 2
_d; 40 _
A 40

7.5 THE SYSTEM OF HOMOGENEOUS LINEAR EQUATIONS

Eliminant and non-trivial solution:If the three equations (homogeneous)

a,x +by+c,z=0a,x +b,y +c,z=0and a;x + b,y +c,z=0 be considered then
there always exists a solution i.e., x =y =z = 0. This is called the Trivial Solution.

If the three equations are to have a solution other than x = 0 =y = z, such a solution is
known as Non-Trivialsolution, then the condition required for the existence of such a solution is

)
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al bl C1
a, b, c,|=0
a; by ¢
Ilustration 17
Question: Let A and a be real. Find the set of all values of A for which the system of linear
equations:

AX + (sina)y + (cosa)z =0
X + (cosa)y + (sina)z=0
—X + (sina)y —(cosa) z=0
has a non-trivial solution. For A = 1 find all the values of a.
The condition for the existence of non-trivial solution (trivial solutionis x=y =z=0) is
A sino  cosa 0 sina(A+1 cosa(l-2)
i 0 cosa +sina  sina —cosa| =0

1 cosa sina| =0 i.e.,
-1 sina —cosa

-1 sina —cosa
(A + 1) sina (sina. — cosa) — (1— 1) cosa (cosa + sina) =0

Solution:

i.e.,
A(sin? o + cos? &) + sin? a — cos? a — 2 sino. coso. = 0
A =sin20 + coS20 = /2 sin (2(1 + %)
A<t
V2
2<a<q2
forr =1,

T T
General solution: 2o + - nn+(-1)" 2

s

20 =nm+(-)" = -
4 4
If nis even, 2o = nn

T
dd, 2aa=nn——
© 2
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PROFICIENCY TEST

The following questions deal with the basic concepts of this section. Answer the
following briefly. Do not consult the Study Material while attempting the questions.

1. Evaluate the determinant
265 240 219
240 225 198
219 198 181
Xx 3 6 2 x 7 4 5 x
2. If |13 6 x|=|x 7 2|=|5 x 3|=0
6 x 3 7 2 X X 4 5
Then what is the value of x?
my+nz mqg+nr mb+nc
3. If A=|kz—-mx kr-mp kc-ma
mx+Kky np+kq na+kb
Xy z
and A is product of two determinants one of whichis |p g r| , then find the other one.
a b c
Also show that A = 0.
4. If the equation x =ay + z, y = az + x and z = ax + y are the consistent having non-trivial
solution, then prove that a® + 3a = 0.
x2-x x* x*-1
5. If f(x)=|2x-1 3x* 4x® | then find the coefficient of x in f(x).
2 6x 12x?
6. If the system of equations 3x + 10y + 172 =0, X + 6y + 13z = 0 and 20x— 13y + Az=0 has

a non-trivial solution then find the solution.
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ANSWERS TO PROFICIENCY TEST

1. zero

2. Xx=-9

5 6

6 x=k,y=-2k,z=k
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SOLVED OBJECTIVE EXAMPLES

Example 1:

a -1 0
If f(x)=| ax a -1[,thenf(2x)-f(x)equals

ax? ax a

(@) a(2a + 3x) (b) ax(2x + 3a)
(c) ax(2a + 3x) (d) x(2a + 3x)
Solution:

Applying R2—R2—xR1 and R3—>R3—xRz2, we get

a -1 0
f(x)=|0 (@a+x) -1 |[=a(a+x)?
0 0 a-+ X

f(2x) —f(x) = a(a + 2x)*>~a(a + x)? = ax(2a + 3X)

Hence (c) is the correct answer.

Example 2:

The largest value of a third order determinant whose elements are 0 or 1, is

(@ O (b) O
(c) 2 d) 3
Solution:
a; by ¢
Let A=|a, b, c,| beadeterminant of order 3.
ag by cj3

Then, A =aibocs + asbico + azhaci—aibsco—azbicz—aszboc

= (aib2cs + az by c2 + azbaci) — (azbsce + azbics + ashacy)
Since each element of A is either 1 or 0, therefore the value of the determinant cannot exceed 3.
Clearly, the value of A is maximum when the value of each term in first bracket is 1 and the value
of each term in the second bracket is zero. But aibzcs = asbicz = azbsci = 1 implies that every
element of the determinant A is 1 and in that case A = 0. Thus, we may have

011
A=1 0 1|=2.
110

Hence (c) is the correct answer.
Example 3:

sin(A+B+C) sinB cosC
If A+ B + C =mr, then find the value of —sinB 0 tan A

cos(A+B) —tanA 0

(@ o (b) ©

(c) —m (d) none of these

©
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Solution:

Above is skew symmetric determinant of odd order because cos(A + B) = —cosC

Hence (a) is the correct answer.

Example 4:

Xn Xn+2 Xn+3

If [y" y"2 y"Bl=(x-y)(y -2)(z —x)[1+i+1] , then n equals
nooyn+2  on+3 X 'y z
(@ 1 (b) -1 (c) 2 (d)-2
Solution:
The degree of the determinantis n + (n + 2) + (n + 3) = 3n + 5 and the degree of the expression on
RHS is 2.
3n+5=2 =n=-1.
Hence (b) is the correct answer.
{Equating degree alone does not sufficient to evaluate n, the determinant might not be equal

however since all options have values we conclude for n = -1.}

Example 5:
If a, B, y are the roots x* + ax? + b = 0, then the value of ; 5 ZL is
v o P
(@) -a° (b) a3~ 3b ©) a° (d)a—3b
Solution:

Since a, B, y are the roots of the given equation, therefore o + g +y =-a, afp + By + ya = 0 and
ofy = -b. [By theory of equations]
a B vy
Now, 1B y o|=—(a+B+7)(a®+B*+y*—aB—By—yo)
vy a B
=—(a+B+y){(a+p+7v)>3(ap + Py +yo)} =-(-a){@@-0)}=a’
Hence (c) is the correct answer.

Example 6:
1 X X+1
If f(x)= 2x X(x —1) (x +)x |, then f(100) is equal to
3X(x—=1D) x(x-DH(x+1) x(x-2
(@ O (b) 1
(c) 100 (d) =100
Solution:
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We have,

1 X Xx+1
f(x) = 2x X(x =1) (X +1x
3X(x-1) x(x-D(x+1D x(x-2
Applying C3—C3—C2 we get
1 X 1
f(x) = 2x X(x =1) 2x =0
3X(x-1) xX(x-D(x—-2) 3x(x-1)
f(100) = 0.

Hence (a) is the correct answer.

Example 7:
11 -1
If f@=|1 e® 1 |[,then
1 -1 -e™®
n/2 n/2
() J' f(e)de=2j £(0) d6 (b) £(8) is purely imaginary
—n/2 0
(c) f(ml2)=0 (d) none of these
Solution:

On operating [Ri—R1—-R2 and Rs—R3-R2]
0 1-e® -2
fe) =1 e 1
0 -1-e™ —1-¢™
= (1) [(1 -€") (-1 —e) — 2(-1 —e )] = 2(1 + cos0)
Now f(-6)=f(6)=>f(0) is an even function.

Hence (a) is the correct answer.

Example 8:

(x+1 (x2+2) (x2+x)
Letax’ +bx8+cx®+ex®+fx2+gx+h=|(x?+x) (x+1) (x*>+x)|.Then
(x2+2) (x?2+x) x+1

(@ g=3and h=-5 (b) g=-3and h=-5
(c) g=-3andh=-9 (d) none of these
Solution:
1 20
By putting x = 0 on both sides of the equation we have h=|0 1 0[|=9
2 01

Differentiating both sides and then putting x = 0, we get g = -5.
Hence (d) is the correct answer.
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Example 9:
p 2-i i+1
A=|2+i q 3+i|isalways
1-i 3-i r
(@) real (b) imaginary (c) zero (d)none of these
Solution:

Since A=A . Aisreal only

Hence (a) is the correct answer.

Example 10:
bc ca ab
If a, b and c are pth, gth and rth terms ofan H.P., then | p q r |=
1 1 1
(@) term containing a, b, c,p,q,r (b) a constant
(c) zero (d) none of these
Solution:

If A'is the first term and d is the common difference of the corresponding A.P. then

I o psp-nd: toar@-1d: 1oA+r-1d
a b c

1l/a 1/b 1/c
Now A =abc| p q r Operating Rl—)Rl—d(RZ—RS) -A
1 1 1
0 0O
A=abc|p q r|=0
1 11

Hence (c) is the correct answer.
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SOLVED SUBJECTIVE EXAMPLES

Example 1:
Solve for x:
4x 6Xx +2 8x+1
6X +2 9x +3 12x |=0-
8x+1 12x 16x+2
Solution:

4x 6x+2 8x+1

Let A=|6x+2 9x+3 12x

8x+1 12x 16x+2

Subtracting twice the first row from the third row, we have

4x 6x +2 8x+1
A=[6X+2 9x+3 12x
1 -4 0

3 )
Now subtracting > times the first row from the second row, we have

4x 6x+2 8x+1

A= 2 0 23
2
1 -4 0

Now adding 4 times the first column to the second column, we have

4x 22x+2 8x+1

A=| 2 8 _3
2
1 0 0

Expanding along the third row, we have
3
A= —E(ZZX +2)-8(8x+1)
=-33x-3-64x-8=-97x-11

The given equation now becomes — 97x—-11=0or x = —%

Example 2:
Show that
mCr mCr+1 mCr+2 mCr m+1Cr+1 m+2Cr+2
nCr rlCr+l nCr+2 = ncr rl+1Cr+1 rl+2Cr+2 :
pCr pCr+l pCr+2 pc:r p+1Cr+1 p+2Cr+2
Solution:
mcr mCHl r’nCr+2
LetA=|"c, "C,,; "C,.
Pc, PcC PC

r+2
Adding the second column to the third, and then the first column to the second, and using
nCr+nCr_1:n+1C

rs

D,
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m m+1 m+1
Cr Cr+1 Cr+2

— | n n+1 n+l
we have A = C, Cia C

P p+1 p+1
Cr Cr+1 C

r+2

r+2

Now adding the second column to the third, and again utilizing
nCr+nCr_1:n+1C

m m+1 m+2
Cr Cr+1 Cr+2

=|n n+1 n+2
wehave A=|"c, "™c,,; "C,,

p p+1 p+2
Cr Cr+1 Cr+2

rs

Example 3:
Show that
bc bc'+b'c b'c’
ca ca'+c’'a c'a’'| =(ab’'—-a’b)(bc’'-b’c)(ca’-c’a)
ab ab'+a'b a'b’
Solution:

bc bc'+b'c b'c’
LetA=|ca ca'+ca c'a’
ab ab’+a’b a'b’
abc a(bc’+b’c) ab’c’
Then a=—1 | abe b(ca'+c'a) bc'a’
abc c(ab’+a’b) ca'b’
1 a(bc’+b’c) ab'c’
:@ 1 b(ca’+ca) bc'a’
abe 1 c(ab’+a'b) ca'b’

Now subtracting the second row from the first and then the third row from the second, we have
0 c(ab’-a'b) c’'(ab’-—a'b)
A=10 a(bc’'-b’c) a'(bc’—b'c)
1 c(ab’+a'b) ca'b’
0 c c’
= (ab'-a'b) (bc’'-b’c)| 0 a a’
1 c(ab’+a'b) ca'b’
= (ab’- a’'b) (bc’'-b’c) (ca’—c'a)

Example 4:

p b c
If a=p; b=q; c#rand |a q c| =0, then
a b r

find the value of —P + 9 + .
p—-a gq-b r-c
Solution:
The determinant is
p(qr-bc) + b(ca—ar) + c(ab—aq) =0
par + 2abc—pbc—qca-rab = 0
add the following to both sides
2pgr— 2abc + 2pbc + 2qca + 2rab— 2agr- 2bpr- 2cpq
Then
LHS = 3pqgr + pbc + qca + rab- 2aqgr- 2bpr— 2cpq
= p(a-b) (r-¢) + q(p-a) (r—) + r (p-a) (q-b)
RHS =2(p-a) (9-b) (r—c)

p(a-b) (r—¢) + q(p-a) () + r(p—q) (a-b) = 2(p- a) (9-b) (—0)
Divide by (p—a) (g-b) (r—c)
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p ., a@ [T
p-a g-b r-c
the value of the required expression is 2.

Example 5:

Consider a determinant of order three whose all elements are 1 or -1, prove that value of
determinant will always be a multiple of four.
Solution:

a; a; ag
Let A=|b, b, b,|beadeterminantoforder 3.
C; Cy C3

a;—b, a,-b, az;—b;

= b, b, b, Applying R; > R, — R,
C1 C2 Ca
:(al_bl*bz s _(az_bz*bl s +(as_b3*bl "
C2 C3 €1 Cs €1 C
now each of (a, —b,) (a, —b,) and (a; —bs) will either be -2, 0 or 2 and so will be determinant
of order two.

= A will either be 4, 0 or —4.

Example 6:
(b +c)? a2 a2
Prove the identity | b? (c +a)? b2 | =2abc(a+b +c)d
c? c? (a+b)?
Solution:

It is easy to show that the determinant vanishes when a =0, b =0, ¢ = 0; hence abc is a factor of
the determinant.

Again, subtracting the second column from the first, and then the third from the second, the

(b+c)?-a? 0 a?
determinant = |b%2—(c +a)®> (c+a)’-b? b?
0 c’-(a+b)®> (a+b)?

Here both the first and second columns contain (a + b + ¢) as a factor. Hence (a + b + c¢)?> must be
a factor of the determinant, and since it is of six dimensions, theremaining factor must be of the form

N(a + b + ¢), because of cyclic symmetry whereN is a mere number. Thus the given determinant
must be equal to Nabc (a + b + ¢)®.

4 1 1
By puttinga=b=c=1,we have |1 4 1|=27N
1 1 4
3 -3 O 3 -3 O
e, 2IN=|o 3 -3|=|0 0 -3|=3(15+3)=54
1 1 4 1 5 4

.. we have N = 2
Thus the given determinant = 2abc (a + b + c)®.

Example 7:
n! n+Hn! (n+2)!
fD=|(+1)!' (n+2)! (n+3)|,thenshow that [ 3 —4} is divisible by n.
(M+2) (W+3)! (n+4) (nt)
Solution:
1 n+1 N+ (n+2)
(n'|3)3= n+1 (n+1)(n+2) (n+1) (N +2) (N +3)

n+Y)(n+2) N+Y)(N+2)(n+3) (N+HY(N+2)(n+3)(n+4)

@)
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1 1 1
=(n+1)(n+1)(n+2) n+1 n+2 n+3
nM+Y)(n+2) (Nn+2)(n+3) (N+3)(n+4)
1 0 0]
=(n+17(n+2) n+1 1 2

nNn+Y(n+2) 2n+4 4n+10
=(n+1)°MN+2)-2=M+2n+1)(n+2)-2 =2n(N>+2n+1)+4n(n+2)+ 4

D —4=2n(n%+2n+1)+4n(n+2)

(n)?
and the R.H.S. contains n as a factor. Hence the problem.

Example 8:
k-1 n 6 n
Let A, = (k—12 2n2 4n-2 ,showthatZAk=0.
(k-12° 3n% 3n%-3n k=1
Solution:
n
(k-1 n 6
k=1
n n
A=Y (k-)% 2n® 4n-2
k=1 k=1
n
> (k-1 3n® 3n*-3n
k=1

n —
Now Z(k—1)=0+1+2+...+(n—1):%
k=1
$ kP04 s (r 2= ODNEN-)
k=1 6
: n2n2
Z(k—l)3=03+13+...+(n—1)3:u
k=1 4
(n-Dn 6
2
n - —
oW G LI R
k=1 6
2.2
M 3n3 3n2_3n
4
6 n 6
nn-1
= (12) 2(2n-1) 2n® 2(2n-1)
3n(n-1) 3n° 3n(n-1
=0.

Example 9:
Let three digit numbers A28, 3B9, 62C where A, B, C are integers between 0 and 9, be
divisible by a fixed integer k. Show that the determinant
A 3 6
8 9 | isdivisible by k.

2 B 2
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Solution:

Given condition =3B9 =3 x 100 + B x10 + 9 x 1 = nk
62C =6 x100+2x10 +C x1= pk

A28=Ax100+2x10+8x1=mk}
where m, n, p are some integers.

A 3 6
D=8 9 c|Apply Rz Rz+ Rax 10 + Rix 100 and using (i)
2 B 2
A 3 6 A 3 6
=mk nk pk|l=k|m n p|= D is divisible by k.
2 B 2 2 B 2
Example 10:
1+a, 1 1 1 1 1
Provethat | 1 1+a, 1 | aw@as|l+ —+—+—]|.
a a; ag
1 1 l+a,
Solution:
i +1 i 1
a ay as
1 1 1
A=aaa;| — —+1 — |bycC;: C1—>iC1 etc.
L1y
a a; ag
1 1 1 1 1
—+—+—+1 —
& a as ap as
& a as a as
1.1 + 1 +1 S +1
a a as ap as
1 £ 01
ay as
1 1 1 .
=q,a,a3| —+—+—+1||1 —+1 — | by taking out a common factor from Cy
1 8 ag ay as
1 L i+1
a a3

1

1
1 —
a, a
1 1 1 2 "3
=a1a2a3[a—+—+—+1j 0 1 O |byRzRz-—RiandRs R3—R1
0 0 1
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MIND MAP
DETERMINANT OF ORDER THREE PROPERTIES OF DETERMINANTS
a1 Ao A3 e If two rows/columns in a determinant are
agy axs ay; ass ay] asy interchanged, the sign of the determinant
a1 a2 a3(= ap 2 anal e aeal T aar a changes
az1 agy asz o B & GEE el GE2 o If the numbers in one row/column are added,
. . m times the number in another row/column,
where a; means element of ith row and jth column. thel valiiel offilthel L determinanti i remains
d ap1 apo|_ unaltered.
an Fen o = G G Gl Gy e If rows and columns are interchanged, the
VINOR value of the determinant remains unaltered.

Minor of g; is the determinant of elements which is obtained after deleting
ith row and jth column.
COFACTOR

Cofactor of a; is the product of minor of a; with (-1)™

SPECIAL DETERMINANTS

e Symmetric determinants: The elements situated at
equal distances from the diagonal are equal both in
magnitude and sign, i.e. a; = &;

=abc + 2fgh —af? —bg2 —ch?

-~ T =
o -~ «Q

a
e.g. h
g

e Skew Symmetric determinants: The diagonal
elements are zero and the elements situated at equal \
distances from the diagonal are equal in magnitude but
opposite in sign. The value of a skew symmetric
determinant of odd order is zero.

i

o [f all the numbers in any row/column are zeros,
the value of the determinant is zero.

e |f two rows/columns are identical, the value of

the determinant is zero.

If the elements of a row/column are multiplied

by any number m, the determinant is multiplied

by m.

SUM OF DETERMINANTS

o If each of the elements of a row is expressed as the /
sum of two numbers, then the determinant may be
written as the sum of two determinants.

DETERMINANTS

a+ag by+bg
az by

a b

ay by

PRODUCT OF DETERMINANTS

e Two determinants can be multiplied together by the
following rule.

ag bs

ap by

-+

|a b"p q _|ap+br aq+bs|
[c d|[r s| [cp+dr cqrds]

SYSTEM OF LINEAR EQUATIONS (CRAMERS
RULE)

e Consider the system of n linear equations in n
unknowns given by

dg1Xqg +agoXo +.....ne +anXp = bl
ap1X1 +agoXp +....... +aonXp = b2

81 &2 an
Let D=|ap; apy apn

8l a2 ann

Let D; be the determinant obtained from D after
replacing the j*" column by constants.

Then, if D # 0, we have

DIFFERENTIATION OF DETERMINANTS

100 91(¢)  M(x) fi(x) 91(x) hi(x)

o F(x)=

f3(x) g3(x) hs(x)

fi(x) 91(x) ha(x)
f2x) 92(x) h2(X)| then Fr(x) = [f2(X) 92(x) ha(X)i+fa(x) 92(x) ha(X)Hf2(x) g2(x) ha(x)
f3(x) 93(x) hg(x)] [fa(x) g3(x) h3(x)| [f3(x) 93(x) h3(x)

fi(x) 91(x) ha(x)
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EXERCISE - |

CBSE PROBLEMS

X 3 7
1. If Xx=-9isarootof |2 x 2|=0, find other roots.
7 6 X
2. Without expanding show that the value of each determinant is zero.
9 9 12 sina cosa sin(a +3)
(i) 1 -3 -4 (i) |sinp cosp sin(B+3)
1 9 12 siny cosy sin(y +9)
a+b b+c c+a a c
3. Showthat |b+c c+a a+b|=2|b a
c+a a+b b+c b
a a+b a+b+c
4, Find the value of the determinant |2a 3a+2b 4a+3b+2c
3a 6a+3b 10a+6b+3c
b*+c® ab ac
5. Showthat| ba c?+a? bc |=4a’b?c?,
ca cb a?+b?
1+a 1 1
1 1 1
6. Showthat| 1 1+b 1 =abc(_+5+_+1j'
1 1 1+c a ¢
a+b+2c a b
7. Show that c b+c+2a b =2(a+b+c)’.
c a c+a+2b
a a’
2
8.  Showthat|a® 1 a|=(a®-1)
a a’? 1
X+Yy X X
9. Showthat | 5x +4y 4x 2x|=x3.
10x +8y 8x 3x
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10.

11.

12.

13.

14.

15.

1 x+y x2+y?
Showthat |1 y+z y?+2%|=(x-y)(y-2)(z-x).
1 z+x z2+x?

Using Cramer’s rule, solve the following system of equations:

X+y+z=1 ax+by+cz=p, a’x+b%y +c?z = p?.

Solve the following equations, using Cramer’s rule.
X—-y+3z2=6

X+3y-3z=-4

5x+3y +3z=10.

The sum of three numbers is 6. If we multiply third number by 2 and add the first number
to the result, we get 7. By adding second and third numbers to three times the first
number, we get 12, use determinant to find the numbers.

Given that x =cy + bz, y =az +cx, z = bx +ay ; where x, y, z are not all zero, show that

aZ +b?+c? +2abc=1.

If A(x,, y; ) B(x,, ¥, ) C(xs, y5 ) be the vertices of an equilateral triangle whose each
2

X, Y1 2
side is equal to k, then show that | X, Y, 2| = 3k*
Xz Y3 2
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EXERCISE - 11

=

N

w

B

o

o

™

IT-SINGLE CHOICE CORRECT

1+ X 2 3

The numberofrootsof | 1  2+x 3 |=0is
1 2 3+X
(@) one (b) two
(c) three (d) more than three

2Xx+4 3+4Xx 11
The roots of 16 12+2x 4x+2| =0are

7 6 2X
9 7 9 7
0 15 ~ 0 1; - A
@)(2 2) m)[z 2]
9 7 9 7
- 11 y — _1) -
(€) ( > 2) (d) [2 2)
cos(a+PB) —sin(a+p) cos2p
The determinant A = sina cosa sinp | is independent of
—cosa sina cosp
@ «o (b) B
() aandp (d) neither a. nor B
1 1 1

The value of the determinant | "Cc, (™%c, M2, | isequalto
mcz (m+1)C2 (m+2)C2

(@ 1 (b) -1
(c) O (d) none of these
6i -3 1
If| 4 3i -1|=x+iy, then
20 3 i
@ x=3,y=1 (b) x=1,y=3
(c) x=0,y=3 (d x=0,y=0

If the system of equations x —ky —z=0,kx—y—-2z=0, x +y -z =0 has a non-zero
solution, then the possible values of k are

@ -1,2 (b) 1,2

() 0,1 d -1,1
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10.

11.

12.

(@) -2! (b) —31-21
(c) O (d) none of these

101 1 l1+a 1 1
If =+=+==0,then| 1 1+b 1 |isequalto
a b c

1 1 1+c
@ o (b) abc
(c) —abc (d) none of these
a, b, ¢ 2a, +b,+c, b, ¢
If A=|a, b, c,|.then|2a,+b,+c, b, c,|Iisequalto
a; by cg 2a; +b;+c; by cy
@ A (b) 2A
(© %A (d) none of these
lab
Ifina AABC, |1 ¢ a|=0, then the value of sin® A+sin?B+sin’C is
1bec
9 4
a) — b) —
(a) 7 (b) 5
© 3¥3 @ 1
2
-X a b
fA=| b —x a | thenafactorofAis
a b -—-x
@ x?-(a+bjx+a?+h?-ab ) x*-(a-bx+a’+b®+ab
) X +(a+ b)x +a? +b*-ab (d) none of these
1 cos(B—-a) cos(y—a)
If o, B, yeR, then A =|cos(a—p) 1 cos(y —B)| is equal to
cos(a—y) cos(B-7v) 1
@ -1 (b) cos acospcosy
(c) cosa+cospP+cosy (d) none of these
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13.

14.

15.

16.

17.

18.

19.

n Xn+2 Xn+3

N . 1 1 1
If{y" Y™y =(x=y) (y-2) (z2-X) (—+—+—J ,then n equals
Zn Zn+2 Zn+3 X y z
(@ 1 (b) -1
() 2 (d)y -2
N N
If A, B and C are the angles ofa A and A = e e e" | then
eiB eiA e—ZiC
@ A=-4 (b) A=-3
(c) A=-2 (d) none of these
+ X2 y2 Z2 X2 y2 Z2 X2 y2 Z2
Let 4, b;CER , then a—2+b—2—c—2:l a_z_b_2+_2:1 and __2+b_2+c_2:1 has
(&) unique solution (b) no solution
(c) infinitely many solution (d) finite number of solution

If the system of equation x+2y-3z=1, (a+2)z=3, (2a+1)y+z=2 Is inconsistent,
then the value of a is equal to

(@ 1 (b) 0
1
c) -2 d —=
(€) (d) 5
a b ax+b
If a> 0 and discriminant of ax? +2bx +c is negative, then b c bx+c| is

ax+b bx+c 0

(@) positive (b) negative

) 0 d) (ac-by (ax2 +2bx+c)
sinx cosx tanx

Iff(x)=| x>  x2 x |, then Iirrgl);) is
2x 1 1 X

(@ 3 (b) -1

() O (d 1

Let {A,, A,, ......A, } be the set of the third order determinants that can be made with the
distinct non-zero real numbers a,, a,,......a, (One or more entries may repeated), then

9 9
@ k="C, (b) k="P,

(c) atleastone A, =0 (d) none of these
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20.

21.

22.

23.

24.

25.

If X, Y,z are integers in A.P., lying 1 and 9, x51, y41 and z31 are three digit numbers,
5 4 3

then the value of | x51 y41 z31| is
X y z

(@ x+y+z (b) X-y+2

(c) O (d) none of these

Consider the system of equations

a1 bl C1
a,Xx+byy +c,z=0; a,x+b,y +¢c,z=0; a;x+byy +c, =0. If j]a, b, c,|=0,thenthe
a; by cg
system has
(@) more than two solutions (b) non-trivial and one trivial solutions
(c) no solution (d) only trivial solution (0, 0, 0)

1+a’x (1+ bz)x 1+c?
If a% +b2 +¢? =—2 and f(x)= El+ azgi 1+b?x  {L+c? x|, then f(x) is a polynomial

1+a’ (1+ bz)x 1+c?x
of degree
(@ 1 (b) O
(c) 3 d) 2
Xp+y X y
The determinant | yp +z y z |=0and sz +2yP+Z has no real root, then
0 Xp+y yp+z
(@ XY, z arein A.P. (b) Xy, z arein G.P.
() X,y, Z arein H.P. (d) Xy, yz, zX are in A.P.

f(x) f(ij-f(x)

If f (x) is a polynomial satisfying f(x):E X 1 and f (2) =17, then f (5) =
1 f(_j
X

(@) 126 (b) 626

) 124 d) 624
Tp Tq T,

If Tp, Tq, Tr are the p™, g" and r'" terms ofan A. P.,then | p q r | isequalto
1 1 1

(@ 1 (b) -1

() 0 d) p+g+r
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EXERCISE - 111
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IT-JEE — SINGLE CHOICE CORRECT

a—-x c b
If a+b+c=0, onerootof | ¢ b-x a |=0is
b a c—Xx

@ x=1 (b) x=2
() x=2a?+3b?+4c? (d) x=0

. 3 . o« By
If o, B and y are the roots of the equation X~ +PpX+0q =0, then determinant B y allis

vy a P

equal to
@ p (b) ¢
(c) p2 -2q (d) none of these

2C0SX 1 0
[T
Iff(x)=| 1  2cosx 1 | thenf [§j=
0 1 2C0SX

(8 -+3 (b) —4
© -3 @d -2

1 sin® 0
The value of det(A) where A =|—sin6 1 sing | lies in the interval

-1 -sin6 1
(@ [1,2] (b) [0, 2]
(c) (1,2 (d) none of these

2r X nn+1 .
If S;s=| 6r’-1 y n?@2n+3)|, then the value er is independent of

4r3-2nr z n3(n+21) =l

(@) xonly (b) yonly

(¢) x,y,zandn (d) nonly
P q

If p, g, r are negative and distinct, then the determinant A= (g r p|is
r-pgq

(@ <0 (b) <0

(c) O (d >0

sin(A+B+C) sinB cosC
If A+ B + C = x, then the value of —sinB 0 tanA | is
cos(A+B) -tanA O
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10.

11.

12.

13.

(@ O (b) 1
(c) 2sinBtanA cosC (d) none of these

If the capital letters denote the cofactors of the corresponding small letters in the

a, b, c A, B, C,
determinant A={a, b, c,|, thenthevalueofA’'=|A, B, C,
a; by c; A; B; G
(@ A (b) A2
() 2A (d o

If [x] denotes the greatest integer less than or equal to x, then for -1 <x< 0, 0 <y< 1,

XI+1 Iyl [2
1<z<2, thevalue of the determinant | [x] [y]+1 [z] |is

xI Iyl [z]+1

(@ [¥] (b) v
(© [2 (d) [x+1]

logam Iogam+l IOgam+2
If a3, .... form a G. P. and a> O for all i> 1, then A= |loga,,,; loga,., loga, s | is
logam+6 Iogam+7 Iogam+8

(@) log am+s— log am (b) log am+s + log am
(c) zero (d) log®amss

Given aiz -I-bi2 -I-Ci2 :l(i =12, 3) and &@; +hb; +¢,¢; =0 i, j =1 2 3), then

a, a, a,
the value of (b, b, b,|is
C, C, C4
1
a) 0 b) =
(@) ®)
©) 1 d) 2
iF| € sinx =A+BX+Cx2% +...... ,thenA=...... andB=......
COSX Ioge(1+ x2)
(@ -1,1 (b) 0,-1
(© 2,2 (d) 0,-2
x 1 1 ...
Ao 1 x 1 ... _
11X 's equalto
@ (x-1 () (x-1""(x+n)
(c) (X —1)n_1(x +n —1) (d) none of these
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X y z
Ioga(y Ioga ; Ioga ;
, y z x| .
14.  The value of the determinant |l0g, - log, < log, v is equal to
z X y
log.| —| log.|—| log.| =
gc(x 9c y 9c .
(@ 1 (b) -16
() log, xyz (d) none of these
x® sinx cosx
3
15.  Let f(X) =16 -1 0 |, where pis a constant. Then the value of (:?_3{f (x) atx =0
p p2 p3 X
2
@ p (b) P+P
© p+p’ (d) independent of p
cos2x sin’x cos4x
16. If the determinant | Sin> X  cos2x cos® X | is expanded in powers of sin x, then the
cos4x cos® X C0S2x
constant term in the expansion is
(@ 1 (b) 2
(c) -1 (d) none of these

x+a x?+1 1
17.  Ifa,b,carein AP.and f(X)=[x+b 2x*-1 1|, then f'(x) is
Xx+c 3x*-2 1

(@ 0 (b) 1

(c) a+bc d) —2ec

a+b+c

18.  If x,, x,and y,, y, are the roots of the equation 3x2 —18x+9-0 and y° -4y +2=0,

X1X5 Yi¥o 1
then the value of the determinant | X; + X, YitYs 2| is

sin(mx,x, ) cos(gxlxzj 1

(@ O (b) 1
(c) c (d) none of these
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f(x) g(x
19.  If £(x), g(x) and h(x) are three polynomials of degree 3, then | f'(x) g(
fu(x) g H(
polynomial of degree
(@ 0 (b) 1
(c) 2 (d) none of these
t?+3t t-1 t-3
20. If At*+Bt®+Ct?+Dt+E=| t+1 2-t t-3| then E equals
t-3 t+4 3t
(@ 33 (b) -39
(c) 27 (d) 24
1 X X+1
21. If f(x) = 2X X(x—1) Xx(x +1) |, then f (100) is equal to
X(x-1) x(x-D(x-2) (x+Dx(x-1
(@ O (b) 1
(c) 100 (d) -100
SiNX COSX COSX
22. The number of distinct real roots of | cosx sinx cosx | =0
COSX COSX Sinx
in the interval - = < x < X s
4 4
(@ O (b) 2
(1 (d) 3
23. Suppose X, Y, z are positive and none of x,y, zis 1. If
1 log, y log, z
A=| log, x 1 log, z| then A is independent of
sin(x +y) —cos(x+y) sin®z
(&) xonly (b) xandyonly
(c) yandzonly (d x,y,and z
2K+ 1 sinkKe
K(K +1) n
24. If D, =| x y z , then Z Dy is equal to
K=1
sin(n;rl)esinge
7L L
n+1 sin®
(@ O (b) -1
(c) 2 (d) -2
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25.  Ifthe system of equations x =a(y +z), y =b(z +x} z=c(x+y) (a,b,c = -1) has a non-
trivial solution, then the value of a + b + c is
l1+a 1+b 1+c
(@ 1 (b) O
(c) -1 (d) 2
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ONE OR MORE THAN ONE CHOICE CORRECT

The system of equations ax + by = ¢, a’x+ b'y =¢’

(@) has a unique solution if ab’ —a’b=0  (b) has no solution if a._ g 2L
a! ’ C!
(c) has infinite solutions if E, = 3 _c (d) none of these
a c’

a +bx ax+b ¢
If xeR,a,b,c;eRfori=123and |a, +b,x a,x+b, c,/=0, then
a; +byx azx+b; c4

(@ x=1 (b) x=-1
a, b c
(€) la, b, c,[|=0 (d) none of the above
a; by ¢
X 1 1
Ifo<x<landf(x)=|-1 x 1|,then
-1 -1 x
(a) least value of f(x) is 0 (b) greatest value of f(x) is 4
(c) f(x) has local maxima at x =% (d) f(x) has local maxima at x =%
2cosx 1 0
f(x)= 1 2cosx 1 , then
0 1 2cosx
(a) j f(x)dx =0 (b) maximum value of f(x) is 4
0
(©) lim f(x)=0 (d) f/(©)=0
X—n/2

cos(0+¢) —sin(6+¢) cos2d

The determinant | sin® cos0 sing | is
—Ccoso Sin® cos¢
(&) non negative (b) independent of 6
(c) independent of ¢ (d) independent of 6 and ¢ both
e sinx 1
If A=|cosX Ioge(1+ x2) 1|=a+bx+cx?, then
X x2 1
(a) a=0 (b) a=1 (c) b=-1 (d) b=-2
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10.

11.

12.

X 2 2 [1-x 2 4
The value of x forwhich |3 x 2|+| 2 4-x 8 |>33is
3 3 X 4 8 16 - X

(@ 0<x<l b) —Lox<li © x<-= d x>1
2 2 7
n n+1 n+2
Let f(n)=|"P, "'P,,, "*?P,,,| where the symbols have their usual meaning. The f(n)
n(:rI n+lCn+1 n+2Cn+2
is divisible by
(@ n?+n+1 (b) (n+21)! (c) n! (d) none of these

(1+x)*  (@+2x)° 1
if f(x)=| 1 1+x)*  (1+2x)°|a,b being positive integers, then
(1+2x)° 1 (1+x)?

(a) constant term of f(x) is O (b) coefficient of x in f(x) is O
(c) constanttermin f(x) is a—b (d) constanttermin f(x) is a+b
1+sin®x  cos®x sin2x

. . . .2 2 .
If maximum and minimum values of the determinant | SinNX  1+cos“X  sSin2x | are
sin? x cos?x  1+sin2x

o and B, then
@ a+pP=4
b) o®-p7=26

(© (OL2n —an) is always an even integer for ne N
(d) atriangle can be constructed having its sides as a—B, o+ and a + 3.

X 2y-z A
IfA=ly 2x-z -z , then

y 2y—-z 2x-2y-z
(@) (x-vy) is afactor of A (b) EEEEEE s a factor of A
© (x- y)3 is a factor of A (d) A isindependent of z

sinbcos¢ sinBsing cosO
Let A=|cosOcos¢ cosOsing -—sin6|, then
—sin@sing sinbcos¢ 0

(@) A isindependent of 0 (b) A is independent of ¢
dA

(c) A isaconstant (d) —} =0
de 0=mn/2
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13.

14.

15.

a a+d a+2d
Let A=la+d a+2d a | then
a+2d a a+d

(a) A dependsona (b) A dependsond (c) Aisa constant

-X a b
Letab>0and A=|b -x a| then
a b —x

(a) a+b-x isafactorof A

(b) X +(a+b)x+a’+b®-ab is a factor of A

() A=0hastworealrootsif a=Db
(d) none of these

n

x logx X
Let f(x)=| 1 -2n (=2)"|, then
1 a a®
(@) nth derivative of f(x) at 1 is independent of a
(b) nth derivative of f(x) at 1 is independent of n
(c) nth derivative of f(x) at 1 depends upon a and n
(d) all above are correct

(d) all above
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EXERCISE -V

MATCH THE FOLLOWING
Note: Each statement in column — | has one or more than one match in column - |l

1.
Column | Column i
l. If the system of equations x + ay + az = O,
bx+y+bz=0andcx +cy+z=0where a, b and c are
non-zero non unity, has a non-trivial solution, then the A. 9
value of — 2+ b +—C s
l1-a 1-b 1-c
x-1 1 1
II. Therootsoftheequation| 1 x-1 1 |=0 are B. -1
1 1 x-1
lll. If the value of a third order determinant is 3, then the value
of the square of the determinant formed by the cofactors C. 4
will be
-1 1 1
IV. The value of the determinant| 1 -1 1] isequalto D. 2
1 1 -1
Note: Each statement in column — | has one or more than one match in column - I
2.
Column | Column i
l. If azb=c, then the value of x satisfying the equation
0 X—a X-Db 1
. A. =(@a+b+c)
X+a 0 X—c|Is 3
Xx+b Xx+c 0
XxX—a X—-b x-c
II. The equation | x-b x-c x-a|=0, where a, b, c are
X—C X—-a X-Db B. 0
different, is satisfied by
. If al+bt+ct=0 such that 1
abc
l1+a 1 1 C. —(@a+b+¢)
1 1+b 1 |=Xx+1 thenthe value of A is
1 1 1+c
x+a b c
IV. If| a x+b ¢ [=0, thenxequals D. -1
a b x+c

Note: Each statement in column — | has one or more than one match in column - Il

3. The entries in a 3 x 3 determinant are either 1 or —1, then match the following:
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Column | Column 1l
l. Total number of such determinants are A 4
II.  The number of determinants whose value is 6 are B. 3
I1l. The maximum value of such a determinant is C. 512
IV. The maximum value of trace of such
. D. zero
determinants

REASONING TYPE

Directions: Read the following questions and choose

(A) If both the statements are true and statement-2 is the correct explanation of
statement-1.

(B) If both the statements are true but statement-2 is not the correct explanation of
statement-1.

(C) If statement-1 is True and statement-2 is False.

(D) If statement-1 is False and statement-2 is True.

1 log,y log, z
Statement-1:|log, x 1 log, z|=0.

log, x log,y 1

Statement-2: log, a = :OLZ and A =0 if rows are identical.
og

@ A (b) B (c) C (d D
0 P-q p-r

Statement-1: g-p 0 q-r|=0.
r-p r—g 0

Statement-2: A skew symmetric determinant of odd order is zero.

@ A (b) B € C (d) D

8C3 9C5 10(:7
Statement-1: If |°C,  °Cq C, [=0, then n=3.
9Cn 10Cn+2 11Cn+4

statement-2: "C, + "C, , = ""'C, .

@ A (b) B (c) C (d) D

Statement-1: If each element of a determinant of 3" order with value A is multiplied by 3,
then the value of newly formed determinant is 3A.

Statement-2: If any row of a determinant has L a factor with each element of that row
then A'=2A.

@ A (b) B (c) C (d) D

Statement-1: If F(x),G(x) and H(x) are three polynomials of degree 2, then
F(x) G(x) H(x)
d(x)=|F'(x) G'(x) H'(x)| is apolynomial of degree 3.
F'(x) G"(x) H"(x)
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3
Statement-2: If y =f(x) is of degree 2, then ‘;_Z:o_
X

@ A (b) B € C (d) D

LINKED COMPREHENSION TYPE

Let the given equations be a;x + b,y +¢,z =d;, a,x +b,y +c,z=d,

and a;x +bgy +cyz=d,.

a, b, c d, b, ¢ a, d;, c; a, b, d;
Let A=la, b, c,|,A,=|d, b, ¢, A, =|a, d, c,|, A, =]|a, b, d,
a, by c, d; by c4 a, d; c, a; by dg
Case I: If A= 0, then system of equations have unique solution.
Casell: 1fa=0, A, =0,A,=0,4, =0, then system has infinite number of solutions.
Caselll: If A =0 and at least one of Ay, Ay or A, non zero, then system has no

solution.
If system of equations have solution, then they are consistent, otherwise inconsistent. If in
given equations d, =d, =d, =0, then A = 0 gives non trivial solution whereas A= 0 gives

trivial solution.

If the given system of equations 3x -y +4z=3, x+2y—-3z=-2and 6x + 5y + A\z= -3
had at least one solution for any real number A, then the number of solution(s), if L = -5

is (are)
(a) infinite solution (b) unigue solution
(c) no solution (d) none of these

If the given equations 2x+3y =3, (c+2)x+(c+4)y=c+ 6 and

(c +2)> + (c + 4)%y = (c + 6)? are consistent. Then the value(s) of ¢ is (are)
(@ c=0 (b) c=-10

(c) both (a) and (b) (d) none of these

If a=b, then the system of equations ax + by + bz=0; bx+ay +bz=0;ax+by+az=0
will have a non-trivial solution if

(@a+b=0 (b)a+2b=0

(c)2a+b=0 (da+4b=0
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EXERCISE - VI
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SUBJECTIVE PROBLEMS

2 a+b+c+d ab +cd
Evaluate |a+b+c+d  2@+b)(c+d) ab(c+d)+cd(@+b).
ab+cd  ab(c+d)+cd(@+b) 2abcd

Prove that for all values of 6

sind cos0O sin20

sin 9+E cos 6+E sin 26+ﬂ =0.
3 3 3

sin O—E cos 6—@ sin 26—ﬂ
3 3 3

(b+c)> a? bc
Show that |[(c+a)* b ca| =(a2+b2+c?) (a+b+c)(a—b)(b-c)(c—a).
(a+b)> c? ab

For what values of p and g the system of equation
2X+py +62=8
X+2y+Qqz=5
X+y+3z=4
has (i) no solution (ii) a unigue solution (iii) infinitely many solutions.

cos(6+a) cos(6+p) cos(6+y)
Prove that | sin(0+a) sin(0+) sin(6+y) | is independent of 0.

sin(B-y) sin(y—a) sin(a—p)

a, +b;x ax+b;, c;
Prove that 1 —x*is a factor of |a, +b,x a,x+b, c,
a; +byx agx+b; cy

f g h
If A=|(xf)’ (xg) (xh) | where f, g, h are differentiable functions of x and primes
(Xzf)” (ng)” (XZh)N

f g h
denote derivatives, then show that d_A= f’ g’ h'

(Y (g7 (Y

Find all the values of t for which the system of equations
(t—1I)x+@Bt+1l)y+2tz=0
(t—2x+@t—-2)y+(t+3)z=0
2x + (3t+ 1)y + 3(t— 1)z = 0 has a non-trivial solution.

Let a> 0, d> 0, show that
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1 1 1
a a(a+d) (a+d)(a+2d)
1 1 1 ~ 4d*

atd  (a+d)@+2d) (a+2d)(@+3d)| a(a+d)(a+2d)3(a+3d)(a+4d)
1 1 1

a+2d (a+2d)@+3d) (a+3d)(a+4d)

10.  Leta, b, c be real numbers, such that a? + b? + ¢ = 1. Show that the equation

ax—by-c bx+ay cx+a
bx+ay —ax+by-c cy+b | = 0 represents a straight line.
cx+a cy+b —ax—by+c
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3,1,2

(p—b)(c—p)

(@a-b)c-a) "

(@a-p)(p-c)
(@-b)(b-c)’

x=1-k,y =Kk; z=2k+5

[IT-SINGLE CHOICE CORRECT

, k

ANSWERS

EXERCISE - |

CBSE PROBLEMS

Z =

eR

EXERCISE

_(b-p)(p-a)
(b-c)lc-a)

1. (c) 2. (c) 3. (a) 4. (a) 5. (d)
6. (d) 7. (b) 8. (b) 9. (b) 10. (a)
11. (c) 12. (d) 13. (b) 14. (a) 15. (a)
16. (d) 17. (a) 18. (b) 19. (c) 20. (c)
21. (b) 22. (d) 23. (b) 24. (b) 25. (c)

EXERCISE

IT-JEE — SINGLE CHOICE CORRECT

1. (d) 2. (d) 3. (a) 4. (a) 5. (c)
6. (d) 7. (a) 8. (b) 9. (0) 10. (c)
11. (c) 12. (b) 13. (c) 14. (d) 15. (d)
16. (c) 17. (a) 18. (a) 19. (d) 20. (b)
21. (a) 22. (c) 23. (d) 24. (a) 25. (a)
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EXERCISE - IV

ONE OR MORE THAN ONE CHOICE CORRECT

1.(a b, ¢) 2.(a b, c) 3. (a b) 0 4-@b.c, 5. (a, b)
6. (a, c) 7. (c, d) 8.(a, ¢) 9. (a, b) 10. (a, b, c)
11. (a, b) 12. (b, d) 13. (a, b) 14. (a, b) 15. (a, b)

EXERCISE -V

MATCH THE FOLLOWING

I-[B], II-[B], [D], lI-[A], IV-[C]

I-[B], I-[A], I-[B], IV-[B], [C]

I-[C], 1I-[D], II-[A], IV-[B]

REASONING TYPE

(a) 2. (a) 3. (d) 4. (d) (d)
LINKED COMPREHENSION TYPE
(@) 2. (c) 3. (c)

=

»

o

0

() p22,9=3
(i) p22,9g=3
(i) p=2

t=0,3

EXERCISE - VI

SUBJECTIVE PROBLEMS




